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1. lattice QCD

2. precision flavour physics

3. pushing the frontiers (QED+QCD, rare decays)
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UK Lattice community

• Cambridge 
• Edinburgh
• Glasgow
• Liverpool
• Oxford
• Plymouth
• Southampton
• Swansea

• QCD flavour phenomenology
• QCD spectra
• BSM models (non-perturbatively)
• finite-T, finite-μ
• developments in quantum field theory,  

algorithms computing and hardware
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Motivation

• standard Model of elementary particle physics describes  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consistently in terms of a renormalisable quantum field theory  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Motivation

• standard Model of elementary particle physics describes  
electromagnetic, weak and strong (QCD) interactions 
consistently in terms of a renormalisable quantum field theory  

• but there is substantial phenomenological evidence that it  
can’t be the whole story: dark matter, CP-violation, …  
indicate that there must be sth. else  

• despite decades of experimental and theoretical efforts  
we have not found a smoking gun
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Motivation
• searches for new physics: direct vs. indirect search:

• ‘bump in the spectrum’
• SM provides correlation between processes  

experiment + theory to over-constrain SM 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Motivation
• searches for new physics: direct vs. indirect search:

• ‘bump in the spectrum’
• SM provides correlation between processes  

experiment + theory to over-constrain SM 

• hadronic (QCD) uncertainties dominating error budget  

• lattice QCD can in principle provide the relevant input and is 
becoming increasingly precise in its predictions
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Bs→μ+μ-

First observed by LHCb, CMS
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Bs→μ+μ-

Standard Model prediction:
• Loop suppressed in the SM (FCNC) → sensitive to non-SM interaction?

Hermann, Misiak, Steinhauser, 
JHEP 1312, 097 (2013)
Bobeth, Gorbahn. Stamou, 
PRD 89, 034023 (2014)

NNLO QCD 
NLO EW

Br / (PT )⇥ h0|s̄�µ�5b|B̄si2 + . . .

very precise and reliable prediction
for the decay constant is needed



QCD

PDG

asymptotic freedom
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QCD

PDG

asymptotic freedom

Necco & Sommer NPB 622 (2002)

confinement
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Lattice QCD
Free parameters:
• gauge coupling g → αs=g2/4π
• quark masses mf = u,d,s,c,b,t

LQCD = �1

4
F a
µ⌫F

aµ⌫ +
X

f

 ̄f (i�
µDµ �mf ) f
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Lattice QCD

• Lagrangian of massless gluons and almost massless quarks
• what experiment sees are bound states, e.g. mπ,mP ≫ mu,d

• underlying physics non-perturbative

Free parameters:
• gauge coupling g → αs=g2/4π
• quark masses mf = u,d,s,c,b,t

LQCD = �1

4
F a
µ⌫F

aµ⌫ +
X

f

 ̄f (i�
µDµ �mf ) f

Path integral quantisation:
h0|O|0i = 1

Z
R
D[U, ,  ̄]Oe�iSlat[U, , ̄]

finite volume, space-time grid (IR and UV regulators)
/ a�1/ L�1

→ well defined, finite dimensional Euclidean path integral
→ from first principles
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Lattice QCD 
• gauge-invariant regularisation (Wilson 1974)
• naively: replace derivatives by finite differences, integrals by sums
• finite volume lattice path integral still over large number of degrees  

of freedom > O(1010)
• Evaluate discretised path integral by means of Markov Chain Monte Carlo  

on state-of-the-art HPC installations
• UK computing time via STFC’s DiRAC consortium
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• naively: replace derivatives by finite differences, integrals by sums
• finite volume lattice path integral still over large number of degrees  

of freedom > O(1010)
• Evaluate discretised path integral by means of Markov Chain Monte Carlo  

on state-of-the-art HPC installations
• UK computing time via STFC’s DiRAC consortium

Lattice QCD

formulate QCD on Euclidean discretised space-time
provides gauge-invariant regularisation wt. cut-off ∝ a−1

g, mf are only free parameters

observable in terms of expectation value of discretised path integral
⟨0|O|0⟩ = 1

Z

∫

D[U ,ψ, ψ̄]Oe−Slat[U ,ψ,ψ̄]

= 1
Z

∫

D[U]Õ∏
i
det(D +Mi)e−Slat[U]

Evaluate discretised path integral in finite volume by means of Monte
Carlo integration

Flavour Physics on the Lattice Andreas Jüttner 2
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Euclidean correlation function

hO
⇡
(t
)O

† ⇡
(0
)i

extract physical properties from fits to simulation data:
• normalisation → matrix element  

