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FIG. 4. Proton (top) and neutron (bottom) radii obtained
from IM-SRG and SCGF calculations with EM [20–22] and
NNLOsat [26] interactions. For protons, experimental values
from Table I are displayed.

oxygen chain, the heaviest one for which experimental in-
formation on both binding energies and radii is available
up to the neutron drip line. We showed that analysing
(p,p) scattering data allows one to obtain information
on nuclear sizes of unstable isotopes within 0.1 fm. The
combined comparison of measured charge/matter radii
and binding energies with state-of-the-art ab initio cal-
culations o↵ers unique insight on nuclear forces. On the
one hand, EM, a current standard for nuclear theory em-
ploying only 2-, 3- and 4-body observables in the fit of
the low-energy constants thus sticking to the (strict) re-
ductionist strategy, yields an excellent reproduction of
binding energies but significantly underestimates charge
and matter radii. On the other hand, unconventional
NNLOsat , while maintaining a good energy systematics,
clearly improves the description of absolute radii, though
leaving room for refinement for what concerns isotope
shifts. Given the alternative fitting procedure, such an
output raises questions about the choice of observables
that should be included in the fit and the resulting pre-
dictive power whenever this strategy is followed.

More precise information on oxygen radii, e.g. rch via
laser spectroscopy measurements, would allow confirming
our (p,p) analysis and further refining the present discus-
sion. Future, similar studies in heavier isotopes will also
preciously contribute to the systematic development of
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FIG. 5. Matter radii from our analysis and Ref. [33, 36]
compared to ab initio calculations with EM [20–22] and
NNLOsat [26] interactions. Bands span results from GGF
and MR-IMSRG many-body schemes.

nuclear forces. From the many-body point of view, the
consistent inclusion of higher-body terms in the charge
radius operator is envisaged and might eventually a↵ect
the present discussion. Finally, we stress that a simulta-
neous reproduction of binding energies and radii in stable
and neutron-rich nuclei is mandatory for reliable struc-
ture but even more for reaction calculations. Scattering
amplitudes and nucleon-nucleus interactions evolve as a
function of the size, which should be consistently taken
into account specially when more microscopic reaction
approaches are considered.
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Use a probe (ANY probe) to eject the particle we are 
interested to:

Basic idea:
• we know, e, e’ and p 
• “get” energy and momentum of pi: pi = ke’ + kp – ke

Ei = Ee’ + Ep - Ee

�����1���� �-
�
���1�, � �����1	���

e

e’

pq,!

pi

Better to choose
large transferred 

momentum and weak 
probes!!!

Spectroscopy via knock out reactions-basic idea
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The FRPA Method in Two Words
Particle vibration coupling is the main cause driving the distribution of 
particle strength—on both sides of the Fermi surface…

n p

% particle % hole

…these modes are all resummed
exactly and to all orders in a 

ab-initio many-body expansion.

“Extended”
Hartree Fock

R(2p1h)&!(!) = R(2h1p)

•A complete expansion requires all 
types of particle-vibration coupling

•The Self-energy &!(!) yields both
single-particle states and scattering

CB&et&al.,&
Phys.&Rev.&C63,&034313 (2001)
Phys.&Rev.&A76,&052503&(2007)
Phys.&Rev.&C79,&064313&(2009)



• Global picture of nuclear dynamics
• Reciprocal correlations among effective modes
• Guaranties macroscopic conservation laws

gII(!)

pp/hh-RPA; two-nucleon transfer

Π(ph)(!)
ph-RPA; response, giant resonances

optical potential

Dyson
Eq.

Single-
particle
motion

S(r,!)

Self-Consistent Green’s Function Approach



gII(!)

Π(ph)(!)

Dyson
Eq.

Ionization energies/
affinities, in atoms

[CB, D. Van Neck,
AIP Conf.Proc.1120,104 (‘09) & in prep]

Isovector response
for 32Ar, 34Ar
Proton 
Pygmy

[C. B., K. Langanke, et al., Phys Rev. C77, 024304 (2008)]
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Self-Consistent Green’s Function Approach
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Optical potential

Binding energies
[PRL. 111, 062501 (2013),
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Use effective degrees of freedom: p,n,pions

Effective Field Theory:  Bridges the non-perturbative low-energy regime of QCD with forces
                                      among nucleons

L =
⇤

k

ck

�
Q

�b

⇥k

Have a systematic expansion of the Hamiltonian 
in terms of diagrams

Construct the most general Hamiltonian which is 
consistent with the chiral symmetry of QCD

(3NFs arise naturally at N2LO)

Modern realistic nuclear forces
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FIG. 2: Single-particle energies of the neutron d5/2, s1/2 and
d3/2 orbitals measured from the energy of 16O as a function of
neutron number N . (a) SPE calculated from a G matrix and
from low-momentum interactions Vlow k. (b) SPE obtained
from the phenomenological forces SDPF-M [14] and USD-
B [15]. (c,d) SPE including contributions from 3N forces due
to∆ excitations and chiral EFT 3N interactions at N2LO [26].
The changes due to 3N forces based on ∆ excitations are
highlighted by the shaded areas.

