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Extracting physical predictions...

Two basic approaches to handle these modifications

Perform multiple calculations Use theoretical methods to
and extrapolate understand the modification

nonzero lattice spacing
unphysical quark content

finite
volume

Euclidean correlators

Modern calculations often have reliable chiral- \The effect of Euclidean correlators
continuum extrapolations (see e.g. FLAG) is observable dependent

The role of finite volume is also observable dependent:
For decay constants and form factors one should extrapolate to infinite-volume...

| To extract multi-hadron decay and scattering amplitudes |
| we do not take the infinite-volume limit

N+vy—V{+ X X e{N,Nn,Nnmw,---} |

. . |
| |
L)‘_ ( ff o St I — —— — —— —!




Multi-hadron processes from LQCD...

In a LQCD calculation it is possible to access
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finite-volume energies and matrix elements
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Multi-hadron processes from LQCD...

In a LQCD calculation it is possible to access
Hqcp|n, “mn”, L) = |n, “nn”, L) £, (L)
< CCNT‘_?? L|jIU}|CCN77 L>

finite-volume energies and matrix elements
(labels in quotes indicate quantum numbers)

Liischer (1991) + Lellouch and Liischer (2001) derived
relations between such finite-volume quantities and

infinite-volume experimental observables

M L

Neglect contributions scaling as e~
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Example: pion scattering in the p channel...
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scattering phase known geometric function
l Liischer (1986, 1991), Rummukainen and Gottlieb (1995) '
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Example: pion scattering in the p channel...

r

scattering phase

cot 6p—1(EF) + cot ¢(E,,, P, L) = 0 h

known geometric function

l Liischer (1986, 1991), Rummukainen and Gottlieb (1995) '

Lattice calculations can provide robust phase-shift curves

180
- == IV
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(@)
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o
k 60 |- o L=19fm
k o L=24fm
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Example: pion scattering in the p channel...

I cot 6p—1(EF) + cot ¢(E,,, P, L) = 0 h

scattering phase known geometric function

l Liischer (1986, 1991), Rummukainen and Gottlieb (1995) '

Lattice calculations can provide robust phase-shift curves

t

But, these are not yet extrapolated to
physical pions and zero lattice spacing

© L=19fm
o L=24Im

a L =29fm

| My = 391 MeV

800 850 900 950 1000 1050 3 / MeV

Dudek, Edwards, Thomas in Phys.Rev. D87 (2013) 034505
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Derivation in a nut shell
1 Define finite-volume correlator and relate to skeleton expansion

- +OLIK]JO) + @LIKLTK] Yo+

2 Note that poles in (';, give finite-volume spectrum

Py A Ey(L)
Eo(L)

2 Break diagrams into finite- and infinite-volume parts
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Matrix of known geometric functions -



Derivation in a nut shell
1 Define finite-volume correlator and relate to skeleton expansion

CpL(P) = + @@@ + @@@@ 4o

2 Note that poles in (';, give finite-volume spectrum

@ A Ey(L)
Eo(L)

2 Break diagrams into finite- and infinite-volume parts

4@' Sum resulting series and identify poles in (|, to reach

r _ , -
det |[cot d(E") + cot ¢(E,, P,L)| =0

i Determinant over angular momenta w




Status of multi-hadron matrix elements in LQCD...

Physical system

elastic scattering of
identical scalars

77 — 7*”’5 — — ____ , S

N R B = = = = —_—————— =

e

non-identical scalars,

multiple coupled channels*

scattering of particles
with intrinsic spin*

decay into multiple,
particle production

mediated by a generic
local current*

*(assumes no three or four-particle channels open)

—_

decay into identical scalars
| (no other open decay channels)

—_— e

M, _~*

& Ty

Method to get it from LOCD

Liischer (1986, 1991)
/ \ Rummukainen and Gottheb (1995)*

s - — SR R — == =

/Q Lellouch and Luscher (2001) |
Kim, Sachrajda and Sharpe (2005)%,
' Chrlst Kim and Yamazakl (2005) }

