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Chiral EFT Hamiltonian depends on external sources
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Electroweak probes on nucleons and nuclei can be described by current formalism
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chiral EFT

Nuclear currents in chiral EFT
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Electroweak probes on nucleons and nuclei can be described by current formalism

Nuclear currents in chiral EFT
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Chiral EFT Hamiltonian depends on external sources
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Electroweak probes on nucleons and nuclei can be described by current formalism

Nuclear currents in chiral EFT
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Chiral EFT Hamiltonian depends on external sources

H[a, v, s, p]

abµ(x)

abµ(x)

Vµ

�

�0

�0

�LT

�LT

�pLT

�pLT (box) = 3.35µ2 � 2.78µ3 � 1.08µ4
+ 1.67µ5

+

+ 0.10µ6
+ 0.05µ7 � 0.01µ8

+ . . .

in [10

�4
fm

4
] with µ = M⇡/mN

�LT ⇠
Z

d⌫

⌫3
. . .

�
L⇤
0+E0+ + 2L⇤

1+(M1+ + 3E1+) + . . .
 

1

mN

in [10

�4
fm

�4
]

(9 + 5⌧3)fLT

�pLT (box) = 14 fLT

�nLT (box) = 4 fLT

�pLT (box) = 1.32⇥ 10

�4
fm

4

�0[10
�4
fm

4
]

�0[10
�4
fm

4
]

Q2
[GeV

2
]

1

H[a, v, s, p]

abµ(x)

abµ(x)

vµ

�

�0

�0

�LT

�LT

�pLT

�pLT (box) = 3.35µ2 � 2.78µ3 � 1.08µ4
+ 1.67µ5

+

+ 0.10µ6
+ 0.05µ7 � 0.01µ8

+ . . .

in [10

�4
fm

4
] with µ = M⇡/mN

�LT ⇠
Z

d⌫

⌫3
. . .

�
L⇤
0+E0+ + 2L⇤

1+(M1+ + 3E1+) + . . .
 

1

mN

in [10

�4
fm

�4
]

(9 + 5⌧3)fLT

�pLT (box) = 14 fLT

�nLT (box) = 4 fLT

�pLT (box) = 1.32⇥ 10

�4
fm

4

�0[10
�4
fm

4
]

�0[10
�4
fm

4
]

Q2
[GeV

2
]

1

H[a, v, s, p]

abµ(x)

abµ(x)

e�

vµ

�

�0

�0

�LT

�LT

�pLT

�pLT (box) = 3.35µ2 � 2.78µ3 � 1.08µ4
+ 1.67µ5

+

+ 0.10µ6
+ 0.05µ7 � 0.01µ8

+ . . .

in [10

�4
fm

4
] with µ = M⇡/mN

�LT ⇠
Z

d⌫

⌫3
. . .

�
L⇤
0+E0+ + 2L⇤

1+(M1+ + 3E1+) + . . .
 

1

mN

in [10

�4
fm

�4
]

(9 + 5⌧3)fLT

�pLT (box) = 14 fLT

�nLT (box) = 4 fLT

�pLT (box) = 1.32⇥ 10

�4
fm

4

�0[10
�4
fm

4
]

�0[10
�4
fm

4
]

1

H[a, v, s, p]

abµ(x)

abµ(x)

e�

vµ

�

�0

�0

�LT

�LT

�pLT

�pLT (box) = 3.35µ2 � 2.78µ3 � 1.08µ4
+ 1.67µ5

+

+ 0.10µ6
+ 0.05µ7 � 0.01µ8

+ . . .

in [10

�4
fm

4
] with µ = M⇡/mN

�LT ⇠
Z

d⌫

⌫3
. . .

�
L⇤
0+E0+ + 2L⇤

1+(M1+ + 3E1+) + . . .
 

1

mN

in [10

�4
fm

�4
]

(9 + 5⌧3)fLT

�pLT (box) = 14 fLT

�nLT (box) = 4 fLT

�pLT (box) = 1.32⇥ 10

�4
fm

4

�0[10
�4
fm

4
]

�0[10
�4
fm

4
]

1

H[a, v, s, p]

abµ(x)

abµ(x)

e�

p

vµ

�

�0

�0

�LT

�LT

�pLT

�pLT (box) = 3.35µ2 � 2.78µ3 � 1.08µ4
+ 1.67µ5

+

+ 0.10µ6
+ 0.05µ7 � 0.01µ8

+ . . .

in [10

�4
fm

4
] with µ = M⇡/mN

�LT ⇠
Z

d⌫

⌫3
. . .

�
L⇤
0+E0+ + 2L⇤

1+(M1+ + 3E1+) + . . .
 

1

mN

in [10

�4
fm

�4
]

(9 + 5⌧3)fLT

�pLT (box) = 14 fLT

�nLT (box) = 4 fLT

�pLT (box) = 1.32⇥ 10

�4
fm

4

�0[10
�4
fm

4
]

1

H[a, v, s, p]

abµ(x)

abµ(x)

e�

p

vµ

�

�0

�0

�LT

�LT

�pLT

�pLT (box) = 3.35µ2 � 2.78µ3 � 1.08µ4
+ 1.67µ5

+

+ 0.10µ6
+ 0.05µ7 � 0.01µ8

+ . . .

in [10

�4
fm

4
] with µ = M⇡/mN

�LT ⇠
Z

d⌫

⌫3
. . .

�
L⇤
0+E0+ + 2L⇤

1+(M1+ + 3E1+) + . . .
 

1

mN

in [10

�4
fm

�4
]

(9 + 5⌧3)fLT

�pLT (box) = 14 fLT

�nLT (box) = 4 fLT

�pLT (box) = 1.32⇥ 10

�4
fm

4

�0[10
�4
fm

4
]

1

H[a, v, s, p]

abµ(x)

abµ(x)

e�

n

vµ

�

�0

�0

�LT

�LT

�pLT

�pLT (box) = 3.35µ2 � 2.78µ3 � 1.08µ4
+ 1.67µ5

+

+ 0.10µ6
+ 0.05µ7 � 0.01µ8

+ . . .

in [10

�4
fm

4
] with µ = M⇡/mN

�LT ⇠
Z

d⌫

⌫3
. . .

�
L⇤
0+E0+ + 2L⇤

1+(M1+ + 3E1+) + . . .
 

1

mN

in [10

�4
fm

�4
]

(9 + 5⌧3)fLT

�pLT (box) = 14 fLT

�nLT (box) = 4 fLT

�pLT (box) = 1.32⇥ 10

�4
fm

4

�0[10
�4
fm

4
]

1

H[a, v, s, p]

abµ(x)

abµ(x)

e�

n

vµ

�

�0

�0

�LT

�LT

�pLT

�pLT (box) = 3.35µ2 � 2.78µ3 � 1.08µ4
+ 1.67µ5

+

+ 0.10µ6
+ 0.05µ7 � 0.01µ8

+ . . .

in [10

�4
fm

4
] with µ = M⇡/mN

�LT ⇠
Z

d⌫

⌫3
. . .

�
L⇤
0+E0+ + 2L⇤

1+(M1+ + 3E1+) + . . .
 

1

mN

in [10

�4
fm

�4
]

(9 + 5⌧3)fLT

�pLT (box) = 14 fLT

�nLT (box) = 4 fLT

�pLT (box) = 1.32⇥ 10

�4
fm

4

�0[10
�4
fm

4
]

1

H[a, v, s, p]

abµ(x)

abµ(x)

e�

�⇤

n

vµ

�

�0

�0

�LT

�LT

�pLT

�pLT (box) = 3.35µ2 � 2.78µ3 � 1.08µ4
+ 1.67µ5

+

+ 0.10µ6
+ 0.05µ7 � 0.01µ8

+ . . .

in [10

�4
fm

4
] with µ = M⇡/mN

�LT ⇠
Z

d⌫

⌫3
. . .