sures N = 8, 14, 16, and 20. The evolution of the SPE
is due to interactions as neutrons are added. For the
SPE based on NN forces in Fig. 2 (a), the d3/2 orbital
decreases rapidly as neutrons occupy the d5/2 orbital,
and remains well-bound from N = 14 on. This leads
to bound oxygen isotopes out to N = 20 and puts the
neutron drip-line incorrectly at 28O. This result appears
to depend only weakly on the renormalization method
or the NN interaction used. We demonstrate this by
showing SPE calculated in the G matrix formalism [11],
which sums particle-particle ladders, and based on low-
momentum interactions Vlow k [12] obtained from chiral
NN interactions at next-to-next-to-next-to-leading order
(N3LO) [13] using the renormalization group. Both cal-
culations include core polarization effects perturbatively
(including diagram Fig. 3 (d) with the ∆ replaced by a
nucleon and all other second-order diagrams) and start
from empirical SPE [14] in 17O. The empirical SPEs con-
tain effects from the core and its excitations, including
effects due to 3N forces.
We next show in Fig. 2 (b) the SPE obtained from the

phenomenological forces SDPF-M [14] and USD-B [15]
that have been fit to reproduce experimental binding en-

ergies and spectra. This shows a striking difference com-
pared to Fig. 2 (a): As neutrons occupy the d5/2 orbital,
with N evolving from 8 to 14, the d3/2 orbital remains
almost at the same energy and is not well-bound out to
N = 20. The dominant differences between Figs. 2 (a)
and (b) can be traced to the two-body monopole compo-
nents, which determine the average interaction between
two orbitals. The monopole components of a general two-
body interaction V are given by an angular average over
all possible orientations of the two nucleons in orbitals lj
and l′j′ [16],

V mono
j,j′ =

∑

m,m′

⟨jm j′m′|V |jm j′m′⟩
/

∑

m,m′

1 , (1)

where the sum over magnetic quantum numbers m and
m′ can be restricted by antisymmetry (see [17, 18] for
details). The SPE of the orbital j is effectively shifted by
V mono
j,j′ multiplied by the occupation number of the orbital

j′. This leads to the change in the SPE and determines
shell structure and the location of the drip-line [17–20].
The comparison of Figs. 2 (a) and (b) suggests that the

monopole interaction between the d3/2 and d5/2 orbitals
obtained from NN theories is too attractive, and that the
oxygen anomaly can be solved by additional repulsive
contributions to the two-neutron monopole components,
which approximately cancel the average NN attraction
on the d3/2 orbital. With extensive studies based on NN
forces, it is unlikely that such a distinct property would
have been missed, and it has been argued that 3N forces
may be important for the monopole components [21].
Next, we show that 3N forces among two valence neu-

trons and one nucleon in the 16O core give rise to repul-
sive monopole interactions between the valence neutrons.
While the contributions of the FM 3N force to other
quantities can be different, the shell-model configurations
composed of valence neutrons probe the long-range parts
of 3N forces. The repulsive nature of this 3N mechanism
can be understood based on the Pauli exclusion princi-
ple. Figure 3 (a) depicts the leading contribution to NN
forces due to the excitation of a ∆, induced by the ex-
change of pions with another nucleon. Because this is
a second-order perturbation, its contribution to the en-
ergy and to the two-neutron monopole components has
to be attractive. This is part of the attractive d3/2-d5/2
monopole component obtained from NN forces.
In nuclei, the process of Fig. 3 (a) leads to a change of

the SPE of the j,m orbital due to the excitation of a core
nucleon to a ∆, as illustrated in Fig. 3 (b) where the ini-
tial valence neutron is virtually excited to another j′,m′

orbital. As discussed, this lowers the energy of the j,m
orbital and thus increases its binding. However, in nuclei
this process is forbidden by the Pauli exclusion princi-
ple, if another neutron occupies the same orbital j′,m′,
as shown in Fig. 3 (c). The corresponding contribution
must then be subtracted from the SPE change due to
Fig. 3 (b). This is taken into account by the inclusion

Chiral EFT for nuclear forces:

Need at LEAST 3NF!!!
(“cannot” do RNB physics without…)

Single particle spectrum at Efermi:

Saturation of nuclear matter:

[T. Otsuka et al.,
Phys Rev. Lett 105, 
032501 (2010)]

[A. Carbone et al., 
Phy.s Rev. C 88, 044302" (2013)]

SYMMETRIC NUCLEAR MATTER WITH CHIRAL THREE- . . . PHYSICAL REVIEW C 88, 044302 (2013)

Note that the N2LO potential yields a poorer reproduction of
the phase shifts for selected partial waves compared to the
richer N3LO force.

Most nuclear matter calculations using chiral forces have
been performed within a perturbative framework starting
from evolved interactions. In Ref. [43], convergence has
been analyzed order by order in many-body perturbation
theory. Results have been obtained up to third order, including
particle-particle and hole-hole propagation [43]. In principle,
the equation of state should be independent of the evolution
scales in the 2NF and the 3NF. Moreover, in the perturbative
regime, results should only be mildly dependent on the order in
perturbation theory. Our nonperturbative calculations include
contributions to all orders and hence are neither limited to the
perturbative regime nor dependent on the order of perturbation
theory. If the diagrammatic summation is complete, it should
lead to scale-invariant results.

We test this hypothesis by performing calculations at
different evolution scales, in both the two- and the three-
body sectors. We evolve the 2NF using a free-space SRG
transformation [37]. The transformation renormalizes the 2NF,
suppressing off-diagonal matrix elements and giving rise to
a universal low-momentum interaction. The SRG evolution
flow also induces many-body forces, which should be taken
into account to keep the calculation complete. Following the
philosophy of Ref. [43], we incorporate the effect of induced
forces through the refitting of the cD and cE LECs to the 3H
binding energy and 4He matter radius. We use the values given
in Table I of [43]. Note that in this process we assume that
the operatorial and momentum structures of the original and
the induced 3NFs are the same. Furthermore, we explore the
dependence of our results on the 3NF cutoff, !3NF, appearing
in the density-dependent 2NF. A more complete calculation
would require running a SRG evolution including the 3NF [41].