\ / Bernard et al. (2011), Fu (2012),
e— g  Bricefio and Davoudi (2012)
,(' /,’d' Detmold and Savage (2004)

>\ Gockeler et al. (2012)

[ @

Bricefio (2014)

. _)/y p — MTH and Sharpe (2012)

coupled two-particle channels™ *®

Meyer (2011),
Bernard et al. (2012),
A. Agadjanov et al. (2014),
Bricefio, MTH and Walker-Loud (2014)
Bricefio and MTH (2015)




K — 7 from LQCD .J—’<3

o

‘<7T7T,L‘ﬁw|K, L}\Q = B|0xr) \<7T7T,out|7-[W\K>\2 1

- 1 —1
__p |9
Blonx] = 321 M2 | OF (¢ + 5”)_ e My

. Lellouch and Liischer (2001) '



K — 77 from LQCD e—~<__

J

\<7T7T L\?—[W|K L}\ = B|0xr) \<7T7T ()111:|3'—[W\K>\21

K L
. Lellouch and Liischer (2001) '

To convert finite-volume LQCD matrix elements to
physically observable decay amplitudes one uses the
Lellouch-Liischer conversion factor B|d,].



|<7T7Tv L‘/}/_ZW|K7 L>‘2 — 6[5] |<

=

o

K — mr from LQCD @—<_

o

o, out| Hyy | K)

2 Y

P
B 57777 — A= 57‘(‘7‘(‘
O 327TM[2< OF (0 + )_ e My
Lellouch and Liischer (2001)
L

To convert finite-volume LQCD matrix elements to
physically observable decay amplitudes one uses the
Lellouch-Liischer conversion factor B[ém] .

(1). Determine finite-volume energies

(2). Use these to determine the (derivative of the) scattering phase

(3). Calculate the finite-volume matrix element

(4)« Combine Lellouch-Liischer factor and finite-volume matrix

element to deduce decay rate



Status of multi-hadron matrix elements in LQCD...

Physical system Method to get it from LOCD
elastic scattering of '\ _— e Liischer (1986, 1991)
identical scalars '/y \A. Rummukainen and Gottlieb (1995)*
: . . @ Lellouch and Liischer (2001)
decay into identical scalars ' —>/ Kim, Sachrajda and Sharpe (2005)%,

(no other open decay channels) \Q Chrlst K1m and Yamazakl (2005)

e — _ _ . __ - P——— R ————— _ — S ——— ——-—-tz.,ﬁr—“
= — —_ S ———

non-identical scalars, "\/' Bernard et al. (2011), Fu (2012), |
| multlple coupled channe|S* Q/y\;. Bricefio and Davoudi (2012) |

———— _ I — — 4

Detmold and Savage (2004)

scattering of partlcles
with intrinsic spin* >/ Gockeler et al. (2012)

Bricefio (2014)

decay into multlple, ) . _)/7 ,/7 MTH and Sharpe (2012)

coupled two-particle channels™ ™ \' T~
. . , Mever (2011)
@ Y ‘
m‘ﬁﬂiﬁ %ro:ucetrll::ic %/VY., < Bernard et al. (2012),
y ager G ® A Agadjanov et al. (2014),
local current 1

Bricefio, MTH and Walker-Loud (2014)
*(assumes no three or four-particle channels open) Bricefio and MTH (2015)




