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Neutral B (Bs,Bd) mixing - sensitive to new physics
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Focus on mass difference of eigenstates,         �Mq

Electroweak Heff requires nonperturbative determination 
of 4-quark operator MEs - use lattice QCD

5 operators cover SM and BSM
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FIG. 1: A schematic diagram showing how the ‘box diagram’
by which a neutral B mixes with its antiparticle reduces to
a 4-quark interaction at a point when working at an energy
scale much lower than the W boson or t quark mass.

light eigenstates that gives rise to experimentally observ-
able oscillations the key operator has (V � A) ⇥ (V � A)
structure:
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where i and j are color indices and are summed over. V/A
denote appropriate � matrices to construct vector/axial
vector currents and a sum over 4-vector indices is implied.
q stands for either a d quark or an s quark. Here we will
determine the matrix element of O1 between a Bq meson
and its anti-particle, both at rest. Expressed in the MS
scheme at a scale µ it is conventional to parameterise the
matrix element as:

hO1iMS(µ) = hBq|O1|BqiMS(µ) =
8

3
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The factor of 8/3 ensures that the bag parameter, BBq ,
is 1 in the vacuum saturation approximation. In this
approximation Fierz transformations are applied to the 4-
quark operator to obtain products of two bilinears which
create Bq or Bq states. Inserting the vacuum between
the two bilinears, rather than a complete set of states,
then gives eq. (2). The only bilinears that contribute for
the pseudoscalar mesons are the axial vectors and the
decay constant is defined from

h0| i
b�0�5 

i
q|Bq(~p = 0)i = fBqMBq (3)

Of course we can always write the matrix element of
a 4-quark operator in the form given by eq. (2) as an
arbitrary constant times f2

Bq
M2

Bq
with a leftover mul-

tiplicative factor of BBq . This is only useful if it pro-
vides additional physical insight or calculational assis-
tance. Here it provides both, as we shall see. Analysis in
chiral perturbation theory (**provide refs**) at one-loop
shows that there is cancellation of light-quark mass de-
pendence in the form of chiral logarithms between the 4-
quark operator matrix element and the square of the de-
cay constant[31]. We might therefore expect some reduc-
tion of light quark mass dependence in studying the ratio
of the 4-quark operator matrix element to the square of
the decay constant. In fact we find very little light quark
mass dependence is left in this ratio. Along with this,
most of the lattice spacing dependence disappears. So,

studying this ratio adds a lot of calculational simplifica-
tion which reduces some uncertainties but also provides
a simpler physical picture. It also turns out to be true
that the bag parameter defined using the factor of 8/3 as
in eq. (2) is close to 1 when µ = mb. This shows that the
vacuum saturation approximation does work well. Ex-

actly how close to 1 B
(1)
Bq

is will be discussed in Sec-

tion**results** and is one of the key outputs from this
work. Given a value for the bag parameter defined from
eq. (2) the full matrix element can easily be reconstructed
from values for the decay constant and mass as given in
that equation. We will also therefore give results for the
4-quark operator matrix elements in Section**results**.

Going beyond the Standard Model by introducing new
heavy particles at high energy scales still allows for an ef-
fective Hamiltonian picturea at scales appropriate to B-
physics. For pseudoscalar-to-pseudoscalar meson transi-
tions there are only 5 local �B = 2 four-quark operators
that provide a complete basis for all possible BSM sce-
narios for the mass di↵erence to leading order in m2

b/m2
W .

Including O1 described above, the 5 operators are:
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Here V = �µ, A = �µ�5, S = 1 and P = �5.
The vacuum saturation approximation allows us to de-

fine a (positive) bag parameter for each operator from
their matrix elements as:

hOq
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Factors of MBq/(mb + mq) appear now because the vac-
uum saturation approximation generates products of ma-
trix elements between the vacuum and a Bq meson of a
pseudoscalar current. This matrix element can be related
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FIG. 1: A schematic diagram showing how the ‘box diagram’
by which a neutral B mixes with its antiparticle reduces to
a 4-quark interaction at a point when working at an energy
scale much lower than the W boson or t quark mass.
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denote appropriate � matrices to construct vector/axial
vector currents and a sum over 4-vector indices is implied.
q stands for either a d quark or an s quark. Here we will
determine the matrix element of O1 between a Bq meson
and its anti-particle, both at rest. Expressed in the MS
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The factor of 8/3 ensures that the bag parameter, BBq ,
is 1 in the vacuum saturation approximation. In this
approximation Fierz transformations are applied to the 4-
quark operator to obtain products of two bilinears which
create Bq or Bq states. Inserting the vacuum between
the two bilinears, rather than a complete set of states,
then gives eq. (2). The only bilinears that contribute for
the pseudoscalar mesons are the axial vectors and the
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tiplicative factor of BBq . This is only useful if it pro-
vides additional physical insight or calculational assis-
tance. Here it provides both, as we shall see. Analysis in
chiral perturbation theory (**provide refs**) at one-loop
shows that there is cancellation of light-quark mass de-
pendence in the form of chiral logarithms between the 4-
quark operator matrix element and the square of the de-
cay constant[31]. We might therefore expect some reduc-
tion of light quark mass dependence in studying the ratio
of the 4-quark operator matrix element to the square of
the decay constant. In fact we find very little light quark
mass dependence is left in this ratio. Along with this,
most of the lattice spacing dependence disappears. So,