�
L⇤
0+E0+ + 2L⇤

1+(M1+ + 3E1+) + . . .
 

1

mN

in [10

�4
fm

�4
]

(9 + 5⌧3)fLT

�pLT (box) = 14 fLT

�nLT (box) = 4 fLT

�pLT (box) = 1.32⇥ 10

�4
fm

4

1

H[a, v, s, p]

abµ(x)

abµ(x)

e�

p

vµ

�

�0

�0

�LT

�LT

�pLT

�pLT (box) = 3.35µ2 � 2.78µ3 � 1.08µ4
+ 1.67µ5

+

+ 0.10µ6
+ 0.05µ7 � 0.01µ8

+ . . .

in [10

�4
fm

4
] with µ = M⇡/mN

�LT ⇠
Z

d⌫

⌫3
. . .

�
L⇤
0+E0+ + 2L⇤

1+(M1+ + 3E1+) + . . .
 

1

mN

in [10

�4
fm

�4
]

(9 + 5⌧3)fLT

�pLT (box) = 14 fLT

�nLT (box) = 4 fLT

�pLT (box) = 1.32⇥ 10

�4
fm

4

�0[10
�4
fm

4
]

1

H[a, v, s, p]

abµ(x)

abµ(x)

e�

n

vµ

�

�0

�0

�LT

�LT

�pLT

�pLT (box) = 3.35µ2 � 2.78µ3 � 1.08µ4
+ 1.67µ5

+

+ 0.10µ6
+ 0.05µ7 � 0.01µ8

+ . . .

in [10

�4
fm

4
] with µ = M⇡/mN

�LT ⇠
Z

d⌫

⌫3
. . .

�
L⇤
0+E0+ + 2L⇤

1+(M1+ + 3E1+) + . . .
 

1

mN

in [10

�4
fm

�4
]

(9 + 5⌧3)fLT

�pLT (box) = 14 fLT

�nLT (box) = 4 fLT

�pLT (box) = 1.32⇥ 10

�4
fm

4

�0[10
�4
fm

4
]

1

H[a, v, s, p]

abµ(x)

abµ(x)

e�

n

vµ

�

�0

�0

�LT

�LT

�pLT

�pLT (box) = 3.35µ2 � 2.78µ3 � 1.08µ4
+ 1.67µ5

+

+ 0.10µ6
+ 0.05µ7 � 0.01µ8

+ . . .

in [10

�4
fm

4
] with µ = M⇡/mN

�LT ⇠
Z

d⌫

⌫3
. . .

�
L⇤
0+E0+ + 2L⇤

1+(M1+ + 3E1+) + . . .
 

1

mN

in [10

�4
fm

�4
]

(9 + 5⌧3)fLT

�pLT (box) = 14 fLT

�nLT (box) = 4 fLT

�pLT (box) = 1.32⇥ 10

�4
fm

4

�0[10
�4
fm

4
]

1

H[a, v, s, p]

abµ(x)

abµ(x)

e�

�⇤

n

Ab
µ

�

�0

�0

�LT

�LT

�pLT

�pLT (box) = 3.35µ2 � 2.78µ3 � 1.08µ4
+ 1.67µ5

+

+ 0.10µ6
+ 0.05µ7 � 0.01µ8

+ . . .

in [10

�4
fm

4
] with µ = M⇡/mN

�LT ⇠
Z

d⌫

⌫3
. . .

�
L⇤
0+E0+ + 2L⇤

1+(M1+ + 3E1+) + . . .
 

1

mN

in [10

�4
fm

�4
]

(9 + 5⌧3)fLT

�pLT (box) = 14 fLT

�nLT (box) = 4 fLT

�pLT (box) = 1.32⇥ 10

�4
fm

4

1

H[a, v, s, p]

abµ(x)

abµ(x)

e�

�⇤

n

abµ

�

�0

�0

�LT

�LT

�pLT

�pLT (box) = 3.35µ2 � 2.78µ3 � 1.08µ4
+ 1.67µ5

+

+ 0.10µ6
+ 0.05µ7 � 0.01µ8

+ . . .

in [10

�4
fm

4
] with µ = M⇡/mN

�LT ⇠
Z

d⌫

⌫3
. . .

�
L⇤
0+E0+ + 2L⇤

1+(M1+ + 3E1+) + . . .
 

1

mN

in [10

�4
fm

�4
]

(9 + 5⌧3)fLT

�pLT (box) = 14 fLT

�nLT (box) = 4 fLT

�pLT (box) = 1.32⇥ 10

�4
fm

4

1

H[a, v, s, p]

abµ(x)

abµ(x)

e�

µ�

⌫µ

�⇤

abµ

�

�0

�0

�LT

�LT

�pLT

�pLT (box) = 3.35µ2 � 2.78µ3 � 1.08µ4
+ 1.67µ5

+

+ 0.10µ6
+ 0.05µ7 � 0.01µ8

+ . . .

in [10

�4
fm

4
] with µ = M⇡/mN

�LT ⇠
Z

d⌫

⌫3
. . .

�
L⇤
0+E0+ + 2L⇤

1+(M1+ + 3E1+) + . . .
 

1

mN

in [10

�4
fm

�4
]

(9 + 5⌧3)fLT

�pLT (box) = 14 fLT

�nLT (box) = 4 fLT

1

H[a, v, s, p]

abµ(x)

abµ(x)

e�

µ�

⌫µ

�⇤

abµ

�

�0

�0

�LT

�LT

�pLT

�pLT (box) = 3.35µ2 � 2.78µ3 � 1.08µ4
+ 1.67µ5

+

+ 0.10µ6
+ 0.05µ7 � 0.01µ8

+ . . .

in [10

�4
fm

4
] with µ = M⇡/mN

�LT ⇠
Z

d⌫

⌫3
. . .

�
L⇤
0+E0+ + 2L⇤

1+(M1+ + 3E1+) + . . .
 

1

mN

in [10

�4
fm

�4
]

(9 + 5⌧3)fLT

�pLT (box) = 14 fLT

�nLT (box) = 4 fLT

1

H[a, v, s, p]

abµ(x)

abµ(x)

e�

n

vµ

�

�0

�0

�LT

�LT

�pLT

�pLT (box) = 3.35µ2 � 2.78µ3 � 1.08µ4
+ 1.67µ5

+

+ 0.10µ6
+ 0.05µ7 � 0.01µ8

+ . . .

in [10

�4
fm

4
] with µ = M⇡/mN

�LT ⇠
Z

d⌫

⌫3
. . .

�
L⇤
0+E0+ + 2L⇤

1+(M1+ + 3E1+) + . . .
 

1

mN

in [10

�4
fm

�4
]

(9 + 5⌧3)fLT

�pLT (box) = 14 fLT

�nLT (box) = 4 fLT

�pLT (box) = 1.32⇥ 10

�4
fm

4

�0[10
�4
fm

4
]

1

H[a, v, s, p]

abµ(x)

abµ(x)

e�

µ�

⌫µ

W

abµ

�

�0

�0

�LT

�LT

�pLT

�pLT (box) = 3.35µ2 � 2.78µ3 � 1.08µ4
+ 1.67µ5

+

+ 0.10µ6
+ 0.05µ7 � 0.01µ8

+ . . .

in [10

�4
fm

4
] with µ = M⇡/mN

�LT ⇠
Z

d⌫

⌫3
. . .

�
L⇤
0+E0+ + 2L⇤

1+(M1+ + 3E1+) + . . .
 