Multiple two-particle channels Q><:,

y - B -
Must now include ot Moo Mass ! N F, 0 ?
a channel index Mp_a Mp_sp 0 F

. MTH and Sharpe/Bricefio and Davoudi ‘




Multiple two-particle channels '><:,

r | - B -
Must now include dot | (Ma—a Mass N Fo 0V _,
a channel index Mp_a Mp_sp 0 F/)|
LMTH and Sharpe/Briceno and Davoudi B J
180 + P L _I_
150 | J o O
First used in HadSpec study of | (m; = 391 MeV) %"
TK, nK o0
60
30 +
0
M(WK%T]K)N \/1772 30 | T— E(SgK
N 0.16 oo.llfao o o;l%o o Do.é%”o 024 o026 oms T
NG . . 022 024 026 028 0~
Wilson, Dudek, Edwards, Thomas, — eSS 1)

Phys. Rev. D 91, 054008 (2015) 08 |- >
arXiv: 1411.2004 07 |-




Multiple two-particle channels Q><:,
r _

Must now include (

. det
a channel index
. MTH and Sharpe/Bricefio and Davoudi

180

150

Since then in other channels, e.g...”

mr, KK X

60

M(T(ﬂ'%KF)N\/lfHZ

Wilson, Bricenio, Dudek,
Edwards, Thomas,
Phys. Rev. D 92, 094502 (2015) -
arX1v:1507:02599 0.7 |-




Status of multi-hadron matrix elements in LQCD...

Physical system Method to get it from LOCD
elastic scattering of '\ _— ® Liischer (1986, 1991)
identical scalars '/y \A' Rummukainen and Gottlieb (1995)*
: . . @ Lellouch and Liischer (2001)
e e e @< Kim S Sorpe a0
P y ® Christ, Kim and Yamazaki (2005)*
non-identical scalars, '\/’ ®  Bernard etal. (2011), Fu (2012),
multiple coupled channels* Q/y\. Bricefio and Davoudi (2012)
scattering of particles 'ﬂ /»" Detmold and Savage (2004)
i LB Bricefio (2014) -
o . S . 00 -
decay into multiple, 7
| ’ MTH and Sh 2012
* coupled two-particle channels* . _)\' \' and Sharpe (2012)
|
i particle production "\44' / . Mezert(zl()lég 19)
M mediated by a generic {/\.’ crhatd etak /
local current® 6 ’ A. Agadjanov et al. (2014),

I *(assumes no three or four-partlcle channels open) Bricefio and ] MTH (2015)

—— — e ———

1

Bricefio, MTH and Walker-Loud (2014)} |

i



General two-hadron matrix elements

" W, _*
o —>\’ ~e o /v\!'

Formalism is nhow available for all one-to-two matrix
elements of local currents

r

<n7L‘j,u|N7 L> — CNW(L)<N7T,OUt‘j,u’N> + CNU(L)<N77,OUt‘jM’N> + .-




General two-hadron matrix elements

,, " M,
O —>\. S~ o /v\{

Formalism is nhow available for all one-to-two matrix
elements of local currents

r

(n, L|J,|N, L) = |Cn(L)(N7,0out|J,|N) + Cny,(L){Nn,out|J,|N) + -

(1). Determine finite-volume energies

(2). Use these to determine the (derivatives of) all scattering
parameters in the coupled-channel sector

(3).\ Calculate multiple finite-volume matrix elements

(4-). Deduce multiple, linearly independent relations between finite-
and infinite-volume matrix elements

(8). Solve for the infinite-volume transition amplitudes
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How can we get this from finite-volume observables?
Why did we expect C';,( P)to have poles?

Oy (P) = /L dz e=iPT (0| TO(2) O (0)[0)

Insert a complete set finite-volume of stabes

3 B B T
O (P) s L0, P, L), P L1000
— E, E - E,




Derivation in a nut shell (77, out|J,|m) =

- /\

L
L) )
How can we get this from finite-volume observables?
Why did we expect C';,( P)to have poles?

Oy (P) = /L dz e=iPT (0| TO(2) O (0)[0)

Insert a complete set finite-volume of stabes
L3(0|O(0)[n, P, L)(n, P, L|OT(0)]0)

Now compare thls to our factorlzed result
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How can we get this from finite-volume observables?
Why did we expect C';,( P)to have poles?