We present the results of this exploration in Fig. 8.
Numerical calculations obtained using the SRG on the 2NF
have a saturation point which is much closer to the empirical
value when compared to the original force. Moreover, if
the 2NF has been SRG-evolved, the results are somewhat
independent of the cutoff. Overall, one can say that the
more the 2NF is evolved downward, the more attractive the
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FIG. 8. (Color online) SCGF results for the energy per nucleon
of SNM as a function of the density at a temperature of T = 5 MeV.
Different lines represent different choices of cutoffs for the 2NF, λ,
and the 3NF, !3NF.

saturation curve becomes. This effect is a consequence of the
shift in importance between the 2NF and the induced 3NF
associated with the SRG. There is also a small dependence on
!3NF, but the differences agree well with those presented in
Ref. [43].

The large differences between the results obtained with
evolved and unevolved forces is striking. If correlations and
induced many-body forces had been fully taken into account,
one would have expected a much closer agreement between
the results. This difference might indicate that the assumptions
associated with induced 3NFs are not necessarily robust.
Missing induced three-body forces, which up to now have
not been included in SNM calculations, could resolve this
discrepancy. Alternatively, the difference is also an indication
of missing many-body effects such as, for instance, higher
orders in the treatment of the 3NF. It must be emphasized that
the present way to proceed when applying SRG evolution
in infinite matter should be improved by carrying out the
evolution on a full Hamiltonian with both two- and three-body
forces. Recently, improvements toward the solution of this
problem have been presented for calculations in pure neutron
matter [41], where a full Hamiltonian has been consistently
evolved. All in all, our results seem to contradict the idea that
induced 3NFs can be treated simply in nuclear matter.

In terms of evolved interactions, our nonperturbative
calculations can be used to check whether the perturbative
regime is actually reached. To this end, we compare, in
Fig. 9, our results to the perturbative calculations presented
in Ref. [43]. The BHF and SCGF calculations have been
performed with a SRG-evolved 2NF and a 3NF with the same
cut-offs, λ/!3NF = 2.0/2.0 fm−1. Whereas the Brueckner
results have been obtained with a zero-temperature code, the
SCGF calculations have been extrapolated to zero temperature
by means of a simple procedure. At low temperatures,
the Sommerfeld expansion indicates that the effect of tem-
perature is quadratic and is the same, but with opposite sign,
for the energy and the free energy [47]. Consequently, the
semi-sum of both thermodynamical potentials is an estimate
of the zero-temperature energy. We obtain an extremely
good agreement between both many-body approaches and
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FIG. 9. (Color online) Comparison of results for the energy per
nucleon of SNM obtained with different approaches using the same
SRG-evolved 2NF and a 3NF. Circles correspond to extrapolated
SCGF results, whereas squares are BHF calculations at T = 0 MeV.
Diamonds correspond to the results of Hebeler et al. [43].
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Benchmark of ab-initio methods in 
the oxygen isotopic chain Benchmarking different ab-initio methods in the 

oxgyen chain
!

Hebeler,'Holt,'Menendez,'Schwenk,''Ann.'Rev.'Nucl.'Part.'Sci.'in'press'(2015)'

Calcula7ons'based'on'
chiral'NN'and'3NF'forces.'
Con7nuum'not'taken'into'
account''



Bubble nuclei...   34Si prediction
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FIG. 7. Point-proton density distributions of 34Si and 36S
computed using two di↵erent chiral interactions, both in two
versions (with and without three-nucleon forces).
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FIG. 8. Charge density distribution of 36S computed with
four di↵erent (2N+3N) interactions. The experimental charge
density of 36S is also visible [17].
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FIG. 9. One-nucleon addition and removal spectral strength
distribution along with associated e↵ective single-particle en-
ergies in 34Si. Left panel: neutrons. Right panel: protons.
Dashed lines indicate corresponding Fermi energies.
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in 35Si). Right panel: 36S (final states in 37S). Experimental
states observed via (d,p) reactions are represented in dashed
lines. Experimental data are taken from Refs. [9, 13, 14].

Validated by charge distributions and
neutron quasiparticle spectra:
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FIG. 3. ADC(2) ground-state point-proton density distribu-
tion of 34Si for di↵erent model space dimensions at ~! = 20
MeV (left) and for di↵erent harmonic oscillator frequencies at
N

max

= 13 (right). Upper panels: linear vertical scale. Lower
panels: logarithmic vertical scale.
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FIG. 4. Charge and proton densities of 34Si and 36S at the
ADC(2) level. The experimental charge density of 36S (taken
from Ref. [17]) is also visible.
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FIG. 5. Angular dependence of the form factor obtained for
300 MeV electron scattering on 34Si and 36S. A calculation
with the charge density of 36S scaled to 14 protons is shown
for comparison.
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- 34Si is unstable, charge distribution is still 
unknown

- Suggested central depletion from mean-field 
simulations

- Ab-initio theory confirms predictions

Duguet,+Somà,+Lecuse,+CB,+Navrátil,
Phys.Rev.+C95,+034319 (2017)
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charge radii in the pf shell

Size of radii not 
prefect but remains 
overall correct 
throughout the pf shell 
with NNLO-sat. 

This suggests that 
saturation is indeed 
under control.