1

mN

in [10

�4
fm

�4
]

(9 + 5⌧3)fLT

�pLT (box) = 14 fLT

�nLT (box) = 4 fLT

1

Electroweak probes on nucleons and nuclei can be described by current formalism

Nuclear currents in chiral EFT
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Electroweak probes on nucleons and nuclei can be described by current formalism

— based on: Krebs, EE, Meißner, Annals Phys. 378 (2017) 317 — 
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Chiral Perturbation Theory: expansion of the scattering amplitude in powers of Q, 

Q = 
momenta of external particles or Mπ  ~ 140 MeV

breakdown scale Λb  [~ 600…700 MeV]

Weinberg, Gasser, Leutwyler, Meißner, ... 

Write down Leff [π, N, …], "
identify relevant diagrams at a given order,"
do Feynman calculus, "
fit LECs to exp data, "
make predictions…

The framework



 
Chiral Perturbation Theory: expansion of the scattering amplitude in powers of Q, 

Q = 
momenta of external particles or Mπ  ~ 140 MeV

breakdown scale Λb  [~ 600…700 MeV]

Weinberg, Gasser, Leutwyler, Meißner, ... 

Write down Leff [π, N, …], "
identify relevant diagrams at a given order,"
do Feynman calculus, "
fit LECs to exp data, "
make predictions…

The framework

Chiral EFT for nuclei: expansion for nuclear forces + resummation (Schrödinger equation)
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Weinberg, van Kolck, Kaiser, EE, Glöckle, Meißner, Entem, Machleidt, Krebs, ... 

unified approach for ππ, πN, NN
systematically improvable

consistent many-body forces and currents

error estimations

Notice: LS equation with a truncated potential requires infinitely many CTs are needed to"
            absorb all UV divergences from iterations

one is forced to introduce a finite UV cutoff [see: Lepage, nucl-th/9607029] 



 The framework
Heavy-baryon chiral Lagrangian with pions and nucleons as the only explicit DOF:
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number of derivatives or Mπ

Low-energy constants:
— the pionic ones,   , are (sufficiently) well known
— the πN LECs relevant for nuclear forces to N4LO,          ,                    and        , "
     are fairly well known from πN scattering
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V reg
2⇡ (~q12, ~q32) = V2⇡(~q12, ~q32) �

Z

d3l12 d3l32 V2⇡(~q12 �~l12, ~q32 �~l32) ˜freg(
~l12,~l32)
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NNN + . . . (1)
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→ long-range parts of the forces are predicted in a parameter-free way
— exchange currents at N3LO involve further LECs                     ; the e.m. ones "
     are known from radiative π-prod., the axial ones                      are unknown (?)
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— (bare) LECs       ,      and       are extracted from NN data
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Z

d3l12 d3l32 V2⇡(~q12 �~l12, ~q32 �~l32) ˜freg(
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 The framework
Heavy-baryon chiral Lagrangian with pions and nucleons as the only explicit DOF:
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number of derivatives or Mπ

Low-energy constants:
— the pionic ones,   , are (sufficiently) well known
— the πN LECs relevant for nuclear forces to N4LO,          ,                    and        , "
     are fairly well known from πN scattering
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→ long-range parts of the forces are predicted in a parameter-free way
— exchange currents at N3LO involve further LECs                     ; the e.m. ones "
     are known from radiative π-prod., the axial ones                      are unknown (?)
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— (bare) LECs       ,      and       are extracted from NN data
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— (bare) LECs       and      can be fixed from A > 2-data
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Nuclear potentials & currents are obtained by integrating out pion fields using the 
chiral expansion [method of UT, TOPT, matching to S-matrix]



 The framework
Heavy-baryon chiral Lagrangian with pions and nucleons as the only explicit DOF:
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number of derivatives or Mπ

Low-energy constants:
— the pionic ones,   , are (sufficiently) well known
— the πN LECs relevant for nuclear forces to N4LO,          ,                    and        , "
     are fairly well known from πN scattering
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→ long-range parts of the forces are predicted in a parameter-free way
— exchange currents at N3LO involve further LECs                     ; the e.m. ones "
     are known from radiative π-prod., the axial ones                      are unknown (?)
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— (bare) LECs       ,      and       are extracted from NN data
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— (bare) LECs       and      can be fixed from A > 2-data
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Nuclear potentials & currents are obtained by integrating out pion fields using the 
chiral expansion [method of UT, TOPT, matching to S-matrix]

Treating Δ(1232) as an explicit DOF allows one to re-sum certain classes of diag-
rams and to improve convergence of the EFT expansion



 Chiral expansion of the nuclear forces [W-counting]

 Chiral EFT

Nuclear χEFT in the Precision Era Evgeny Epelbaum

Zwei-Nukleon-Kraft

Führender Beitrag 

Korrektur 1. Ordnung

Korrektur 2. Ordnung

Korrektur 3. Ordnung

Drei-Nukleon-Kraft Vier-Nukleon-KraftTwo-nucleon force Three-nucleon force Four-nucleon force

LO (Q0)   

NLO (Q2)

N2LO (Q3)

N3LO (Q4)

N4LO (Q5)

Figure 1: Chiral expansion of the nuclear forces. Solid and dashed lines refer to nucleons and
pions, respectively. Solid dots, filled circles, filled rectangles, filled diamonds and open rectangles
refer to the vertices of dimension ∆i = 0, ∆i = 1, ∆i = 2, ∆i = 3 and ∆i = 4, respectively.

the resulting contributions to the amplitude are enhanced by powers of mN/|p⃗ |, where mN refers
to the nucleon mass, as compared to estimates based on dimensional analysis and underlying the
derivation of Eq. (2.2). Fortunately, the contributions of the enhanced ladder-like diagrams can
be easily and efficiently resummed by solving the LS integral equation (or its generalizations in
the case of three- and more-nucleon systems) whose kernel involves all possible irreducible graphs
which obey the scaling according to Eq. (2.2) and are derivable in perturbation theory. This is the
essence of what is commonly referred to as Weinberg’s approach to nuclear chiral EFT. The set of
all possible irreducible contributions to the scattering amplitude can be viewed as the interaction
part of the nuclear Hamiltonian and comprises two-, three- and more-nucleon forces. The approach
outlined above is straightforwardly generalizable to reactions involving external sources and allows
one to derive exchange currents consistent with the nuclear forces.

It is a simple exercise to enumerate the various diagrams which may contribute to the nu-
clear force at a given order ν by looking at Feynman rules for the chiral Lagrangian and applying
Eq. (2.2), see Fig. 1. Here, it is understood that the shown diagrams only serve the purpose of
visualization of the corresponding contributions and do not have the meaning of Feynman graphs.
In particular, one needs to separate out the irreducible pieces in order to avoid double counting.
Notice further that while one can draw three-nucleon diagrams at next-to-leading order (NLO),
the resulting contributions are either reducible or suppressed by one power of Q/mN [25]. As an
immediate consequence of the chiral power counting in Eq. (2.2), one observes the suppression of
many-body forces [26], the feature, that has always been assumed but could be justified only in the
context of chiral EFT.

4

Chiral perturbation theory = low-energy EFT of QCD: start from the most general χ-
invariant Lagrangian GBs [pions for SU(2)L x SU(2)R] + matter fields [e.g. nucleons]"
to compute hadronic observables/nuclear forces & currents within the expansion in"
Q = (Mπ, p)/Λb

under investigation…
Entem et al., PRC 91 (2015) 014002; arXiv:1703.05454
EE, Krebs, Meißner, PRL 115 (2015) 122301



 Chiral EFT in the strong sector [W-counting]

Status in the strong sector: accurate and precise NN forces at fifth order in the chiral 
expansion [EE, Krebs, Meißner, PRL 115 (2015) 122301;  Entem et al., PRC 91 (2015) 014002, arXiv:1703.05454]
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Using Eqs. (3.3) and (3.4) and adopting Q = Mp/L
b

, our predictions for A

S

at N4LO is A

S

=

0.8844±0.0002 fm�1/2 while the accuracy for h is beyond the quoted figures. For the r

d

and Q, our
results are incomplete as the we do not include relativistic corrections and meson-exchange current
contributions. The estimated size of these corrections is consistent with the deviation between our
values and the empirical numbers, see [18] for an extended discussion.