Oy (P) = /L dz e=iPT (0| TO(2) O (0)[0)

Insert a complete set finite-volume of stabes
L3(0|O(0)[n, P, L)(n, P, L|OT(0)]0)

R is the residue
of this matrix
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How can we get this from finite-volume observables.
Why did we expect C';,( P)to have poles?

Oy (P) = /L dz e=iPT (0| TO(2) O (0)[0)

Insert a complete set %m&eﬂwvotuﬂ«\ﬁ of states
L3<0\0( )|n, P, L)(n, P L|0‘L( )\0>

R is the residue |
P of this matrix ,«

REEC )\mn(En,P L) (. out\OT( )0 )
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How can we get this from finite-volume observables.
L?(0|On, L){n, L|OT|0) =
(0|O|nm,in)R(E,, L){(rm, out|OT|0)
One has the freedom to choose O such that O'|0) = J,|r).

This can then be re-expressed as...

get this from the lattice experimental observable

(n, L|Ju|m, L) = |Crr(L)(mm,J = 1,0ut|J,|m) +

R. A. Briceno, MTH, A. Walker-Loud, 2015




Photoproduction (7w, out|J,|m)

get this from the lattice experimental observable

(n, L|J,,|7, L) = |Crr(L)(mm,J = 1,0ut|J,|m) + - -

m, ~ 400 MeV |

200+
% 150
£ oo} - Photoproduction
5l - in the rho channel
90 2.1 22 23
F.é 400 .
th Briceno, Dudek, Edwards,
It 20) 1 Schultz, Thomas, Wilson,
0 | | | Phys. Rev. D 93, 114508 (2016)

2.0 2.1 2.2 23 B /m,
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transition amplitudes



Most important limitation:
Formalism is only available for final state energies below three-
particle production threshold

(n, L|Ju|N, L) = |Cnr(L) ANonx +Cniy(L) An— g

~ Form of these terms is unknown

Looklng forward

(1) Extend formalism to describe three (and more) hadron states

Major focus over the last few years
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Eo(L) o, s

Formalism is complete for three-scalar systems

Model-independent relation between
finite-volume energies and two-and-three particle scattering
MTH and Sharpe 2014, 2015 and Briceiio, MTH and Sharpe 2017

Requires that two-particle
scattering phase is bounded |5€ (E ) | < 7T/ 2

Derived by analyzing three-particle skeleton expansion

i) ~OEO-CE@E0 O@E@ED -
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Is mapping from finite-volume the only option?

WM I_ > 0->< >3

........

An alternative approach...

May be possible to extract total transition rates directly from lattice QCD,
by applying the Backus-Gilbert method to a suitable correlator
MTH, Meyer and Robaina, to appear

Using LQCD one can estimate the correlator
C(r, L) = Y I{n, LT N, L) 2= P07

The Backus-Gilbert method then gives an estimation of
,/O\(E, L A) _ Z Kn’ L‘j‘N, L>‘2 9 5A, En(L)) regularized delta

~ function

One then aims to extract
p(E) — hm hm ,O(E L A) Qrder of limits

A—0L—00 _~ is important
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Backus-Gilbert for total rates C'(7,L)=> p(E, L, A)=> p(E)

One can construct C'(7, L) such that

1

pp(a) =W (p.0) = o [ d'o € (N.p|J}(2)1,(O)N.

This could have applications in total hadronic widths,
differential semi-leptonic rates, deep inelastic scattering... neutrino rates?

Million dollar question: How well can one estimate p(F) using Backus-Gilbert?