" Improvements of 
many-body truncations 
beyond 2nd order Gorkov
will also be relevant.
(work in progress!)
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Ca neutron spectral distributions @ 2nd order
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# High-accuracy calculation for 40Ar, 44Ti is
in progress (N. Rocco, Royal Soc./CNR Fellow) 



Spectroscopic factors



Concept of correlations

Em [MeV] 

"red # S(h)

10-50
0p1/2
0p3/2

0s1/2

Spectral&function:+distribution+of
momentum (pm) and+energies+(Em)

independent
particle&picture

Saclay data&for&16O(e,e’p)
[Mougey et+al.,+Nucl.+Phys.+A335,+35+(1980)]

ParticlePvibration
coupling&(PV)

Configuration

interaction
(shell&model)

Understood(for(a(few(stable(closed(shells:
[CB(and((W.(H.(Dickhoff,(Prog.(Part.(Nucl.(Phys 52,(377((2004)]



Quenching of SF in stable nuclei
Nucl. Phys. A553 (1993) 297c

NIKHEF: A common misconception about SRC:

”The quenching is constant over all 
stable nuclei, so it must be a short-
range effect”

Actually,  NO!
All calculations show that SRC have 
just a small effect at the Fermi 
surface. And the correlation to the 
experimental p-h gap is much more 
important.

[W. Dickhoff, CB, Prog. Part. Nucl. Phys. 52, 377 (2004)]



• Short"range correlations
oriented+methods:
– VMC+[Argonne,+’94]
– GF(SRC) [St.Louis"Tübingen ‘95]
– FHNC/SOC+[Pisa+‘00]

• Including+particle"phonon
couplings:
– GF(FRPA) [St.Louis ‘01]

[CB+et+al.,+Phys.+Rev.+C65,+(02)]

• Experiment:

Sp1/2 Sp3/2

0.90
0.91

0.77 0.72

0.89
0.90

0.63 0.67�0.07
(estimated 

uncertainty)

Quenching of SF in stable nuclei
Nucl. Phys. A553 (1993) 297c
NIKHEF:

SRC are present and verified experimentally

BUT the are NOT the dominant mechanism for quenching SF!!!



Quenching of absolute spectroscopic factors

Overall quenching of spectroscopic 
factors is driven by:
SRC # ~10%
part-vibr. coupling # dominant
“shell-model“ # in open shell

[CB,"Phys.(Rev.(Lett. 103,"202520"
(2009)]
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…with analogous conclusions for 48Ca
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Z/N asymmetry dependence of SFs
14O(d,t)13O and 14O(d,3He)13N 
transfer reactions @ SPIRAL

Calculated spectroscopic factors are:
- independent of asymmetry
- correlated to p-h gaps

[F.+Flavigny et+al,+
PRL110,+122503+(2013)]

radii (and consequently of r0) due to different Skyrme
interactions, provided the rms radii of 15N extracted from
(e, e0p) [5] are reproduced. All the other experimental
uncertainties are accounted for by the error bars displayed
on Fig. 4. A rather flat trend is found without the need
for the large asymmetry dependence suggested by inter-
mediate energy knockout data analyzed with the eikonal
formalism [10]. For a quantitative evaluation, we fitted
the reduction factor with a linear dependence Rs¼
!"!Sþ". We obtained mean values for ! and " with
associated errors from a minimization over the 48 data sets,
considering (i) eight combinations of optical potentials for
the entrance and exit channels, (ii) three Skyrme interac-
tions to calculate the rms radii, and (iii) the two above-
mentioned shell-model calculations.

For the WS OF, the reduction factor Rs ¼ 0:538ð28Þð18Þ
(for !S ¼ 0 nuclei) is in agreement with Ref. [9] and the
slope parameter ! ¼ 0:0004ð24Þð12Þ MeV&1, therefore
consistent with zero. The first standard error obtained
over one data set depends on the experimental uncertain-
ties; the second one comes from the distribution over the 48
data sets. Within the error bars, the data do not contradict
the weak dependence found by ab initio calculations, with
!0 ¼ &0:0039 MeV&1 between the two 14O points in
Ref. [7], although the calculated !S is much reduced
compared to the experimental value.

Despite different OFs and SFs, the analysis
performed with the ab initio OF [30] provides very
similar results with Rsð!S¼0Þ¼0:636ð34Þð42Þ and !¼
&0:0042ð28Þð36ÞMeV&1, with calculated !S¼17:6MeV
[Fig. 4(b)].
In summary, we measured exclusive differential cross

sections at 18 MeV=nucleon for the 14Oðd; tÞ13O and
14Oðd; 3HeÞ13N transfer reactions and elastic scattering.
WS OFs with a constraint on HF radii and microscopic
OFs (obtained from SCFG theory) have been compared for
the first time for symmetric and very asymmetric nuclei
and gave similar results. We extracted the reduction factors
Rs over a high asymmetry range, !S ¼ '18:5 MeV, for
oxygen isotopes. From the good agreement between the
CRC calculations and the set of transfer data highlighted in
our work, the asymmetry dependence is found to be non-
existent (or weak), within the error bars. This result is in
agreement with ab initio Green’s function and coupled-
cluster calculations [7,14], but contradicts the trend
observed in nucleon knockout data obtained at incident
energies below 100 MeV=nucleon and analyzed with the
sudden-eikonal formalism. The disagreement of the two
systematic trends from knockout and transfer calls for a
better description of so-called direct reaction mechanisms
in order that a consistent picture of nuclear structure
emerges from measurements at different incident energies.
The authors thank N. T. Timofeyuk and N. Alamanos for

enlightening discussions and P. Navrátil for providing
evolved two- and three-body interactions relevant to this
study. This work was supported by LIA COPIGAL and
POLONIUM PHC under Grant No. 22470XA. Theoretical
work was supported by the UK’s STFC Grant No. ST/
J000051/1.
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FIG. 4 (color online). Reduction factors Rs obtained with (a) a
WS OF and the SLy4 interaction [31], averaged over four
entrance and two exit potentials, and compared to shell-model
calculations performed with the WBT interaction [37] in the
0pþ 2@! valence space; (b) a microscopic (SCGF) form factor
[30]. The detail of error bars is given in text.
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Independent particle model (or “FG”)
vs  correlated spectral function
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Correlated (low-energy (long-range) structure:



Short-range correlations (SRC)

Where can one “see” these??