4. Beyond the two-nucleon system

Having developed the new generation of NN potentials up to N4LO and the novel approach
to uncertainty quantification, which has been validated in the NN system, we are well prepared to
test nuclear chiral EFT in heavier systems and to systematically analyze the role of the 3NF. This
is the main goal of the recently formed Low Energy Nuclear Physics International Collaboration
(LENPIC). The numerical implementation of the 3NF regularized in the same way as the NN po-

results, see Ref. [18] for more detail.
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Figure 7: Chiral expansion of the np total cross section at different energies based on R = 0.9 fm
in comparison with experimental data of Ref. [90]. The horizontal band shows the result of the
NPWA.

Table 2: Deuteron binding energy Bd (in MeV), asymptotic S state normalization AS (in fm−1/2),
asymptotic D/S state ratio η , radius rd (in fm), quadrupole moment Q (in fm2) and the D-state
probability PD (in %) based on the cutoff R= 0.9 fm. Notice that rd and Q are calculated without
including exchange current contributions and relativistic corrections. References to experimental
data/empirical values can be found in Ref. [18].

LO NLO N2LO N3LO N4LO Empirical
Bd 2.0235 2.1987 2.2311 2.2246⋆ 2.2246⋆ 2.224575(9)
AS 0.8333 0.8772 0.8865 0.8845 0.8844 0.8846(9)
η 0.0212 0.0256 0.0256 0.0255 0.0255 0.0256(4)
rd 1.990 1.968 1.966 1.972 1.972 1.97535(85)
Q 0.230 0.273 0.270 0.271 0.271 0.2859(3)
PD 2.54 4.73 4.50 4.19 4.29
⋆The deuteron binding energy has been taken as input in the fit.

NPWA and confirm a good convergence of the chiral expansion. More results for NN observables
can be found in Refs. [18, 19].

As already advertised, the novel approach to uncertainty quantification is not restricted to a
particular choice of the regulator. Carrying out the error analysis for calculations based on different
choices of R thus provides a useful consistency check of the method. In Fig. 9, we show the results
for the total cross section at all orders starting from NLO and for all considered cutoff choices.
Within the quoted errors, the predictions based on different values of R agree with each other and
the NPWA for all orders in the chiral expansion. The accuracy of the predicted results for the cross
section shows the same dependence on the cutoff as the quality of the fits discussed in section 2.4.

In Table 2, we list our results for the deuteron properties. At the considered accuracy level,
the chiral expansion is nearly converged already at N3LO except for PD which is not an observable
quantity.8 The predicted values for AS and η are in excellent agreement with the empirical numbers.

8PD = 5%±1% has been used as an additional “data” point in the fits at N3LO and N4LO in order to stabilize the
results, see Ref. [18] for more detail.
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Electroweak probes on nucleons and nuclei can be described by current formalism

Nuclear currents in chiral EFT
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Chiral EFT Hamiltonian depends on external sources
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Electroweak probes on nucleons and nuclei can be described by current formalism

(Our) requirements on the current operators
must be off-shell consistent with the forces
should be renormalized (exploit unitary ambiguity)
(cutoff) regularization of the forces and currents 
should maintain the symmetry (cont. equation)

— Park, Min, Rho ’95 (threshold kinematics, incomplete…)!
— Kölling, EE, Krebs, Meißner, PRC 80 (09) 045502; 86 (12) 047001!
— Jlab-Pisa group (TOPT), Pastore et al. ’08 - ’11

EM currents:

— Park, Min, Rho ’93 (threshold kinematics, incomplete…)!
— Krebs, EE, Meißner, Annals Phys. 378 (2017) 317!
— Jlab-Pisa group (TOPT), Baroni et al. ’16

Axial currents:



  Method of UT for nuclear forces

Begin with the Leff  [π,N] without external fields

Canonical formalism: Leff  [π,N]          H [π,N] =   
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Apply UT in Fock space to decouple purely nucleonic states [model space] from the rest
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Using Okubo’s minimal parametrization of U in terms of                   leads to the
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decoupling equation: 

which is solved perturbatively by means of the chiral expansion

η-space λ-space



  Method of UT for nuclear forces

Begin with the Leff  [π,N] without external fields

Canonical formalism: Leff  [π,N]          H [π,N] =   

�From Leff to nuclear forces/currents
Method of  unitary transformation
+2<6E2?:��$2D9:52��&9?F>2S�����&<F3@�S����������=O4<=6��$6:N?6C��"C63D��"O==:?8������

�2?@?:42=�EC2?D7@C>2E:@?���BF2?E:K2E:@?�

�7764E:G6�4FCC6?E�@A6C2E@C�

Jµ ! J̃µ = U †

1

U =

1

J̃nucl
µ

1

"O==:?8������"C63D��$6:N?6C�S
��S���

�=@4<�5:28@?2=:K2E:@?�
:?�E96��@4<�DA246�

H ! H̃ = U †

1

U =

1

H̃nucl

1

H̃rest

1

0

1

0

1

&?=J�����������:D�?66565�36=@H�E96�A:@?�AC@5F4E:@?�E9C6D9@=5
.6�:?4=F56�2==�255:E:@?2=�,+D�A@DD:3=6�2E�2�8:G6?�@C56C�:?�E96�6IA2?D:@?
)6?@C>2=:K23:=:EJ�������������F?2>3:8@FD�C6DF=ED�7@C��%�����DE2E:4��
%��FAE@�%
#&

H̃nucl

1

���S
��S
�����6C?2C5������"C63D��$6:N?6C�S
��

Sonntag, 17. Juli 2011

Apply UT in Fock space to decouple purely nucleonic states [model space] from the rest

H ! H̃ = U †

1

U =

1

H̃nucl

1

H̃rest

1

0

1

0

1

Using Okubo’s minimal parametrization of U in terms of                   leads to the

T = V + V G0T = V + V G0V + V G0V G0V + . . .

µexp = 0.85741 (e/(2m))

Qexp
d = 0.2859 fm2

ci

D

A = �A⌘, �(H � [A, H]� AHA)⌘ = 0

ei

QLO
d = 0.271 fm2

µLO = 0.826 (e/(2m))

T = V + V G0T = V + V G0V + V G0V G0V + . . .

T (n) = V [G0V ]n�1 = mn�1
Z ⇤

0
d3l1 . . . d

3ln�1
V (~p 0, ~l1) V (~l1, ~l2) . . . V (~ln�1, ~p)

[p2 � l21 + i✏] . . . [p2 � l2n�1 + i✏]
,

⇠ 1/⇤; 1/⇤2; 1/⇤3; . . .

⇤ ! 1

hp0,↵0|V reg
1⇡ |p,↵i = hp0,↵0|V1⇡|p,↵i F

⇣
p0

⇤
, p
⇤

⌘

V reg
1⇡ (~q ) = V1⇡(~q ) F

⇣
p0

⇤
, p
⇤

⌘

V reg
1⇡ (~q ) = V1⇡(~q ) F

⇣
q
⇤

⌘

max[⇤] ⇠ 600 MeV

1

T = V + V G0T = V + V G0V + V G0V G0V + . . .

µexp = 0.85741 (e/(2m))

Qexp
d = 0.2859 fm2

ci

D

A = �A⌘, �(H � [A, H]� AHA)⌘ = 0

ei

QLO
d = 0.271 fm2

µLO = 0.826 (e/(2m))

T = V + V G0T = V + V G0V + V G0V G0V + . . .

T (n) = V [G0V ]n�1 = mn�1
Z ⇤

0
d3l1 . . . d

3ln�1
V (~p 0, ~l1) V (~l1, ~l2) . . . V (~ln�1, ~p)

[p2 � l21 + i✏] . . . [p2 � l2n�1 + i✏]
,

⇠ 1/⇤; 1/⇤2; 1/⇤3; . . .