studying this ratio adds a lot of calculational simplifica-
tion which reduces some uncertainties but also provides
a simpler physical picture. It also turns out to be true
that the bag parameter defined using the factor of 8/3 as
in eq. (2) is close to 1 when µ = mb. This shows that the
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is will be discussed in Sec-

tion**results** and is one of the key outputs from this
work. Given a value for the bag parameter defined from
eq. (2) the full matrix element can easily be reconstructed
from values for the decay constant and mass as given in
that equation. We will also therefore give results for the
4-quark operator matrix elements in Section**results**.

Going beyond the Standard Model by introducing new
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Factors of MBq/(mb + mq) appear now because the vac-
uum saturation approximation generates products of ma-
trix elements between the vacuum and a Bq meson of a
pseudoscalar current. This matrix element can be related

�MqSM



Useful insight - vacuum saturation and bag parameters
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FIG. 1: A schematic diagram showing how the ‘box diagram’
by which a neutral B mixes with its antiparticle reduces to
a 4-quark interaction at a point when working at an energy
scale much lower than the W boson or t quark mass.
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is 1 in the vacuum saturation approximation. In this
approximation Fierz transformations are applied to the 4-
quark operator to obtain products of two bilinears which
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tion of light quark mass dependence in studying the ratio
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Factors of MBq/(mb + mq) appear now because the vac-
uum saturation approximation generates products of ma-
trix elements between the vacuum and a Bq meson of a
pseudoscalar current. This matrix element can be related

decay constant =  
meson annihiln amp. 

less dependence 
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FIG. 1: A schematic diagram showing how the ‘box diagram’
by which a neutral B mixes with its antiparticle reduces to
a 4-quark interaction at a point when working at an energy
scale much lower than the W boson or t quark mass.
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Factors of MBq/(mb + mq) appear now because the vac-
uum saturation approximation generates products of ma-
trix elements between the vacuum and a Bq meson of a
pseudoscalar current. This matrix element can be related

To evaluate use µ = mb

mb(mb)
4.162(48) GeV;      52.55(55)  

HPQCD, 1408.4169, 1408.5768

mb/ms

If  B ~ 1, expect MEs to 
vary in size, e.g O3 small

HPQCD Lattice QCD calculation of 4q-
ops and annihiln ops done together so 
BBq easily determined. 
fB determination done earlier. Well-
established lattice results for this.  
Here use improved NRQCD for b-quark



Lattice QCD =  two-step procedure
1) Generate sets of gluon fields for 
Monte Carlo integrn of Path Integral 
(inc effect of u, d, s, (c) sea quarks)

2) Calculate valence quark 
propagators and combine for “hadron 
correlators” 

• Determine      and fix       to get 
results in physical units.

a mq

• Fit for masses and matrix elements

a
• cost increases as               
and with statistics, volume.

a ! 0,ml ! phys

*numerically extremely challenging*

*numerically costly, data intensive*



Using Darwin@Cambridge,  

Inversion of  107 x 107  sparse 
matrix solves the Dirac equation 
for the quark propagator on a 
given gluon field configuration. 
Must repeat thousands of times 
for statistical precision. 