(e.g. decay constant)
• time-dependence → particle spectrum  

(e.g. meson mass) 
• stat. errors from MC sampling over  

N field configurations 
 
 
(bootstrap, jackknife error analysis,  
autocorrelation analysis, …)
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State of the art of lattice QCD simulations
What we can do
• simulations of QCD with dynamical (sea)  

u,d,s,c quarks with masses 
as found in nature

• bottom only as valence quark
• cut-off 
• volume

Nf = 2, 2 + 1, 2 + 1 + 1

a�1  4GeV
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action density of RBC/UKQCD physical point DWF ensemble
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start from educated guesses and:

• tune light quark mass aml such that  

• tune strange quark mass such that  

• determine physical lattice spacing 

am⇡
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=
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IMPORTANT: 
once the QCD-parameters  
are tuned no further 
parameters need to be fixed  
and we can make fully 
predictive simulations of 
QCD



benchmark - the hadron spectrum

Kronfeld, Ann. Rev. of Nucl. Part. Sci 2012 62
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In QCD for simple ME  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a state-of-the-art lattice
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a state-of-the-art lattice
need to keep  

a-1 ≫  relevant scales ≫ L-1

• for mπ=140MeV the constraint for controlled  
finite volume effects of mπL≳4 suggests L≈6fm

• to keep cutoff effects small  
e.g. a-1 larger than ≈ 2.5GeV needed

• lattices with L/a≳80 needed
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need to keep  

a-1 ≫  relevant scales ≫ L-1

• for mπ=140MeV the constraint for controlled  
finite volume effects of mπL≳4 suggests L≈6fm

• to keep cutoff effects small  
e.g. a-1 larger than ≈ 2.5GeV needed

• lattices with L/a≳80 needed

Fulfilling all the constraints for light hadrons is just starting to happen  
(e.g. first 963×192 have been generated (MILC)) in the meantime most collaborations
• weaken the finite volume effects by simulating unphysically heavy pions
• extrapolate from coarser lattices relying on assumptions for functional  

form of cutoff effects
15
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need to keep  

    mb  ≫ a-1 > mc ≫ ΛQCD ≫ L-1

• OK for c quark
• b beyond reach in current simulations

• while u, d, s, c implemented as direct and Lorentz-covariant discretisations of QCD  
the b-quark needs special (effective theory motivated) treatment:
• (lattice)-heavy quark effective theory
• NRQCD
• relativistic heavy quark (lattice) actions  

(El-Khadra et al. PRD 55 3933 1997, Aoki et al. PTP 109 383 2003, Christ, Lin PRD 76 074505 2007)

• extrapolation techniques (e.g. ratio method JHEP 1004 2010 049)

b on the lattice therefore much less standard than u, d, s, c but if care is taken  
robust and rather precise predictions for b-quark physics can be made



Lattice pheno - what’s possible
• Standard:  

- meson ME with single incoming and/or outgoing pseudo-scalar states  
                                                              ,                                                            ,  
- QCD parameters: quark masses, strong coupling constant  
- meson/baryon spectroscopy of stable (in QCD) states

⇡,K,D(s), B(s) ! QCD� vacuum ⇡ ! ⇡,K ! ⇡, D ! K,B ! ⇡, ... BK , (BD), BB

17



Lattice pheno - what’s possible

⇡⇡ ! ⇡⇡,K⇡ ! K⇡,K ! ⇡⇡

• Challenging:  
- two initial/final hadronic states, one channel                                                      , …  
- elm. effects in spectra  
- long-distance contributions in e.g. rare Kaon decays,  K-mixing

• Standard:  
- meson ME with single incoming and/or outgoing pseudo-scalar states  
                                                              ,                                                            ,  
- QCD parameters: quark masses, strong coupling constant  
- meson/baryon spectroscopy of stable (in QCD) states

⇡,K,D(s), B(s) ! QCD� vacuum ⇡ ! ⇡,K ! ⇡, D ! K,B ! ⇡, ... BK , (BD), BB

17



Lattice pheno - what’s possible

⇡⇡ ! ⇡⇡,K⇡ ! K⇡,K ! ⇡⇡

• Challenging:  
- two initial/final hadronic states, one channel                                                      , …  
- elm. effects in spectra  
- long-distance contributions in e.g. rare Kaon decays,  K-mixing

• Standard:  
- meson ME with single incoming and/or outgoing pseudo-scalar states  
                                                              ,                                                            ,  
- QCD parameters: quark masses, strong coupling constant  
- meson/baryon spectroscopy of stable (in QCD) states