⇤ ! 1

hp0,↵0|V reg
1⇡ |p,↵i = hp0,↵0|V1⇡|p,↵i F

⇣
p0

⇤
, p
⇤

⌘

V reg
1⇡ (~q ) = V1⇡(~q ) F

⇣
p0

⇤
, p
⇤

⌘

V reg
1⇡ (~q ) = V1⇡(~q ) F

⇣
q
⇤

⌘

max[⇤] ⇠ 600 MeV

1

decoupling equation: 

which is solved perturbatively by means of the chiral expansion

η-space λ-space

Apply all possible additional UTs on the η-subspace consistent 
with a given chiral order [6 angles αi for static N3LO contributions]

Renormalizability of the potentials [all 1/(d-4) poles must be canceled by the c.t. from Leff]

       fixes some of the αi and leads to unique (static) expressions  



  Exchange currents using the method of UT
Switch on external sources                   and consider local chiral rotations:
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  Exchange currents using the method of UT
Switch on external sources                   and consider local chiral rotations:
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(Naive) attempt: calculate                                                             and extract the nuclear

Unitary transformations for currents
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Okubo transf. or further strong unitary transf. are not enough to renormalize the currents

Step 1:

Step 2: additional unitary transformations
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Explicit time-dependence through source terms

Effective Hamiltonian depends on sources and their time-derivatives
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In momentum space the currents depend on energy transfer

Modified continuity equation
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currents via                                                              at                                               .
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However, the resulting currents turn out to be non-renormalizable… 

already known from the strong sector…

Need to consider a more general class of UTs

Specifically, employ additional η-space UTs                   subject to the constraint
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  Exchange currents using the method of UT
Thus, we have:

Nuclear potentials are given by

(to the order we are working [leading 1-loop for 2-body operators], can write 33 such UTs…) 
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where the FT of the sources are given by                                      with                          ,         is 
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  Exchange currents using the method of UT
Manifestations of the symmetry (continuity equation)
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Start with the Schrödinger equation
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and perform a chiral rotation                                                                       .  For observables to 
remain unaffected, there must exist a UT on the Fock space such that: 
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That is, the Hamiltonians must be unitary equivalent: 
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 ,

V := H
e↵

[q = v = p = 0, s = m
q

] � H
0

,

H
e↵
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Matching both sides of this equation for infinitesimal transformations, one obtains the continuity 
equation for the axial current:
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� H

0

,

v = v̇ = a = ȧ = p = ṗ = ṡ = s = 0 and s
0

= m
q

f = {vj
µ

, aj
µ

, pj}

v
µ

=

1

2

(r
µ

+ l
µ

) , a
µ

=

1

2

(r
µ

� l
µ

) .

~Aa

Baroni et al.

=

g3
A

32⇡F 4

⇡

⌧a
2

"

W
1

(q
1

)~�
1

+W
2

(q
1

)~q
1

~�
1

· ~q
1

+ Z
1

(q
1

)

✓

2

~q
1

~�
2

· ~q
1

q2
1

+M2

⇡

� ~�
2

◆

#

+

g5
A

32⇡F 4

⇡

⌧a
1

W
3

(q
1

)(~�
2

⇥ ~q
1

)⇥ ~q
1

� g3
A

32⇡F 4

⇡

[⌧
1

⇥ ⌧
2

]

aZ
3

(q
1

)

~�
1

⇥ ~q
1

~�
2

· ~q
1

q2
1

+M2

⇡

+ 1 $ 2 ,

~Aa

Baroni et al.

� ~Aa

KEM

= �g5
A

A(q
1

) (~�
2

⌧a
1

q4
1

+ 2~q
1

(6M2

⇡

+ q2
1

)~q
1

· ~�
2

⌧a
1

)

96⇡F 4

⇡

q2
1

+ rational function of ~q
1

+ 1 $ 2 .

~Aa

Baroni et al.

� ~Aa

KEM

= �g5
A

A(q
1

) (~�
2

⌧a
1

q4
1

+ 2~q
1

(6M2

⇡

+ q2
1

)~q
1

· ~�
2

⌧a
1

)

96⇡F 4

⇡

q2
1

+ rational function of ~q
1

+ 1 $ 2 .

2

The axial currents are linearly dependent on the energy transfer     (at the considered order)."
This emerges from time derivatives of the UT and is unavoidable if the currents are required "
to be renormalized.
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  Exchange currents using the method of UT
Manifestations of the Poincaré invariance
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boost direction boost angle

boost operator current operator in the Heisenberg picture

This leads to the (on-shell) relation to be fulfilled by the current in momentum space
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  Exchange currents using the method of UT

Unitary ambiguity [33 UT’s] is strongly reduced but not completely eliminated by the 
renormalizability requirement for the currents.

With these constraints, the expressions for the currents are determined unambiguously.

irreducible part of the π absorption amplitude

We further require that ∀ pion-pole contribu-
tions to the axial currents match the corres-
ponding 1π-exchange contributions to the 
nuclear forces at the pion pole:
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Manifestations of the Poincaré invariance
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boost direction boost angle

boost operator current operator in the Heisenberg picture

This leads to the (on-shell) relation to be fulfilled by the current in momentum space
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  Exchange currents using the method of UT

worked out completely the axial charge and current operators to Q4 (N3LO) 
relative to the leading 1-body term, i.e.:"

Summary of the main results of our calculations
[Krebs, EE, Meißner, Annals Phys. 378 (2017) 317]

    — at the 2-loop level for 1-body operators,"
    — at the 1-loop level for 2-body operators,"
    — at tree level for 3-body operators

(…about 250 diagrams…)  

worked out completely the corresponding pseudoscalar currents to the same 
chiral order

explicitly verified the validity of the continuity equation for all contributions

worked out the boost operator (to the required order) and verified the 
constraints from the Poincaré invariance



single-nucleon two-nucleon three-nucleon

Q-3

Q-1

Q0

Q1

depend on d8, d9, d18, d21, d22,!
no 1/m corrections… 

parameter-free

depend on C2, C4, C5, C7 + L1, L2; !
no loop corrections depend on CT

parameter-free static two-pion exchange

parameter-free

 Electromagnetic currents
Chiral expansion of the electromagnetic current and charge operators 

ci

1/m

di

ei

Kölling, EE, Krebs, Meißner, PRC 80 (09) 045502; !
                                                 PRC 86 (12) 047001



single-nucleon two-nucleon three-nucleon

Q-3

Q-1

Q0

Q1

depend on d8, d9, d18, d21, d22,!
no 1/m corrections… 

parameter-free

depend on C2, C4, C5, C7 + L1, L2; !
no loop corrections depend on CT

parameter-free static two-pion exchange

parameter-free

 Electromagnetic currents
Chiral expansion of the electromagnetic current and charge operators 

ci

1/m

di

ei

Our results differ from the ones of 
the JLab-Pisa group. In particular, 
they did not succeed to get the 1π 
current renormalized…

Kölling, EE, Krebs, Meißner, PRC 80 (09) 045502; !
                                                 PRC 86 (12) 047001



 The low-energy constants
4. Fitting Procedure

(a) T⇡ = 9.88 MeV (b) T⇡ = 14.61 MeV

(c) T⇡ = 19.85 MeV (d) T⇡ = 27.40 MeV

(e) T⇡ = 39.30 MeV (f) T� = 152.89 MeV

Figure 4.1.: The solid line shows the global fit of the di�erential cross section calculated
in HBChPT up to O(q3). The dotted (dashed) line refers to the parameter
free leading order (next-to leading order) calculation.
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process LAB energy [MeV] no. of data reference