Allows us to calculate 
quark propagators 
rapidly and store them 
for flexible re-use.

www.dirac.ac.uk

http://www.dirac.ac.uk


Example parameters for ‘2nd generation’ calculations now 
being done with staggered quarks.

real 
world

mass of u,d 
quarks

Volume:

mu,d ⇡ ms/10

mu,d ⇡ ms/27

“2nd generation” 
lattices inc. c 
quarks in sea and 
NLO-imp. gluons 

m⇡L > 3

HISQ = Highly 
improved 
staggered quarks -
very accurate 
discretisation 

135 MeV
m⇡0 =

E.Follana, et al, 
HPQCD, hep-lat/
0610092.

mu = md

= ml
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 0.14

 0  0.005  0.01  0.015  0.02  0.025  0.03

m
/2  / 

G
eV

2

a2 / fm2

MILC HISQ, 2+1+1



B meson decay constant calculation from ‘2-point’ function

masses of all 
hadrons in H

QCD HH

large

T

gives decay 
constant

h0|H†(T )H(0)|0i =
X

n

a2ne
�mnT ! a20e

�m0T

a0 =
|h0|H|Bqi|p

2MBq

= fBq

r
MBq

2

= fBq

r
MBq

2

MBq

mb +mq

H =  b�0�5 q

H =  b�5 q

Must match lattice current to continuum for most b quark 
formalisms. For improved NRQCD done through 

R. Dowdall, et al, HPQCD, 1302.2644

A0 = (1 + ↵sz0)⇥ (J (0)
A0,lat

+ (1 + ↵sz1)J
(1)
A0,lat

+ ↵sz2J
(2)
A0,lat

)

↵s⇤/mb

rel.corrns



0.000 0.005 0.010 0.015 0.020 0.025 0.030
a2 (fm2)

0.7

0.8
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1.3

(
f B

) A
0
/(

f B
) P

0O
O(as)

O(as,L/mb)

O(as,asL/mb)

Bav, Bs decay constant world 
averages 

185(3) 225(3) averages

 150  175  200  225  250  275  300
fBx

 / MeV

PDG av. branching fraction
+ unitarity Vub 

HPQCD NRQCD
1302.2644

HPQCD NRQCD
1202.4914

HPQCD HISQ 1110.4510

FNAL/MILC 1112.3051
RBC/UKQCD 1404.4670

ETMC 1308.1851
ALPHA 1404.3590

fB fBs fB,expt

fB+

fB0

u, d sea

u, d, s sea

u, d, s, c sea

Different b quark and weak current 
normalisation methods agree 

Test by comparing  
results for A0 and P 
to same accuracy - 
agree within 2% 
errors

*NEW*
C. Hughes, et 
al, HPQCD, in 
prep
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Experiment : weak decays
: em decays

Lattice QCD : predictions
: postdictions

Meson decay constants - big picture
Parameterises hadronic information needed 
for annihilation rate to W or photon:
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nf=2+1 asqtad + clover b; a=0.12fm to 0.045 fm; 4q-op ME, pert match
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Figure 11: Combined chiral and continuum fit at the triggering point of the bag parameters B(s)
1 and B(s)

2 are
shown in panels (a) and (b) respectively. Both fit ansätze are linear in µℓ and in a2. Empty black circle is our
result at the physical u/d quark mass point in the continuum limit for both cases. In panel (a) discretisation
effects are rather small and to avoid cluttering the figure only the extrapolated line is shown.

equations analogous to the ones of Eqs. (4.4) and (4.11). For example we consider the chains

ω(d)
i (µ(2)

h )ω(d)
i (µ(3)

h ) . . . ω(d)
i (µ(K+1)

h ) =
Wij(µ⋆, µ(K+1)

h , µ)B(d)
j (µ(K+1)

h , µu/d)

Wij(µ⋆, µ(1)
h , µ)B(d)

j (µ(1)
h , µu/d)

(5.9)

ω(s)
i (µ(2)

h )ω(s)
i (µ(3)

h ) . . . ω(s)
i (µ(K+1)

h ) =
Wij(µ⋆, µ(K+1)

h , µ)B(s)
j (µ(K+1)

h , µu/d, µs)

Wij(µ⋆, µ(1)
h , µ)B(s)

j (µ(1)
h , µu/d, µs)

. (5.10)

Bag parameters defined at µ(1)
h are determined as usual by a combined chiral and continuum fit that shows small

discretisation effects. In Figs 11(a) and 11(b) we present the fit for the cases of B(s)
1 and B(s)

2 respectively. We
illustrate the cases of B(d)

1 and B(d)
2 in Figs 12(a) and 12(b) respectively. A similar behaviour is observed for

the rest of the bag parameters B(s)
i and B(d)

i with (i = 3, 4, 5). Note that for the B(d)
i cases HMChPT predicts

a logarithmic chiral behaviour [69]. We have thus tried besides a linear fit ansatz, fit functions of the following
type:

B(d)
1 = Bχ

1

[

1 + b1µℓ −
(1− 3ĝ2)

2

2B0µℓ

(4πf0)2
log
( 2B0µℓ

(4πf0)2

)]

+D1a
2 (5.11)

B(d)
i = Bχ

i

[

1 + biµℓ −
(1− 3ĝ2 Y )