⇡,K,D(s), B(s) ! QCD� vacuum ⇡ ! ⇡,K ! ⇡, D ! K,B ! ⇡, ... BK , (BD), BB

D,B

• Very challenging - new ideas needed/no clue:  
- multi-channel final states (hadronic        )  
- transition MEs with unstable in/out states  
- electromagnetic effects in hadronic MEs

(e.g. Hansen, Sharpe PRD86, 016007 (2012))

(Briceño et al. arXiv:1406.5965)

17



Quark Flavour Physics
q1

q2

0

@
d0

s0

b0

1

A =

0

@
Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb

1

A

0

@
d
s
b

1

A

3x3 unitary matrix
4 unknown parameters

18



Quark Flavour Physics
q1

q2

0

@
d0

s0

b0

1

A =

0

@
Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb

1

A

0

@
d
s
b

1

A

3x3 unitary matrix
4 unknown parameters

• quark mixing
• CP-violation (one complex phase)
• constraints on SM processes
• high energy reach
• inconsistencies → failure of the SM?

18



Quark Flavour Physics
100GeV

2GeV

300MeV

q1

q2

0

@
d0

s0

b0

1

A =

0

@
Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb

1

A

0

@
d
s
b

1

A

3x3 unitary matrix
4 unknown parameters

• quark mixing
• CP-violation (one complex phase)
• constraints on SM processes
• high energy reach
• inconsistencies → failure of the SM?

18



Quark Flavour Physics
100GeV

2GeV

300MeV

q1

q2

0

@
d0

s0

b0

1

A =

0

@
Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb

1

A

0

@
d
s
b

1

A

3x3 unitary matrix
4 unknown parameters

• quark mixing
• CP-violation (one complex phase)
• constraints on SM processes
• high energy reach
• inconsistencies → failure of the SM?

18



Quark Flavour Physics
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Quark Flavour Physics
e.g tree level leptonic B decay:

Experimental measurement + theory prediction allows for  
extraction of CKM MEs
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Lattice flavour physics and CKM
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Lattice flavour physics and CKM
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illustrations from 
L. Lellouch’s Les Houches 

Lecture arXiv:1104.5484leptonic decays

semileptonic decays

mixing

20



“tree” kaon/pion decays

21
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f0 that occurs in the effective Lagrangian and represents the value of fπ in the chiral limit.
Although trading fπ for f0 in the expression for the NLO term affects the result only at
NNLO, it may make a significant numerical difference in calculations where the latter are
not explicitly accounted for (the lattice results concerning the value of the ratio fπ/f0 are
reviewed in Sec. 5.3).
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[224]
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Figure 7: Comparison of lattice results (squares) for f+(0) and fK±/fπ± with various model
estimates based on χPT (blue circles). The ratio fK±/fπ± is obtained in pure QCD including
the SU(2) isospin-breaking correction (see Sec. 4.3). The black squares and grey bands
indicate our estimates. The significance of the colours is explained in Sec. 2.

The lattice results shown in the left panel of Fig. 7 indicate that the higher order contri-
butions ∆f ≡ f+(0)− 1− f2 are negative and thus amplify the effect generated by f2. This
confirms the expectation that the exotic contributions are small. The entries in the lower part
of the left panel represent various model estimates for f4. In Ref. [226] the symmetry-breaking
effects are estimated in the framework of the quark model. The more recent calculations are
more sophisticated, as they make use of the known explicit expression for the Kℓ3 form fac-
tors to NNLO in χPT [225, 227]. The corresponding formula for f4 accounts for the chiral
logarithms occurring at NNLO and is not subject to the ambiguity mentioned above.17 The
numerical result, however, depends on the model used to estimate the low-energy constants
occurring in f4 [222–225]. The figure indicates that the most recent numbers obtained in this
way correspond to a positive or an almost vanishing rather than a negative value for ∆f . We
note that FNAL/MILC 12I [23] have made an attempt at determining a combination of some
of the low-energy constants appearing in f4 from lattice data.

4.3 Direct determination of f+(0) and fK±/fπ±

All lattice results for the form factor f+(0) and many available results for the ratio of decay
constants, that we summarize here in Tabs. 13 and 14, respectively, have been computed in
isospin-symmetric QCD. The reason for this unphysical parameter choice is that there are
only few simulations of SU(2) isospin-breaking effects in lattice QCD, which is ultimately