High momentum components – where are they?

Momentum+distribution:

• High+k components+are+found+
at+high+missing+energies+
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Interest in short range correlations:
• a fraction of the total number of nucleons:

- '10% in light nuclei (VMC, FHNC, Green�s function)
- 15-20% in heavy systems (CBF, Green�s function)

• can explain up to 2/3 of the binding energy [see ex. PRC51, 3040 (�95) for 
16O]
• influence NM saturation properties [see ex. PRL90, 152501 (�03)]

strength: ~85% ~15%
~100MeV ~300MeV

Em

~800MeV/c

pmLRC)(particleV
phonon)couplings)

SRC
(binding)

(Recent'review:' Prog.'Part.'Nucl.'Phys.'52 (2004)'337.)

Distribution of (All) the Nuclear Strength



Pm (GeV/C)

D.Rohe,(et.(al,(Eur.(Phys.(J.(A17,(349((2003),
Phys Rev.(Lett.(93(182501((2004).

$ region

SRC"
correlations

Spectral strength of 12C from exp. E97-006 



D.Rohe,(et.(Al,
Eur.(Phys.(J.
A17,(349((2003)

PRL93 182501((2004)

Pm (GeV/C)

( emission
SRC"
correlations

• About"0.6"protons"are"found"in"the"correlated"region:

#in"good"agreement"
with"early"theoretical"
predictions!

• what"about"the"
position"of"the"peak?

Theory vs. measured strength - I 

into account according to [25]. The approach has been
verified on special sets of data where radiative corrections
are large. The other is based on a bin-by-bin comparison
of experimental and Monte Carlo yield, where the Monte
Carlo program simulates the known radiative processes,
multiple scattering, and energy loss of the particles, spec-
trometer transfer matrices, focal plane detector efficien-
cies, the software cuts applied, etc. The parameters of the
model spectral function then are iterated to get agreement
between data and simulation. We have found good agree-
ment between the two procedures.

The resulting S!k; E" at low k; E shows the familiar
features known from low-q !e; e0p" experiments [26]. At
large k; E, we observe the tail resulting from SRC. At very
large missing energy Em, the peak due to multistep inter-
actions involving pion emission from the various nucleon
resonances, appears. The data taken in perpendicular
kinematics lead to a 3 times larger strength compared to
the parallel kinematics, which makes it clear that the
cross sections measured in perpendicular kinematics re-
ceive dominant contributions from multistep reactions
(the most important ones being knockout of another
nucleon by the outgoing proton, and processes involving
meson production); such data then are hardly usable to
determine the correlated strength, but can serve to check
our ability to predict multistep processes.

The !e; e0p" data at low momentum transfer (leading to
knockout protons with low momenta k0) have generally
been analyzed using a distorted-wave Born approxima-
tion (DWBA) description for the outgoing proton. At very
large k0, the effect of the real part of the optical potential
is small, particularly for the continuum strength, where a
small shift in k0 is of little concern due to energy/mo-
mentum dependences which are weak as compared to the
ones in the IP region. The main final state interaction
effect is the absorption of the outgoing proton, which is

taken into account via the transparency factor [23]. For
the analysis of the carbon data, we use T # 0:60. Also
important at large E is the consideration of recoil protons,
which result from two-step processes (see below).

Results.— Here, we concentrate on the overall strength
in the correlated region. Figure 2 gives, for Correlated
Basis Function theory (CBF), a schematical breakdown of
the various regions of interest in the missing energy Em
and the missing momentum pm plane, the quantities that
are experimentally defined and identifiable —in PWIA—
with k; E. The strength corresponding to the IP motion at
low k; E amounts to $80% for the CBF calculation [3]. In
some of the regions, IP and SRC strength overlap and
cannot be separated. In the shaded region, the strength
from SRC is measurable with the kinematics employed in
the present experiment. The shaded region at large Em is
bounded by a cut that excludes unwanted contributions
from ! excitation and ! production. These processes have
been modeled using MAID [27] to study possible contri-
butions in our region of interest.

In this shaded region, we find the strength listed in
Table I. It is compared to the strength predicted by theory
and integrated over the same region of k; E. This com-
parison is slightly dependent on the limits of the shaded
area as the k and E dependence of experimental and
theoretical S!k; E" are not the same (Fig. 3); for the
present comparison, we will ignore this minor effect.

The result shown in Table I has been obtained using the
off-shell e-p cross section "CC [21]; for this treatment,
the best agreement of the resulting S!k; E" from different
kinematics (kin3, kin4, kin5) is found. The uncertainty
quoted includes an estimate for the uncertainty due to the
off-shell cross section (judging from difference of
strength obtained using the cross sections "CC1 and
"CC2 of [29]). The error does not contain an uncertainty
for the transparency factor used to correct for final-state
interactions (FSI) because this value is commonly ac-
cepted and in agreement with the Glauber calculations
of several authors. The statistical error is negligible.

For the kinematics of Fig. 1, the dominant multistep
process is rescattering of the knocked out nucleon by
another nucleon. Barbieri [30,31] has calculated this pro-
cess using Glauber theory and an in-medium N-N cross
section accounting for Pauli blocking. He finds, in agree-
ment with our data, that the multistep contribution is
much smaller for parallel kinematics. For the experimen-
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FIG. 2 (color online). Breakdown of the strength from CBF
theory in various integration regions. Numbers in percent. The
shaded area is used to determine the correlated strength acces-
sible in this experiment. The region labeled ‘‘76’’ contains the
IP plus a fraction of the correlated strength.

TABLE I. Correlated strength, integrated over shaded area of
Fig. 2 (quoted in terms of the number of protons in 12C.)