2

2B0µℓ

(4πf0)2
log
( 2B0µℓ

(4πf0)2

)]

+Dia
2, i = 2 (5.12)

B(d)
i = Bχ

i

[

1 + biµℓ +
(1 + 3ĝ2 Y )

2

2B0µℓ

(4πf0)2
log
( 2B0µℓ

(4πf0)2

)]

+Dia
2, i = 4, 5 (5.13)

where we use the HMChPT-based estimates Y = 1 [69] and ĝ = 0.61(7) [60]. The bag parameter B3 is
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Figure 14: ω(s)
i (µh) against 1/µh for i = 1, . . . , 5 are shown in panels (a),. . ., (e), respectively. In all cases the

fit function has a polynomial form like the one in Eq. (4.3). The vertical black thin line marks the position of
1/µb.
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nf=2 twisted 
mass (*NO* s 
quark in sea); 
a=0.1fm to 
0.05fm; B 
params; RI-
MOM matching 
and then 
extrapolate to b. 

a. inc. physical result from fit 
as function of a and mmq
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Chiral pert. theory for dependence on          - log terms
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FIG. 2: The meson-level sunset graph for the B-B mixing matrix element. Conventions are as in
Fig. 1.

relativistic normalization, an extra factor of MB
x

, the mass of the Bx meson, would appear
on the right-hand sides.

In the partially quenched 2+1 (mu = md 6= ms) case, staggering the result for Wqb in
Ref. [11] gives:

Wxb = Wbx =
ig2B⇤B⇡

f 2
⇡

(
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. (62)

where the index ⇢ runs over the taste representations (P,A,T,V,I) with degeneracies N⇢, and
S runs over the sea mesons u, d, s. The function H is equivalent to the integral H(m,�)
defined in Eqs. (A3) and (A12) of Ref. [11]. The subscripts on H implicitly give the meson
mass m in H(m,�) by specifying its flavor and taste. The flavor is indicated either by giving
the flavor of the two quarks in the meson, as in xS in the first term in Eq. (62), or by giving
the name of the meson, as in the remaining terms, where X refers to the meson made of two
light valence quarks xx (mX is its mass). The superscript on H is the second argument of
the function H(m,�). It is the mass splitting between the heavy-light vector meson in the
chiral loop and the external heavy-light pseudoscalar meson. In addition to the hyperfine
splitting �⇤ = MB⇤ � MB, it includes a light flavor splitting whenever the light flavor of
the vector meson in the loop is di↵erent from the the external flavor. For the first term in
Eq. (62), the vector meson has flavor S so the splitting is �Sx ⌘ MBS

�MB
x

= 2�1µ(mS�mx),
where �1 and µ are low energy constants. The constant �1 comes from heavy quark e↵ective
theory, and µ relates light meson masses to quark masses, Eq. (21).

For comparison, the function H is the same (up to constants) as the function J introduced
in Ref. [7] (Eq. (6.17)). Similarly the function Ij,⇢ defined in [11] and used below is the same

17

Inc. B*-B splitting modifies  
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B. Derived quantities

We now present quantities that are derived from the
Bq-mixing matrix-element results in Table XIII that are
especially useful for Standard-Model phenomenology.

1. Ratios and other combinations of matrix elements

The SU(3)-breaking ratio ξ, defined in Eq. (2.10), is
needed for obtaining the ratio of CKM matrix elements
jVtd=Vtsj from experimental measurements of the oscil-
lation frequencies. The uncertainties on the individual
matrix elements hOq

1i (q ¼ d, s) in Table XIII are about
6%–9% and are still substantially larger than the exper-
imental errors on ΔMq. Because the results for hOd

1i and
hOs

1i are correlated, however, both the statistical and
systematic uncertainties largely cancel in their ratio. We
obtain

ξ ¼ 1.206ð18Þð6Þ; ð9:3Þ

where again the first error is from the quadrature sum of the
statistical and systematic uncertainties (the column labeled
“Total” in Table XI) except for the charm-sea error, which is
listed separately as a second error. Our result in Eq. (9.3) is
consistent with the previous Fermilab/MILC result [15],
ξ ¼ 1.268ð63Þ, but about 3 times more precise due to the
substantially increased data set and the inclusion of wrong-
spin operators in the chiral-continuum extrapolation.
Figure 15 (right) compares our result with other unquenched
lattice-QCD calculations.
We also present matrix-element combinations that enter

the Standard-Model expression for the width difference
ΔΓq. Following Ref. [61], we compute the 1=mb-
suppressed quantity hR0i, which is a linear combination
of the matrix elements hOq