(a) ⇤�p ⇥ �n T⇥ = 9.88 (T� = 159.83) 3 K. Liu [21]

(b) ⇤�p ⇥ �n T⇥ = 14.61 (T� = 164.56) 4 K. Liu [21]

(c) ⇤�p ⇥ �n T⇥ = 19.85 (T� = 169.80) 4 K. Liu [21]

(d) ⇤�p ⇥ �n T⇥ = 27.40 (T� = 177.35) 9 M. Salomon et al. [22]

(e) ⇤�p ⇥ �n T⇥ = 39.40 (T� = 189.25) 9 M. Salomon et al. [22]

(f) �p ⇥ ⇤+n T� = 153.89 8 E. Korkmaz et al. [23]

Table 4.2.: Overview of the data used for the fit.

di�erential cross section at the correct energy. A data point of the j’th data set is then
shifted: {xj , Oj} ⇥ {(xj�2(j�1)), Oj}, where Oj denotes the observable (cross section)
measured at the variation parameter xj (CMS angle). Now the function f(x) is fitted to
the 37 (shifted) data points by minimizing the squares of the deviation of a datapoint
and the fitted curve, where each deviation is weighted by the square of its corresponding
error bar. The goodness of the fit is described in terms of ⌅2, wich is, in accordance to
the weights, defined by

⌅2 =
�

i

(f(xi)�Oi)
2

⇥O2
i

. (4.2)

Since ⌅2 scales naturally with the number of data, the better measure of the goodness
of a fit is the ⌅2 per degree of freedom, given by

⌅2/d.o.f =
⌅2

(no. of data)� (no. of parameters)
, (4.3)

where no. of parameters is equal to three in our case. The best fit is shown in Figure
4.1, separately for each energy with the interval of x-values shifted back to the original
one x ⇤ {�1, 1}. The result of the estimation of the three unknown parameters is shown
in Table 5.1. The error given for the parameter estimate is the standard error, emerging
from the fitting routine and should only serve for a crude orientation. More work has to
be done to give a qualified error estimate.
Additional insight can be obtained by studying the evolution of ⌅2/d.o.f when varying

one of the fitting parameters and keeping the other two fixed. This is shown in Figure
4.2. In the case of the parameters d̄20 and the combination 2d̄21 � d̄22, the position
of the minimum seems to be clear. When varying d̄9, the situation is di�erent. There
are two minima and the slope is much lower (note the di�erent scaling of the vertical
axes). While the latter fact shows that there is a much larger error in the estimate of
d̄9 in comparison with the other parameters, the second minimum refers to a second
solution. A fit with constraining d̄9 to negative values gives d̄9 = �7.5GeV �2 and
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4. Fitting Procedure

(a) T⇡ = 9.88 MeV (b) T⇡ = 14.61 MeV

(c) T⇡ = 19.85 MeV (d) T⇡ = 27.40 MeV

(e) T⇡ = 39.30 MeV (f) T� = 152.89 MeV

Figure 4.1.: The solid line shows the global fit of the di�erential cross section calculated
in HBChPT up to O(q3). The dotted (dashed) line refers to the parameter
free leading order (next-to leading order) calculation.
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 - contribute to
charged pion photoproducti-
on (radiative capture)

5. Results

bi estimate in terms of d̄i Fearing et al. present work

b10 13.7± 4.5 d̄9 2.5± 0.8 2.2± 0.9

b21 �8.2± 0.7 d̄20 �1.5± 0.5 �3.2± 0.5

b22 9.2± 0.6 2d̄21 � d̄22 5.7± 0.8 6.8± 1.0

⇥2/d.o.f. 1.59 1.52

Table 5.2.: Result from [24] obtained by a fit to exactly the same cross section data used
in this work.

d̄i Gasparyan et al. present work

d̄9 �0.06 2.2± 0.9

d̄20 0.61 �3.2± 0.5

2d̄21 � d̄22 0.05 6.8± 1.0

Table 5.3.: Result from [28].

determined by the fit. Instead it is estimated by associating it with the mean square of
the nucleon axial radius

�
r2
⇥
A
. Thus,

b23 = �1

6
(4�F )2

�
r2
⇥
A
gA = �3.01± 0.3, (5.2)

where
�
r2
⇥
A

has been measured for e.g. in [26] or [27]. Therefore we can translate
the estimate of b22 in an estimate of the combination 2d̄21 � d̄22. Finally we show the
comparison of the results of Fearing et al. and ours, in Table 5.2, which are in good
agreement. Inded, this is not surprising, since the two approaches are very similar to
each other.
Another work is provided by [28], grounded on an approach, which is a combination

of chiral pertubation and dispersion relation theory. Within their framework one sys-
tematically obtains lower values for the parameters, than in ours. A comparison of the
numerical results is shown in Table in Table 5.3.

5.2. Conclusions

The situation regarding d̄9 still seems to be very unclear. There is a large discrepancy
of about fifty magnitudes between the results of di�erent works. The di�erential cross-
section is fairly insensitive to d̄9 - the details are discussesd in Appendix A - such that it
is not obvious whether or not the discrepancy is of conceptual nature or simply the result
of a bad choice of the testing ground and the lack of more, precise data.Nevertheless,
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FIG. 1. (Color online) The total cross section σtot for the γ + d → p + n reaction. The chiral
N4LO, R=0.9 fm predictions for the SNC (SNC+Siegert) current model are shown with the dashed

red (thick black dashed) curve. The AV18 predictions for the SNC, SNC+Siegert and SNC+MEC
current models are shown with the double-dotted-dashed green, dotted violet and solid blue curve,
respectively. The experimental data are from Ref. [46] (black ”x”), [47] (magenta squares), [48]

(open circles), [49] (black pluses) and [50] (black dots).

obtain very similar predictions, practically indistinguishable at photon energies below ap-
proximately 30 MeV. At the higher energies a small difference develops between the chiral
and the AV18 potential, with the chiral predictions lying closer to the data.

Next we study a more detailed observable, namely the differential cross section at two
photon laboratory energies Eγ=30 MeV (Fig. 2, the upper row) and Eγ=100 MeV (Fig. 2,
the lower row). In the left panel we show the convergence of predictions for R=0.9 fm with
respect to the order of the chiral expansion. In the middle panel the uncertainty of theoretical
predictions due to the truncation of higher order contributions is given. Finally, in the right
panel, we demonstrate the dependence of predictions on the values of the regulator R at
N4LO using five different values of R: 0.8, 0.9, 1.0, 1.1 and 1.2 fm. Our best prediction,
SNC+Siegert for R=0.9 fm is represented by the thick black dashed curve and is shown
both in the left and right panels. For the sake of comparison, also the AV18 prediction given
by the thick violet dotted line is displayed in these two panels. The same arrangement of
curves will be preserved also in Figs. 3-6, 8 and 12.

It is clear that for both energies one has to go beyond the leading order (LO) to describe
data. At the lower energy all the higher than LO predictions are close to each other, but
at Eγ=100 MeV the convergence is reached only at N3LO. The truncation errors presented
in the central panel confirm this observation and the band at N4LO lies on the N3LO
one. A small but visible width of the N4LO band for the higher energy suggests that some
contributions from higher orders are still possible for this observable. The cut-off dependence
of the cross section is very small at lower energy and increases with energy, reaching at
Eγ=100 MeV about 20% at small proton c.m. scattering angles. However, a more careful
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To maintain consistency between currents and forces (symmetry), we generate regularized 
longitudinal terms in the current via the continuity equation (i.e. Siegert approach).