Here | do not explain the algorithm but only summarize key points:
(1). Developed by geophysicists Backus and Gilbert to study seismic activity

~d
(). Technique to solve the inverse problem: G(7,L) = / Q—we_pr(w, L)
0 70

(3). Gives a smoothened version of p(w, L) with characteristic width A

(4—) Preliminary evidence shows reasonable values of A and L could give a
good estimate of the infinite-volume, zero-width limit
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Summary and Conclusions

Relation between finite-volume matrix elements and transition
amplitudes is well understood for two-particle states (and three

particle states are on the way)

This is required for any resonance form factors as well as transitions
to multi-particle final states

| did not dare to put a nucleus in the initial state, but this is an issue
for the realistic implementation of LQCD not for this formalism.

Perhaps methods such as lattice EFT could make a nucleus matrix
element feasible

Stay tuned for a new approach that directly extracts inclusive
transition rates
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Our aim is to derive the generalization for arbitrary
two- and three-particle systems

Bo(L) = 'Jf_)>é e J>é

Potential applications...
Studying three-particle resonances

w(782) — mrrm
N(1440) — N7, Nnmw

Calculating weak decay amplitudes and form factors
K — mnm

Determining three-body interactions

NNN three-body forces needed as EFT input
for studying larger nuclei and nuclear matter
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We begin by considering
identical scalar particles

_ - __

For now we turn off two-to-three scatterlng usmg a symmetry

| Three-to-three amplitude has kinematic singularities §

i M fully connected correlator with |
33 six external legs amputated and projected on shell w‘

—... Certain external momenta l
o put this on-shell! ]l

l

! Three-to-three amplltude has more degrees of freedom |

¥ 12 momentum /!’/ |8 momentum ﬂ
>\T!; components ‘”

TN\ components
Y Y o
-10 Poincaré generators “ -10 Poincaré generators

8 degrees of freedom

L 2 degrees of freedom

_—— e e ——— e ——————— = — = i
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How can we possibly hope to extract a singular,
eight-coordinate function using finite-volume energies?

(1).l We found that the spectrum depends on a modified
quantity with singularities removed

Same degrees of freedom as _/\/13 _+3 | Smooth function (easier to extract)

Relation to M 3_,3 is known (depends only on on-shell M2_,59)

(Z)d Degrees of freedom encoded in an extended matrix space

/ (E — wk, P — k) o/ ...
BOOST

o . L
wk? - J
(£ is restricted to finite-volume momenta) k, g, Tl
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Three-particle result

At fixed (L,P),ﬁnlte-\(olume detr o /C 3 n Fs 0
energies are solutions to "

MTH and Sharpe, Phys. Rev. D90, 116003 (2014)

Fy = matrix that depends on known geometric
3 — functlons as weII as ./\/12_>2 :

— = —— -

(1) Use two- partlcle quantlzatlon condltlon to constrain Mo_,o
and thus determine F5(E, P, L)

(2). Use harmonic decomposition + various parametrizations
to express Kqr3(E™) in terms of /N unknown parameters

(3)« Use quantization condition with lattice (or otherwise)
determined energies to determine all parameters

(4»)‘ Use known relation to recover M 5_, 3
MTH and Sharpe, Phys. Rev. D92, 114509 (2015)
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Three-particle result
det K35 (Er) + F3(E,,P,L)] =0

| All of the compllcatlon is burled |n5|de F3

' |

F F 1 ‘
| . Mo, F |
l > (‘/7 6wl? 2wl 1+ MQ,LC,?L 2 |

| MTH and Sharpe, Phys. Rev. D90, 116003 (2014)
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Three-particle result
det K35 (Er) + F3(E,,P,L)] =0

| AII of the compllcatlon is burled |n5|de F3 J
F F 1 !
41 F3

Moo F
,

These are all matrices with indices

{/‘76wL3 2wL3 1+ M- LG

D et =

‘
momentum of angular momentum |
iﬁ one particle of the other two |
S 21N
| k= — l,m
| L

| MTH and Sharpe, Phys Rev. D90, 116003 (2014)
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Three-particle result
det K35 (Er) + F3(E,,P,L)] =0