1;2;3i. The expression for hR0i is
given in Eq. (2.12), where the NLO perturbative coeffi-
cients evaluated at the renormalization scale μ ¼ m̄b in the
MS-BBGLN scheme are [61]

α1ðm̄bÞ ¼ 1þ 2
ᾱsðm̄bÞ

π
; ð9:4Þ

α2ðm̄bÞ ¼ 1þ 13

6

ᾱsðm̄bÞ
π

: ð9:5Þ

We obtain

hRd
0iðm̄bÞ ¼ −0.09ð21Þ GeV4; ð9:6Þ

hRs
0iðm̄bÞ ¼ −0.21ð21Þ GeV4; ð9:7Þ

where the errors are from the hadronic mixing matrix
elements. The uncertainties from the parametric inputs
ᾱsðm̄bÞ and MBq

and the omission of charm-sea quarks are
negligible. Because the combination of operators in
Eq. (2.12) is by construction 1=mb-suppressed, our results
for hRq

0i have larger relative errors than hOq
1;2;3i (which are

of order 1 in the heavy-quark expansion) and may also be
more sensitive to the systematic-uncertainty contributions
considered previously. The stability of our results for hRq
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1

2

3

4

5

f 2
Bd

BBd

(i) (m−b) i

0.02 0.03 0.04 0.05
GeV2

f 2
Bs

BBs

(i) (m−b)

0.03 0.04 0.05 0.06 0.07
GeV2

FIG. 14. Comparison of our full set of Bq-mixing matrix
elements (filled symbols) with the two-flavor results from
ETM [16] (open symbols) converted to our definition of the
bag parameters in Eqs. (2.5)–(2.7); the quoted ETM uncertainties
do not include an error from omitting strange sea quarks. For
f2Bq

Bð2;3Þ
Bq

ðm̄bÞ, we use the BMU scheme to enable direct
comparison with the values in Table 4 of that paper. The error
bars on our results do not include the estimated charm-sea
uncertainties, which are too small to be visible.
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FIG. 15. Comparison of the Bq-mixing matrix elements for Oq
1

obtained in this work (filled symbols and vertical bands) with
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The RGI combination f2Bq

B̂ð1Þ
Bq

for q ¼ d, s. We do not show the
matrix-element results from RBC because their estimated un-
certainties due to the use of static b quarks are larger than the
displayed range. (Right) The SU(3)-breaking ratio ξ. The quoted
ETM uncertainties do not include an error due to quenching the
strange sea quark, while the quoted HPQCD and Fermilab/MILC
11 uncertainties do not include a contribution from the omission
of wrong-spin operators in the chiral-continuum extrapolation.
The error bars on our results do not include the estimated charm-
sea uncertainties, which are too small to be visible.
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Uncty largest for O3 since it 
mixes with much larger O1

B. Derived quantities

We now present quantities that are derived from the
Bq-mixing matrix-element results in Table XIII that are
especially useful for Standard-Model phenomenology.

1. Ratios and other combinations of matrix elements

The SU(3)-breaking ratio ξ, defined in Eq. (2.10), is
needed for obtaining the ratio of CKM matrix elements
jVtd=Vtsj from experimental measurements of the oscil-
lation frequencies. The uncertainties on the individual
matrix elements hOq

1i (q ¼ d, s) in Table XIII are about
6%–9% and are still substantially larger than the exper-
imental errors on ΔMq. Because the results for hOd

1i and
hOs

1i are correlated, however, both the statistical and
systematic uncertainties largely cancel in their ratio. We
obtain

ξ ¼ 1.206ð18Þð6Þ; ð9:3Þ

where again the first error is from the quadrature sum of the
statistical and systematic uncertainties (the column labeled
“Total” in Table XI) except for the charm-sea error, which is
listed separately as a second error. Our result in Eq. (9.3) is
consistent with the previous Fermilab/MILC result [15],
ξ ¼ 1.268ð63Þ, but about 3 times more precise due to the
substantially increased data set and the inclusion of wrong-
spin operators in the chiral-continuum extrapolation.
Figure 15 (right) compares our result with other unquenched
lattice-QCD calculations.
We also present matrix-element combinations that enter

the Standard-Model expression for the width difference
ΔΓq. Following Ref. [61], we compute the 1=mb-
suppressed quantity hR0i, which is a linear combination
of the matrix elements hOq

1;2;3i. The expression for hR0i is
given in Eq. (2.12), where the NLO perturbative coeffi-
cients evaluated at the renormalization scale μ ¼ m̄b in the
MS-BBGLN scheme are [61]