Experiment 0:61% 0:06

Greens Function Theory [28] 0.46
CBF Theory [3] 0.64

VOLUME 93, NUMBER 18 P H Y S I C A L R E V I E W L E T T E R S week ending
29 OCTOBER 2004

182501-3 182501-3



(Simple) rescattering model 
of FSI forhigh-Em/pm

quently taken in these conditions by the E97-006 collabora-
tion at Jefferson Laboratory [8,16,17] for a set of nuclei
ranging from carbon to gold. Clearly, FSI could still play a
role even in parallel kinematics and need to be properly ad-
dressed before the relevant physical information is extracted
from the experiment. We note that a similar dependency of
the FSI on the kinematics is also predicted in Ref. [18] for
!e ,e!NN" reactions in superparallel kinematics.
The issue of computing the effects of rescattering has

been considered recently by means of the multistep dynam-
ics approach [19] and by using Glauber theory [20–22]. All
these calculations suggest that multiple rescattering contribu-
tions (more than two steps) are relatively small in light nu-
clei like 12C but can become relevant for large systems. In-
terference effects between FSI and SRC correlations can also
play a role [21]. However, all these effects were seen to be
reduced in parallel kinematics. In Ref. [12], the scattered
proton was detected at energies at which a full distorted
wave calculation, in terms of an optical potential, is required.
However, rescattering processes leading to the emission of
two nucleons (one of which is not detected) can lead to the
reappearance of a part of the experimental strength absorbed
by inelastic processes. This effect was investigated in terms
of a semiclassical model inspired by the work of Ref. [23].
Even if very different kinematical situations were consid-
ered, the reaction mechanism included in the latter approach
is the same as pointed out in Ref. [15] and Fig. 1. Some
partial simplifications occur for high-energy protons, since
the relevant effects of the medium are limited to Pauli block-
ing. Therefore this approach offers a valid starting point to
investigate the FSI effects needed in the analysis of data at
large missing energy and momenta. Other effects such as
meson exchange currents and the excitation of resonances
also need to be investigated. However, these are beyond the
scope of the present paper and will be considered in future
work. In this paper, we consider the approach of Ref. [12]
and extend it to high missing energies. We then apply it to
the kinematics of both the NIKHEF [12] and the E97-006

[16,17] experiments to evaluate the importance of two-step
processes for the different kinematics employed.
The model for computing the contribution of rescattering

is depicted in Sec. II, together with a discussion of the inclu-
sion of the absorption effects in terms of nuclear transpar-
ency. A practical application requires the knowledge of the
in-medium differential cross section, which is calculated in
Sec. III by extending the approach of Ref. [23]. Sections
IV A and IV B report on the results for the kinematics used
in the above experiments at medium and high missing ener-
gies, respectively. Conclusions are drawn in Sec. V.

II. MODEL

This work considers contributions to the experimental
yield that come from two-step mechanisms in which a reac-
tion !e ,e!a" is followed by a scattering process from a
nucleon in the medium, N!!a ,p"N", eventually leading to the
emission of the detected proton. In general, a may represent
a nucleon or another possible intermediate particle. In this
work we will only consider the channels in which a is either
a proton (with N!=p or n) or a neutron. In the following we
will also use the letter a to label the possible open channels.
Following the semiclassical approach of Refs. [12,23], the

contribution to the cross section coming from rescattering
through the above channels is written as

d6!rescatt

dE0d"k̂o
dEfd"p̂f

=#
a
$ dr1$ dr2$

0

#

dTa$N!r1"

%
K Sa

h!pm! ,Em! "!ea
cc1

M!r1 − r2"2
gaN!!%r1 − r2%"

%PT!pa;r1,r2"$N!!r2"
d3!aN!

dEfd"p̂f

PT!pf ;r2,&" , !1"

where !Eo ,ko" and !Ef ,p f" represent the four-momenta of the
detected electron and proton, respectively. Equation (1) as-
sumes that the intermediate particle a is generated in plane
wave impulse approximation (PWIA) by the electromagnetic
current at a point r1 inside the nucleus. Here K= %pa%Ea is a
phase space factor, Sa

h!pm! ,Em! " /M is the spectral function of
the hit particle a normalized to one [i.e., M=N !Z" if a is a
neutron (proton)], and !ea

cc1 the off shell electron-nucleon
cross section, for which we have used the cc1 prescription of
de Forest [24]. The pair distribution functions gaN!!%r1−r2%"
account for the joint probability of finding a nucleon N! in r2
after the particle a has been struck at r1 [25]. The integration
over the kinetic energy Ta of the intermediate particle a
ranges from 0 to the energy # transfered by the electron. The
nuclear transparency factor PT!p ;r1 ,r2" gives the transmis-
sion probability that the struck particle a propagates, without
any interactions, to a second point r2, where it scatters from
the nucleon N! with cross section d3!aN!. The whole process
is depicted in Fig. 1(b). The point nucleon densities $N!r" are
normalized to either the number of neutrons or protons.

FIG. 1. (Color online) Schematic representation of the direct
knockout of a proton (a), given by the plane wave impulse approxi-
mation, and the contribution from a two-step rescattering (b). In the
latter a proton or neutron is emitted with momentum pa and differ-
ent missing energy and momentum !Em! ,pm! ". Due to a successive
collision, a proton is eventually detected with the same momentum
p f seen in the direct process.
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less sensitive to meson exchange currents (MEC)
– which involve transverse excitations – and are
cleaner due to the high momentum that is re-
quired for the detected proton. New data were
subsequently taken by the E97-006 collaboration
at Jefferson Lab [21,11,12] for a set of nuclei rang-
ing from carbon to gold. Both optimal (paral-
lel) and perpendicular kinematics were used, to
provide useful data for investigating the reaction
mechanism.