Transverse terms in the currents are to be regularized and included explicitly (in progress…)
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FIG. 2. (Color online) The differential cross section d2σ
dΩ for the γ + d → p + n reaction at

Eγ=30 MeV (the upper row) and Eγ=100 MeV (the lower row) as a function of the proton c.m.

scattering angle θp. The left column shows the convergence of predictions at R=0.9 fm with
respect to the order of the chiral expansion (the double-dotted-dashed green, dashed blue, dotted

black, solid red and thick dashed black curves correspond to predictions at LO, NLO, N2LO,
N3LO and N4LO, respectively). The middle column shows the truncation errors (see text) at the
different orders of the chiral expansion: NLO (yellow band), N2LO (green band), N3LO (turquoise

band) and N4LO (red band). The right column shows the dependence of predictions at N4LO
on the value of parameter R (the dotted green, thick dashed black, solid black, dashed red and
double-dotted-dashed blue curves correspond to predictions with R=0.8, 0.9, 1.0, 1.1 and 1.2 fm,

respectively). Note that the thick dashed black curve shown in both margin columns represents
the same predictions. Also the thick violet dotted curve which represents the AV18 predictions

is duplicated in the margin columns. All data points (open and solid circles and full squares) are
from [51].

and medium photon energies. In Fig. 5 we compare our results with the data from [56]
and [57, 58]. At the lower photon energy we observe a similar picture as for the photon
asymmetry Σγ(θp = 90o): predictions are insensitive to the regulator value and to the order
of the NN interaction. Even predictions at LO describe data at Eγ=19.8 MeV reasonably
well. At Eγ=60.8 MeV predictions for the photon asymmetry become convergent only at
N3LO. The truncation errors and the range of predictions with the different values of the
R parameter at N4LO remain small. This again can be compared with predictions for the
nonlocal force [17] shown in [29]. The improved interaction leads at Eγ=60.8 MeV to a
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section at photon laboratory energy Eγ= 40 MeV and 120 MeV as a function of the final
proton energy for the proton emerging at four angles Θp with respect to the photon beam:
Θp = 0◦, 60◦, 120◦ and 180◦. Since we focus here on predictions of the new local chiral
potential, we refer the reader to Refs. [64] and [36] for the discussion on the origin of
structures observed in the spectra.

In Fig. 9 we show the convergence of predictions with respect to the order of the chiral
expansion for the detected proton at Eγ= 40 MeV (top) and Eγ= 120 MeV (bottom). Only
predictions at LO are far away from the rest and are surely not sufficient to describe the
data. The other predictions are close to each other and, in particular the N3LO and N4LO
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Nucleon-deuteron radiative capture: p(n) + d → 3H(3He) + γ 

… explicit inclusion of exchange currents in progress…

 
Skibinski, Golak, Topolnicki, Witala, EE, Krebs, Kamada, Meißner, Nogga, PRC 93 (2016) 064002 

Electromagnetic exchange currents
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  Tritium β-decay [Skibinski et al., in progress]

Half-life of 3H (up to known radiative corrections):
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 Summary and outlook

— derivation of contributions up to N3LO completed already in 2011; derivation of"
     N4LO corrections done for V2N and almost done for V3N (new LECs…) and V4N

Nuclear Hamiltonian:

— accurate & precise NN potentials at N4LO are available, implementation of "
     many-body forces beyond N2LO in progress [LENPIC]

Electroweak current operators:
— have been worked out completely to N3LO

— some πN LECs in 1π axial charge at N3LO are unknown…"
     [lattice QCD? ν-induced π-production? resonance saturation? large-Nc?…]
— 2N short-range e.m. current/axial charge involve a few new LECs

— 1N contributions expressible in terms of form factors 

Next steps (in progress):
— Precision tests of the theory for 3H β decay & μ capture (validation)
— Extension to other processes, heavier nuclei, N4LO, explicit Δ’s, …
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               infinitely many CTs are needed to absorb all UV divergences from iterations!

See: Lepage, „How to renormalize the Schrödinger equation“,  nucl-th/9607029 and talk@INT in 2000 

— Introduce a finite UV regulator Λ ~ Λb (Λb ~ 600 MeV)

— Solve the LS equation & tune the bare LECs Ci(Λ) to data (implicit renormalization)
— (Numerical) self-consistency checks via error analysis and Λ-variation

Commonly used approach [EGM, EM, EKM, Gezerlis et al.’14, Piarulli et al.’15, Carlsson et al.’16, …]:

— Include short-range operators in VNN according to NDA minimal possible set;"
alternatives have been proposed…
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(Some) alternatives:
renormalizable approach based on the Lorentz invariant Leff  [EE, Gegelia ’12 - ’16]

non-perturbative „renormalization“ within the non relativistic framework using Λ >> Λb 
[van Kolck, Pavon Valderrama, Long, …]

RG-based approach to determine the counting for contacts  [Birse]
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(Some) alternatives:
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non-perturbative „renormalization“ within the non relativistic framework using Λ >> Λb 
[van Kolck, Pavon Valderrama, Long, …]
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  Comparison with Baroni et al.

For 3H β-decay (        ), the N3LO contribution to the 2N current by Baroni et al. is: 

where the various loop functions are defined as:

does not exist in the chiral limit!"
(in contrast to our results) 

Baroni et al., PRC93 (2016) 015501;  PRC94 (2016) 024003
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  Comparison with Baroni et al.

For 3H β-decay (        ), the N3LO contribution to the 2N current by Baroni et al. is: 

where the various loop functions are defined as:

does not exist in the chiral limit!"
(in contrast to our results) 

Baroni et al., PRC93 (2016) 015501;  PRC94 (2016) 024003
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Magnetic form factors of 3He, 3HPredictions with χEFT EM Currents for 3He and 3H Magnetic f.f.’s
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FIG. 9: (Color online). The 3He and 3H magnetic form factors (top panels), and their isoscalar and isovector combinations
(bottom panels), obtained at leading order (LO) and with inclusion of current operators up to N3LO (TOT) corresponding
to the LEC’s dS1 and dS2 in Table I and to set III of isovector LEC’s dV1 and dV2 in Table III, are compared with experimental
data [58]. Predictions relative to cutoffs Λ in the range (500–600) MeV are displayed by the bands.

The magnetic form factors of 3He and 3H and their isoscalar and isovector combinations FS
M (q) and FV

M (q), nor-
malized respectively as µS and µV at q = 0, at LO and with inclusion of corrections up to N3LO in the current,
are displayed in Fig. 9. As is well known from studies based on the conventional meson-exchange framework (see
the review [13] and references therein), two-body currents are crucial for “filling in” the zeros obtained in the LO
calculation due to the interference between the S- and D-state components in the ground states of these nuclei. For
q ! 2 fm−1 there is excellent agreement between the present χEFT predictions and experiment. However, as the
momentum transfer increases, even after making allowance for the significant cutoff dependence, theory tends to
underestimate the data, in particular it predicts the zeros in both form factors occurring at significantly lower values
of q than observed. Thus, the first diffraction region remains problematic for the present theory, confirming earlier
conclusions derived from studies in the conventional framework [62, 63].
Figure 10 illustrates the sensitivity of the N3LO predictions on the different ways in which the isovector LEC’s are

constrained in sets I, II, III. The set I results are strongly at variance with data. Set II leads to two-body current
contributions larger than in set III, and consequently, in contrast to set III, the corresponding form factors reproduce
the data in the diffraction region. However, the cutoff variation of the results is considerably larger than for set III,
as reflected in the change of the LEC dV1 for Λ = 500–600 MeV in Table III. Furthermore, set II overestimates µV by
about 3%.