AII of the compllcatlon is burled |nS|de F3

7

momentum of
one particle

—

2mn

k=20

L

F F 1 M
6w L3 2wL3 1+ Ms LG 2, L5
NS -

=

These are all matrices with indices

angular momentum
of the other two

F and G are geometric functions

M3 1, depends on F and M
l,m

MTH and Sharpe Phys Rev. D90, 116003 (2014)

N

—

S —

I
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Central drawback is the non-standard nature of /Cdf 3
This was resolved in a second publication where we derive an

integral equation relating Kqr 3 with M3,
MTH and Sharpe, Phys. Rev. D92, 114509 (2015)

Result was derived by studying an alternative finite-volume correlator
(uses interpolators that one uses for a scattering amplitude)

1 |
indicates MS,L =S DL LLICdf 3 72/1}4 \\

symmetrization N | T~ J= ‘ _ F 3 lCdf ;O

————""trivial modifications

of F3

Leads to a solvable integral equation

f | 4
Mz = lim | Mz = I[/Cdf,S]

L L— o0 ;e y

This completes the formal story and confirms that the three-particle spectrum is
determined by physical scattering amplitudes
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Testing the formalism:
We have performed two strong checks on the result

==

Weak interactions

MTH and Sharpe,
Phys. Rev. D 93, 096006 (2016)

Expand the three-particle threshold |
energy in powers of inverse box length

12
E=3m+ 29 _

ml>
r

Strong interactions

MTH and Sharpe,
Phys. Rev. D 95, 034501 (2017)

Studied the volume-dependence of
a unitary three-particle bound state

NN
E? — B2

M3 ~

‘

Reproduced and generalized earlier work based in

l non-relativistic quantum mechanics l
K. Huang and C. Yang, Phys. Rev. 105 (1957) 767-775 MeiBner, Rios and Rusetsky,
Beane, Detmold, Savage, Phys. Rev. D76 (2007) 074507 Phys. Rev. Lett. 114, 091602 (2015)



Three-particle bound state: NRQM prediction
MeibBner, Rios and Rusetsky, Phys. Rev. Lett. 114, 091602 (2015) + erratum
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K
The infinite-volume boundstate energy, ' = 3m
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Three-particle bound state: NRQM prediction
MeibBner, Rios and Rusetsky, Phys. Rev. Lett. 114, 091602 (2015) + erratum

2
K
The infinite-volume boundstate energy, ' = 3m
is shifted in finite volume by an amount m
2 —
k201 c=—96.351 -
AE( ) — C|A|2 € 25 L/V/3 + - geometric constant from

m (kL)3/?

(. normalization correction factor
(close to one)

Assumes two-body potential, unitary limit, P=0, s-wave only

Effimov wavefunction

———— — e — — e

| Our formallsm gives a general relatlon between scatterlng amplltudes and
energy levels. So we substitute... ]l

| T 167 E2 !
Ms ~ ~ 5 ’ ip*

| and study the Iowest three particle flnlte-volume Ievel |

We reproduce the exponent, leading power and overall
constant using our relativistic formalism
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Reproducing the result...

1. Show that the relativistic quantization predicts (at leading order in /L)
/"“E‘\
p(u) (k)

AE(L) =

—
— /k

AR A

::.:: s-wave scatterlng amplltude-/

(u)

ka/\/lz

()

2. Derive the functional forms of the infinite-volume quantities

33/87T1/4

4

T (k) =

follows from matching to

Effimov wavefunction

AvV—c My (k)

Mz(k) —

32mm |

1

K

usymmetrized
residue factor

3k?

 4R?2

1 —1/2

unitary amplitude with spectator

“stealing”’ some momentum

3. Evaluate the sum-integral difference with Poisson summation

33/47T3/2

AE(L) = c|A|?

2

1

= C\A\Q%

m (RL)3/2

€

.= 1
6 Lz-k —
3K /];’ c ka

—2&L/V§

1

3k?

412

1—1/2