At the energy regime of the JLab experiment,
the main contribution to FSI, below the meson
production threshold, is identified with two-step
rescattering. This has been studied recently in
Refs. [22,23] using a semiclassical model, which
has the advantage of describing the distortion due
to FSI in terms of the full one-hole spectral func-
tion. This accounts for both the momentum and
the energy distribution of the original correlated
strength, which is of importance for the proper
description of the response [24]. In this letter we
extend the analysis of Ref. [23] by including the
contributions of π-emission and compare with the
data of Ref. [21].

In the ideal case where only the direct knock
out process was relevant, the (e, e′p) cross section
for emitting a proton from a nucleus with spectral
function Sh

p (k, E) would be correctly described by
plane wave impulse approximation (PWIA),
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=
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where (Eo,ko), (Ef ,pf ) and (ω,q) represent the
four-momenta of the detected electron, the final
proton and the virtual photon, respectively. σcc

eN

is the electron-nucleon cross section. The present
calculations employed the σcc prescription dis-
cussed in Ref. [21], which is obtained by using
the on-shell current also for off-shell protons4. In

the initial nucleon pi = −pm (as opposed to the detected
proton pf ). This definition is more restrictive in the limit
of high momentum transfer, where q and pf tend to be
collinear anyhow.
4Preferably one uses a prescription to extrapolate the on-
shell cross section to the off-shell case while preserving
energy and current conservation. The analysis of several
possible prescriptions carried out in Ref. [21] found that

Eq. (1), the transparency factor T accounts for
the loss of flux from the direct channel due to the
FSI [4]. However, one still has to correct for the
reappearance of strength through other reaction
channels.

In Ref. [23], we considered the two-step mech-
anism where the knock out reaction (e, e′a) for
a nucleon a is followed by a scattering process
from another nucleon in the medium, N ′(a, p)N ′′.
Eventually, leading to the emission of the de-
tected proton and an undetected nucleon N ′′.
Three channels are possible, in which a repre-
sents either a proton (with N ′ = p or n) or a
neutron (with N ′ = p). The semi-exclusive cross
section for these events was calculated semiclas-
sically as [22]

d6σrescatt.
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dEf dΩp̂f

=
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Eq. (2) assumes that the intermediate particle a
is generated in (PWIA) by the electromagnetic
current at a point r1 inside the nucleus. Here,
Sh

a (k, E)/M is the spectral function of the hit
particle a normalized to one [i.e., M = N(Z)
if a is a neutron (proton)]. The pair distribu-
tion functions gaN ′(|r1−r2|) account for the joint
probability of finding a nucleon N’ at r2 after the
particle a has been struck at r1 [26]. The kinetic
energy Ta of the intermediate nucleon a ranges
from 0 to the energy ω transfered by the electron.
The point nucleon densities ρN (r) were derived
from experimental charge distributions by unfold-
ing the proton size [27]. The factor PT (p; r1, r2)
gives the transmission probability that the struck
particle a propagates, without any interactions,

the best agreement between the data of different kinemat-
ics is obtained by avoiding any of the ad hoc modifica-
tions of the kinematics at the electromagnetic vertex as
suggested in Ref. [25].
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to a second point r2. There, it rescatters from
the nucleon N ′ with cross section d3σaN ′ .

The second contribution to the (e, e′p) cross
section considered here is the production of an
undetected pion. By following a PWIA approach
this can be written as

d6σπemiss.

dE0 dΩk̂o
dEf dΩp̂f

= Γv

∑

a=p,n

T

×

∫

dkπ
W 2 |pf |

(ω − Ef − ωπ) ωπ kγ
Sh

a (|pb|, Eb)

× [Ra
T + εL Ra

L + ε cos(2φ) Ra
TT +

+
√

2εL(1 + ε) cos(φ) Ra
LT

]

, (3)

where, (ωπ,kπ) represent the four-momenta
of the emitted pion, W is the invariant
mass of the emitted pion-nucleus pair, Γv =
(αkγko)/[2πkiQ2(1−ε)] is the flux of virtual pho-
ton field [28] and the momentum and energy of
the bound nucleon are pb = q − pf − kπ and
Eb = ω − Tf − Tπ − Trec. The response func-
tions Ra

xy refer to the production of a π0 (π−)
when the struck nucleon a is a proton (neutron).
In the spirit of the PWIA approach, we em-
ployed response functions for pion production on
a free nucleon, evaluated using the MAID pro-
gram [29,30].These depend on W and the angle
φ between the pion and the photon in the c.o.m.
frame.

Recently, the experimental strength measured
for 12C in parallel kinematics was compared
to theory [11,12]. For missing energies up to
200 MeV, the summed strength measured turned
out to agree with theoretical predictions. More-
over, the ridge-like shape of strength distribu-
tion was observed except that the position of the
peak was found at lower missing energies than
predicted by theory. At the same time, Eq. (2)
predicts little or negligible effects from FSI in the
region of the comparison (see Ref. [22] and discus-
sion of Fig. 1 below). This gives confidence that,
for the first time, effects of the high momentum
components attributed to SRC could be observed
without being overwhelmed by the distortion of
FSI. However, a quantitative understanding of
the reaction mechanism is still needed.