Figure 11 exhibits cumulatively the LO, NLO, N2LO, and N3LO contributions to the 3He and 3H magnetic form
factors, obtained with the N3LO/N2LO Hamiltonian and cutoff Λ = 500 MeV. Tables XIII and XIV list the individual
components of these contributions at selected values of q. The notation is as follows: with LO we denote the one-body
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to the LEC’s dS1 and dS2 in Table I and to set III of isovector LEC’s dV1 and dV2 in Table III, are compared with experimental
data [58]. Predictions relative to cutoffs Λ in the range (500–600) MeV are displayed by the bands.
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malized respectively as µS and µV at q = 0, at LO and with inclusion of corrections up to N3LO in the current,
are displayed in Fig. 9. As is well known from studies based on the conventional meson-exchange framework (see
the review [13] and references therein), two-body currents are crucial for “filling in” the zeros obtained in the LO
calculation due to the interference between the S- and D-state components in the ground states of these nuclei. For
q ! 2 fm−1 there is excellent agreement between the present χEFT predictions and experiment. However, as the
momentum transfer increases, even after making allowance for the significant cutoff dependence, theory tends to
underestimate the data, in particular it predicts the zeros in both form factors occurring at significantly lower values
of q than observed. Thus, the first diffraction region remains problematic for the present theory, confirming earlier
conclusions derived from studies in the conventional framework [62, 63].
Figure 10 illustrates the sensitivity of the N3LO predictions on the different ways in which the isovector LEC’s are

constrained in sets I, II, III. The set I results are strongly at variance with data. Set II leads to two-body current
contributions larger than in set III, and consequently, in contrast to set III, the corresponding form factors reproduce
the data in the diffraction region. However, the cutoff variation of the results is considerably larger than for set III,
as reflected in the change of the LEC dV1 for Λ = 500–600 MeV in Table III. Furthermore, set II overestimates µV by
about 3%.

Figure 11 exhibits cumulatively the LO, NLO, N2LO, and N3LO contributions to the 3He and 3H magnetic form
factors, obtained with the N3LO/N2LO Hamiltonian and cutoff Λ = 500 MeV. Tables XIII and XIV list the individual
components of these contributions at selected values of q. The notation is as follows: with LO we denote the one-body

3He/3H m.m’s used to fix EM LECs; ~15% correction from two-body currents
Exchange currents crucial to improve agreement with exp data
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Figure 4: Cutoff dependence of the phase shifts calculated at N2LO (left panel) and N3LO (right
panel). Dashed-double-dotted, solid, dashed-dotted, dashed and dotted lines show the results for
R= R1, . . . ,R5 as defined in Eq. (2.8), respectively. For remaining notation see Fig. 3.

order-Q5 contributions to the TPE potential. The obtained results suggest – fully in line with the
Weinberg power counting [1] – that the theoretical uncertainty at NLO and N3LO is dominated by
the neglected TPE contributions at orders Q3 and Q5, respectively. Indeed, if certain order-Q4 and
order-Q6 contact interactions would have to be promoted to lower orders in violation with naive
dimensional analysis as suggested e.g. in [66, 83, 82], the inclusion of the order-Q3 and order-Q5

TPE contributions alone would not result in the improved accuracy of the fits at N2LO and N4LO.
I now briefly address the residual cutoff dependence of our results. Fig. 4 shows the np phase

shifts at N2LO and N3LO for all considered choices of the regulator. As expected, the residual
cutoff dependence at N2LO is efficiently absorbed into redefinition of the order-Q4 contact inter-
actions at N3LO. I do not show the results at N4LO, but they turn out to be very similar to those at
N3LO what concerns the dependence on the regulator R.

It is also instructive to look at χ̃2 per datum for the reproduction of the phase shifts of the
NPWA as a function of the cutoff R. Here, for the sake of brevity, I restrict myself to N3LO and to
the single energy bin of Elab = 0− 200 MeV. We find the following pattern for np phase shifts by
decreasing the values of the regulator starting from the softest choice of R= 1.2 fm:

χ̃2/datum = 1.8R=1.2 fm → 0.8R=1.1 fm → 0.6R=1.0 fm → 0.7R=0.9 fm → 0.8R=0.8 fm ,
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Figure 4: Cutoff dependence of the phase shifts calculated at N2LO (left panel) and N3LO (right
panel). Dashed-double-dotted, solid, dashed-dotted, dashed and dotted lines show the results for
R= R1, . . . ,R5 as defined in Eq. (2.8), respectively. For remaining notation see Fig. 3.

order-Q5 contributions to the TPE potential. The obtained results suggest – fully in line with the
Weinberg power counting [1] – that the theoretical uncertainty at NLO and N3LO is dominated by
the neglected TPE contributions at orders Q3 and Q5, respectively. Indeed, if certain order-Q4 and
order-Q6 contact interactions would have to be promoted to lower orders in violation with naive
dimensional analysis as suggested e.g. in [66, 83, 82], the inclusion of the order-Q3 and order-Q5

TPE contributions alone would not result in the improved accuracy of the fits at N2LO and N4LO.
I now briefly address the residual cutoff dependence of our results. Fig. 4 shows the np phase

shifts at N2LO and N3LO for all considered choices of the regulator. As expected, the residual
cutoff dependence at N2LO is efficiently absorbed into redefinition of the order-Q4 contact inter-
actions at N3LO. I do not show the results at N4LO, but they turn out to be very similar to those at
N3LO what concerns the dependence on the regulator R.

It is also instructive to look at χ̃2 per datum for the reproduction of the phase shifts of the
NPWA as a function of the cutoff R. Here, for the sake of brevity, I restrict myself to N3LO and to
the single energy bin of Elab = 0− 200 MeV. We find the following pattern for np phase shifts by
decreasing the values of the regulator starting from the softest choice of R= 1.2 fm:

χ̃2/datum = 1.8R=1.2 fm → 0.8R=1.1 fm → 0.6R=1.0 fm → 0.7R=0.9 fm → 0.8R=0.8 fm ,
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N3LO

R=1.2 fm
R=1.1 fm
R=1.0 fm
R=0.9 fm
R=0.8 fm



 Regulator (in)dependence

Lab. energy NPWA our result DR, n = 5 DR, n = 7 SFR, 1.0 GeV SFR, 1.5 GeV SFR, 2.0 GeV

proton-proton 1S0 phase shift
10 MeV 55.23 55.22± 0.08 55.22 55.22 55.22 55.22 55.22
100 MeV 24.99 24.98± 0.60 24.98 24.98 24.98 24.98 24.98
200 MeV 6.55 6.56± 2.2 6.55 6.56 6.56 6.56 6.57

neutron-proton 3S1 phase shift
10 MeV 102.61 102.61± 0.07 102.61 102.61 102.61 102.61 102.61
100 MeV 43.23 43.22± 0.30 43.28 43.20 43.17 43.21 43.22
200 MeV 21.22 21.2± 1.4 21.2 21.2 21.2 21.2 21.2

proton-proton 3P0 phase shift
10 MeV 3.73 3.75± 0.04 3.75 3.75 3.75 3.75 3.75
100 MeV 9.45 9.17± 0.30 9.15 9.18 9.18 9.17 9.17
200 MeV �0.37 �0.1± 2.3 �0.1 �0.1 �0.1 �0.1 �0.1

proton-proton 3P1 phase shift
10 MeV �2.06 �2.04± 0.01 �2.04 �2.04 �2.04 �2.04 �2.04
100 MeV �13.26 �13.42± 0.17 �13.43 �13.41 �13.41 �13.42 �13.42
200 MeV �21.25 �21.2± 1.6 �21.2 �21.2 �21.2 �21.2 �21.2

proton-proton 3P2 phase shift
10 MeV 0.65 0.65± 0.01 0.66 0.65 0.65 0.65 0.65
100 MeV 11.01 11.03± 0.50 10.97 11.06 11.07 11.05 11.04
200 MeV 15.63 15.6± 1.9 15.6 15.5 15.5 15.5 15.6

2

How do our results depend on the specific form of the regulator 

and/or additional spectral function regularization 
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Selected phase shifts (in deg.) for different values of ΛSFR and n at N3LO[R = 0.9 fm]

T = V + V G0T = V + V G0V + V G0V G0V + . . .
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negligible regulator dependence (compared to the estimated theor. accuracy)