α1ðm̄bÞ ¼ 1þ 2
ᾱsðm̄bÞ

π
; ð9:4Þ

α2ðm̄bÞ ¼ 1þ 13

6

ᾱsðm̄bÞ
π

: ð9:5Þ

We obtain

hRd
0iðm̄bÞ ¼ −0.09ð21Þ GeV4; ð9:6Þ

hRs
0iðm̄bÞ ¼ −0.21ð21Þ GeV4; ð9:7Þ

where the errors are from the hadronic mixing matrix
elements. The uncertainties from the parametric inputs
ᾱsðm̄bÞ and MBq

and the omission of charm-sea quarks are
negligible. Because the combination of operators in
Eq. (2.12) is by construction 1=mb-suppressed, our results
for hRq

0i have larger relative errors than hOq
1;2;3i (which are

of order 1 in the heavy-quark expansion) and may also be
more sensitive to the systematic-uncertainty contributions
considered previously. The stability of our results for hRq

0i
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FIG. 14. Comparison of our full set of Bq-mixing matrix
elements (filled symbols) with the two-flavor results from
ETM [16] (open symbols) converted to our definition of the
bag parameters in Eqs. (2.5)–(2.7); the quoted ETM uncertainties
do not include an error from omitting strange sea quarks. For
f2Bq

Bð2;3Þ
Bq

ðm̄bÞ, we use the BMU scheme to enable direct
comparison with the values in Table 4 of that paper. The error
bars on our results do not include the estimated charm-sea
uncertainties, which are too small to be visible.
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FIG. 15. Comparison of the Bq-mixing matrix elements for Oq
1

obtained in this work (filled symbols and vertical bands) with
other unquenched lattice-QCD calculations [13,15–17,30]. (Left)
The RGI combination f2Bq

B̂ð1Þ
Bq

for q ¼ d, s. We do not show the
matrix-element results from RBC because their estimated un-
certainties due to the use of static b quarks are larger than the
displayed range. (Right) The SU(3)-breaking ratio ξ. The quoted
ETM uncertainties do not include an error due to quenching the
strange sea quark, while the quoted HPQCD and Fermilab/MILC
11 uncertainties do not include a contribution from the omission
of wrong-spin operators in the chiral-continuum extrapolation.
The error bars on our results do not include the estimated charm-
sea uncertainties, which are too small to be visible.
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[15], respectively. Our errors on jVtdj, jVtsj are about 2
times smaller, however, and on jVtd=Vtsj they are more than
3 times smaller, due to the reduced theoretical errors on the
hadronic matrix elements.
The CKM matrix elements jVtdj and jVtsj can be

obtained independently from rare semileptonic B-meson
decays because the Standard-Model rates for BðB →
πðKÞμþμ−Þ are proportional to the same combination
jV$

tdðsÞVtbj. Until recently, these determinations were not
competitive with those from Bq-meson mixing due to both
large experimental and theoretical uncertainties. In the past
year, however, the LHCb Collaboration published new
measurements of BðB → πμþμ−Þ and BðB → Kμþμ−Þ
[185,186], and we calculated the full set of B → π and
B → K form factors in three-flavor lattice QCD [132,187].
Using these results, Ref. [184] obtains

jVtdjB→πμμ ¼ 7.45ð69Þ × 10−3; ð9:20Þ

jVtsjB→Kμμ ¼ 35.7ð1.5Þ × 10−3; ð9:21Þ

jVtd=Vtsj
B→πμμ
B→Kμμ ¼ 0.201ð20Þ; ð9:22Þ

where the errors include all sources of uncertainty. These
determinations of jVtdj and jVtd=Vtsj agree with our Bq-
mixing results in Eqs. (9.17) and (9.19), while jVtsj above
differs from Eq. (9.18) by about 1.6σ.
It is instructive to compare these results for jVtdj, jVtsj,

and jVtd=Vtsj from Bq mixing and rare semileptonic B
decays with expectations from CKM unitarity. These
processes, being mediated by flavor-changing-neutral cur-
rents (FCNCs), may receive observable contributions from
new physics. Figure 16 shows two sets of CKM elements
inferred from unitarity, labeled “full” and “tree,” which are
obtained, respectively, from CKMfitter’s full global uni-
tarity-triangle fit using all inputs [159] and from a fit
including only observables that are mediated at the tree
level of the weak interactions [160]. With the improve-
ments in this paper for the Bq-mixing matrix elements, and
in Refs. [132,184–187] for rare semileptonic B decay form
factors, a discrepancy between FCNC and tree-level proc-
esses may be emerging. Quantitatively, the Bq-mixing
results for jVtdj and jVtsj differ from the tree-fit values
by 2.0σ and 1.2σ and their ratio by 2.1σ.3 Similarly, the
FCNC semileptonic B decays yield values of jVtdj and jVtsj
that lie, respectively, 2.0σ and 2.9σ below the CKM tree-fit
results. (The comparison of jVtd=Vtsj from FCNC semi-
leptonic B decays is not yet useful because of the large
experimental uncertainties.) The overall impression does
not change qualitatively when comparing with the results of