In order to make a meaningful comparison be-
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Figure 1. (Color online) Theoretical results for
the reduced cross section of 12C obtained in par-
allel kinematics compared with the experimen-
tal results of Ref. [21]. The full line shows the
model spectral function, Eq. (4), employed in the
calculations. The dashed lines include the addi-
tional effects of rescattering, Eq. (2), while the
combined prediction of Eq. (1–3) is given by the
dot-dashed lines.

tween the experiment and the theoretical pre-
dictions for FSI, one needs a proper ansatz for
the undistorted spectral function, Sh(k, E) in
Eqs. (2) and (3). At low energies and momenta
we employed the correlated part of the spectral
function Sh

LDA(k, E) in Ref. [8] which was ob-
tained using local density approximation (LDA),
and combined it with a properly scaled spectral
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region of the comparison (see Ref. [22] and discus-
sion of Fig. 1 below). This gives confidence that,
for the first time, effects of the high momentum
components attributed to SRC could be observed
without being overwhelmed by the distortion of
FSI. However, a quantitative understanding of
the reaction mechanism is still needed.
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calculations. The dashed lines include the addi-
tional effects of rescattering, Eq. (2), while the
combined prediction of Eq. (1–3) is given by the
dot-dashed lines.

tween the experiment and the theoretical pre-
dictions for FSI, one needs a proper ansatz for
the undistorted spectral function, Sh(k, E) in
Eqs. (2) and (3). At low energies and momenta
we employed the correlated part of the spectral
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where, (ωπ,kπ) represent the four-momenta
of the emitted pion, W is the invariant
mass of the emitted pion-nucleus pair, Γv =
(αkγko)/[2πkiQ2(1−ε)] is the flux of virtual pho-
ton field [28] and the momentum and energy of
the bound nucleon are pb = q − pf − kπ and
Eb = ω − Tf − Tπ − Trec. The response func-
tions Ra

xy refer to the production of a π0 (π−)
when the struck nucleon a is a proton (neutron).
In the spirit of the PWIA approach, we em-
ployed response functions for pion production on
a free nucleon, evaluated using the MAID pro-
gram [29,30].These depend on W and the angle
φ between the pion and the photon in the c.o.m.
frame.

Recently, the experimental strength measured
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tion was observed except that the position of the
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predicts little or negligible effects from FSI in the
region of the comparison (see Ref. [22] and discus-
sion of Fig. 1 below). This gives confidence that,
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components attributed to SRC could be observed
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predicts little or negligible effects from FSI in the
region of the comparison (see Ref. [22] and discus-
sion of Fig. 1 below). This gives confidence that,
for the first time, effects of the high momentum
components attributed to SRC could be observed
without being overwhelmed by the distortion of
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function Sh
WS(k, E) derived from an adequate

Wood–Saxon potential. This includes the bulk of
the spectral strength, located in the mean field
(MF) region up to a momentum of ≈250 MeV/c.
The remaining strength is located along the SRC
ridge. This represents only a fraction of the total
number of nucleons in the system but it is the the
part probed by the kinematics under considera-
tion. Thus, the most important for the present
analysis. As stated above, theoretical calcula-
tions can reproduce the qualitative shape of this
distribution and the total summed strength but
miss the position peak [12]. As we are mainly
interested in the reaction mechanism, it is prefer-
able to parameterize the SRC part of the input
spectral function in terms of a Lorentzian energy
distribution, which was fitted to the experimental
results for 12C in parallel kinematics [23]. The full
spectral function employed in Eqs. (1–3) is [23]

Sh(k, E) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

Sh
Lorentzian(k, E) for k >230 MeV/c

and E >19 MeV,

Sh
LDA+WS(k, E) otherwise.

In the following, we compare the predictions of
the above model to the experimental data in re-
gions far from the correlated peak and in different
kinematics.

Figure 1 compares the results obtained in
parallel kinematics to the experimental re-
duced cross section defined as σred(pm, Em) =
σexperiment/(|pfEf |σcc

epT ). When only the PWIA
contribution, Eq. (1), is included (full line) one
compares the experiment to the assumed input
spectral function Sh(k, E), showing the quality
of the fit around the correlated peak. It is also
seen that the contribution from rescattering pro-
cesses (dashed line) is negligible in this region and
increases only at very large missing energies [22].
Thus, validating the choice of taking the input
spectral function in this region form the experi-
ment. It is important to observe that the main
reason for the small effects of rescattering ob-
tained in this calculation is kinematical in origin.
Due to rescattering events, the emitted nucleon
loses part of its initial energy by knocking out a
second particle. The requirement of small angles
between the momenta q and pi implies larger en-
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Figure 2. (Color online) Theoretical results for
the reduced cross section of 12C obtained in per-
pendicular kinematics compared with the exper-
imental results of Ref. [21]. The full line shows
the model spectral function, Eq. (4), employed in
the calculations. The dashed lines include the ad-
ditional effects of rescattering, Eq. (2), while the
combined prediction of Eq. (1–3) is given by the
dot-dashed lines.

ergies Ta (i.e. smaller Em) and larger missing mo-
menta for the intermediate nucleon, with respect
to the detected proton. This forces sampling the
rescattered strength in regions where the corre-
lated spectral function is smaller than for the
direct process. For analogous reasons, multiple
rescattering effects become even less important,
as seen in Ref. [15] for perfectly parallel kinemat-
ics. Sensible deviation from the Lorentzian shape
of the peak are observed once the pion emission

(4)
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Summary
Mid-masses and chiral interactions:

# One-body spectral function S(E,p) is interpreted as a distribution of
particles both in energy and momentum. # picking up nucleons at different 
momenta means taking them from different separation energies (roughly 
speaking). This can affect reactions rates (e.g. Fermi gas a too poor 
descirption for neutrino scattering).

# New fits of chiral interaction are promising for low-energy observables
and for scattering. # Ab initio nuclear theory now capable to give very high 
precision prediction of nuclear structure (consistent electroweak currents 
need to be developed…    e.g. to estimate uncertainties in preditctions).

# Ab initio calcuation fro spect. Function in progress.. :) – in the low-energy 
region

# SRC and high momentum tail: there are experimental data that can be 
understood in these terms. Improvements of FSI would be useful here too. 
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