the full CKM-unitarity-triangle fit: jVtdj, jVtsj, and
jVtd=Vtsj from Bq mixing differ by 1.8σ, 1.5σ, and 1.5σ,
respectively; jVtdj and jVtsj from FCNC semileptonic B
decays differ by 1.7σ and 3.4σ, respectively. It would be
interesting to see whether new flavor-changing-neutral
currents could explain this pattern, but such a study lies
beyond the scope of this work.

3. Branching ratios for Bq → μþμ−

The rare decays Bq → μþμ− (q ¼ d, s) also proceed via
flavor-changing-neutral currents and are therefore similarly
sensitive to physics beyond the Standard Model. Revealing
the presence of such effects, however, requires both precise
experimental measurements and reliable theoretical pre-
dictions with commensurate uncertainties. Here we calcu-
late the Standard-Model rates for Bq → μþμ− using our
calculations of the B-mixing matrix elements in Table XIII.
The expression for the Standard-Model rate BðBdðsÞ →

μþμ−Þ is given in, e.g., Eq. (3) of Ref. [158], and depends
upon the leptonic decay constant fBq

and the combination
of CKM matrix elements jV$

tqVtbj. The Standard-Model
predictions receive substantial error contributions from
both the CKM matrix elements and the decay constants,
as shown in Eqs. (9.31) and (9.32) below. Buras pointed out
[188], however, that the same CKM matrix elements
also enter the Standard-Model expression for the neutral
Bq-mixing oscillation frequency ΔMq. Thus, the ratio
BðBq → μþμ−Þ=ΔMq is independent of both jV$

tqVtbj
and fBq

, although it still depends upon the hadronic bag

parameter B̂ð1Þ
Bq
. Assuming that new physics does not alter

|Vtd |  × 103 |Vts |  × 103

7 8 9 35 39 43

∆Mq:

this work

PDG

B K(π)µ+µ−

CKM unitarity:

full

tree

|Vtd  / Vts |  

0.18 0.19 0.20 0.21 0.22 0.23

FIG. 16. (Left) Recent determinations jVtdj and jVtsj and (right)
their ratio. The filled circles and vertical bands show our new
results in Eqs. (9.17)–(9.19), while the open circles show the
previous values from Bq mixing [102]. The squares show the
determinations from semileptonic B → πμþμ− and B → Kμþμ−

decays [184], while the plus symbols show the values inferred
from CKM unitarity [159]. The error bars on our results do not
include the estimated charm-sea uncertainties, which are too
small to be visible.

3These CKM discrepancies are not distinct from those ob-
served forΔMq in Eqs. (9.14)–(9.16), but the CKM perspective is
convenient for contrasting the role of different observables.
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the observed tension between tree-level and loop-induced
processes [159]. Figure 17 shows the current status of the
CKM-unitarity triangle using our new result for ξ plus
recent determinations of jVubj ¼ 3.72ð16Þ × 10−3 and
jVcbj ¼ 40.8ð1.0Þ × 10−3 from our calculations of the B →
πlν and B → Dlν form factors [132,198].4 At present, the
experimental measurements are compatible with the
Standard Model at p ¼ 0.32. The overall precision still
leaves ample room for BSM flavor-changing-neutral cur-
rents that may be observable with anticipated theoretical
improvements such as those discussed below, in conjunc-
tion with more precise experimental measurements
expected from the LHC upgrade [10,202] and Belle II [11].
Despite the improvement in the Bq-mixing elements

obtained in this paper, the theoretical hadronic errors are still
the limiting source of uncertainty in all calculations of
observables in Sec. IX. In a forthcoming paper, we will
report bag-parameter results from a combined analysis of the
mixing matrix elements presented here with our collabora-
tion’s companion decay-constant calculation using the same
lattice ensembles and parameters [149].We anticipate that the
inclusion of statistical and systematic correlations between
the matrix elements and decay constants will reduce the

bag-parameter errors, thereby enabling better predictions of
the Bq → μþμ− decay rates and other observables.
Additional work is still needed, however, to reduce the

QCD uncertainties to the level of experimental measure-
ments. The dominant errors in our current matrix-element
results stem from statistics and heavy-quark discretization
errors. The contribution from the chiral extrapolation is also
significant for the Bd matrix elements and ξ. We plan to
reduce these uncertainties by using the newly generated
gauge-field ensembles by the MILC Collaboration [25,26]
with four flavors of highly improved staggered quarks
(HISQ) [208]. Ensembles with physical-mass pions at four
lattice spacings are already available, the use of which will
render the chiral extrapolation unnecessary and eliminate
the associated systematic uncertainty. In addition, the
inclusion of charm quarks in the sea will eliminate the
least-well-quantified source of error in our current calcu-
lation. The inclusion of ensembles at an even finer lattice
spacing will be particularly important for reducing heavy-
quark discretization effects. Such a fine lattice spacing will
also be useful in calculations that employ the HISQ action
for the b quark [161]. Finally, because the matrix elements
are dimensionful, they also receive error contributions from
the lattice-spacing uncertainty, which will become rela-
tively more important as the other errors discussed above
are reduced. Recently several new scale-setting quantities
have been introduced [26,209–211] that can be obtained
more directly and precisely than r1, one of which has
already been employed in our calculation of charmed and
light pseudoscalar-meson decay constants on the HISQ
ensembles [212].
Once the matrix-element errors reach the few-percent

level, it will be important to provide the Bd-mixing matrix
elements at the correct physical d-quark mass. This can be
done straightforwardly, as we have shown in this work, by
including partially quenched data in the analysis and then
evaluating the chiral fit function with the valence-quark
mass equal to md and the sea-quark masses equal to the
average up-down quark mass. For calculations where only
full-QCD data are available, the corrections listed in
Table X can be used to adjust the isospin-averaged
B-mixing matrix elements for valence isospin breaking.
Neutral B-meson mixing provides a powerful test

of the Standard Model and stringent constraints on new,
high-scale physics [2,16,41]. Our work reveals several
∼2σ deviations between the Standard Model and experi-
ment in B-meson oscillations and rare leptonic B decays.
Similar-sized tensions have been observed in rare semi-
leptonic B decays [184,213–216], which also proceed via
b → d and b → s flavor-changing-neutral currents. The full
basis of ΔB ¼ 2 mixing matrix elements, including their
correlations, provided here will allow these interesting
tensions to be better explored, leading to sharper tests of
the Standard Model and tighter constraints on allowed new
physics.

FIG. 17. Global CKM-unitarity-triangle fit using the new
determination of ξ from this work as well as jVubj and jVcbj
based on our calculations of the B → πlν and B → Dlν form
factors on the same gauge-field configurations [132,198,199].
The constraint from B-meson mixing (solid green band) is
approximately 3 times smaller than that obtained using our
previous result for ξ [15] (dashed gray lines). For the remaining
hadronic matrix elements, we use the preliminary (2þ 1)-flavor
FLAG III average B̂K ¼ 0.7627ð97Þ [203], and the 2015 PDG
averages fK% ¼ 155.6ð0.4Þ MeV and fB% ¼ 187.1ð4.2Þ MeV
[151], which include (2þ 1)- and (2þ 1þ 1)-flavor lattice-
QCD results. The QCD contributions to εK from charm- and
top-quark loops are taken from Refs. [63,204,205], while all
experimental inputs are from the PDG [102]. Plot courtesy of E.
Lunghi [206] using the procedures of Ref. [207].

4We obtain this value of jVcbj from a fit similar to the one in
Ref. [199] including the recent B → Dlν measurements from
Belle [200], earlier measurements from BABAR [201], and our
lattice-QCD form factors from Ref. [132].

A. BAZAVOV et al. PHYSICAL REVIEW D 93, 113016 (2016)

113016-38

Combining O1 results 
with expt for             
gives CKM elements

�Mq

2𝜎 tension  
with CKM unitarity

�Mq =
G

2
Fm

2
WM

2
Bq

6⇡2
S0(xt)⌘2B |V ⇤

tqVtb|2f2
Bq

B̂

(1)
Bq



Future

Conclusion

• Dimension 7 ops. for             (Wingate talk, LAT17) - 
large matching errors, but existing errors may be halved.  

• HPQCD results for MEs of                    operators almost  
complete. Calculations have sea u,d,s,c and include  
physical u/d quark masses. Calculation allows direct 
determination of bag parameters, useful because  
they have little dependence on mq, a etc. 

�B = 2

��s

• Errors will be similar or better to existing results from 
FNAL/MILC. Errors dominated by perturbative matching 
uncertainty. 