17Fortran programs for the numerical evaluation of the form factor representation in Ref. [225] are available
on request from Johan Bijnens.
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Figure 7: Comparison of lattice results (squares) for f+(0) and fK±/fπ± with various model
estimates based on χPT (blue circles). The ratio fK±/fπ± is obtained in pure QCD including
the SU(2) isospin-breaking correction (see Sec. 4.3). The black squares and grey bands
indicate our estimates. The significance of the colours is explained in Sec. 2.
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butions ∆f ≡ f+(0)− 1− f2 are negative and thus amplify the effect generated by f2. This
confirms the expectation that the exotic contributions are small. The entries in the lower part
of the left panel represent various model estimates for f4. In Ref. [226] the symmetry-breaking
effects are estimated in the framework of the quark model. The more recent calculations are
more sophisticated, as they make use of the known explicit expression for the Kℓ3 form fac-
tors to NNLO in χPT [225, 227]. The corresponding formula for f4 accounts for the chiral
logarithms occurring at NNLO and is not subject to the ambiguity mentioned above.17 The
numerical result, however, depends on the model used to estimate the low-energy constants
occurring in f4 [222–225]. The figure indicates that the most recent numbers obtained in this
way correspond to a positive or an almost vanishing rather than a negative value for ∆f . We
note that FNAL/MILC 12I [23] have made an attempt at determining a combination of some
of the low-energy constants appearing in f4 from lattice data.

4.3 Direct determination of f+(0) and fK±/fπ±

All lattice results for the form factor f+(0) and many available results for the ratio of decay
constants, that we summarize here in Tabs. 13 and 14, respectively, have been computed in
isospin-symmetric QCD. The reason for this unphysical parameter choice is that there are
only few simulations of SU(2) isospin-breaking effects in lattice QCD, which is ultimately

17Fortran programs for the numerical evaluation of the form factor representation in Ref. [225] are available
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is the intersection of these two bands and represents the 68% likelihood contour,19 obtained
by treating the above two results as independent measurements. Repeating the exercise for
Nf = 2 + 1 and Nf = 2 leads to the green and blue ellipses, respectively. The plot indicates
a slight tension between the Nf = 2 + 1 + 1 and the nuclear β decay results.

Figure 8: The plot compares the information for |Vud|, |Vus| obtained on the lattice with
the experimental result extracted from nuclear β transitions. The dotted line indicates the
correlation between |Vud| and |Vus| that follows if the CKM-matrix is unitary.

4.4 Tests of the Standard Model

In the Standard Model, the CKM matrix is unitary. In particular, the elements of the first
row obey

|Vu|2 ≡ |Vud|2 + |Vus|2 + |Vub|2 = 1 . (67)

The tiny contribution from |Vub| is known much better than needed in the present context:
|Vub| = 4.13(49) · 10−3 [150]. In the following, we first discuss the evidence for the validity of
the relation (67) and only then use it to analyse the lattice data within the Standard Model.

In Fig. 8, the correlation between |Vud| and |Vus| imposed by the unitarity of the CKM
matrix is indicated by a dotted line (more precisely, in view of the uncertainty in |Vub|, the
correlation corresponds to a band of finite width, but the effect is too small to be seen here).
The plot shows that there is a slight tension with unitarity in the data for Nf = 2 + 1 + 1:
Numerically, the outcome for the sum of the squares of the first row of the CKM matrix
reads |Vu|2 = 0.980(9), which deviates from unity at the level of two standard deviations.

19Note that the ellipses shown in Fig. 5 of both Ref. [1] and Ref. [2] correspond instead to the 39% likelihood
contours. Note also that in Ref. [2] the likelihood was erroneously stated to be 68% rather than 39%.
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Figure 9: Results for |Vus| and |Vud| that follow from the lattice data for f+(0) (triangles)
and fK±/fπ± (squares), on the basis of the assumption that the CKM matrix is unitary.
The black squares and the grey bands represent our estimates, obtained by combining these
two different ways of measuring |Vus| and |Vud| on a lattice. For comparison, the figure also
indicates the results obtained if the data on nuclear β decay and τ decay are analysed within
the Standard Model.

χ2/dof ≃ 1.0. For Nf = 2 we consider ETM 09A and ETM 09 as statistically correlated,
obtaining |Vus| = 0.2256(21) with χ2/dof ≃ 0.7. The figure shows that the result obtained
for the data with Nf = 2, Nf = 2 + 1 and Nf = 2 + 1 + 1 are consistent with each other.

Alternatively, we can solve the relations for |Vud| instead of |Vus|. Again, the result
|Vud| = 0.97440(19) which follows from the lattice data with Nf = 2 + 1 + 1 is perfectly
consistent with the values |Vud| = 0.97451(23) and |Vud| = 0.97423(47) obtained from the
data with Nf = 2 + 1 and Nf = 2, respectively. The reduction of the uncertainties in the
result for |Vud| due to CKM unitarity is to be expected from Fig. 8: the unitarity condition
reduces the region allowed by the lattice results to a nearly vertical interval.

Next, we determine the values of f+(0) and fK±/fπ± that follow from our determinations
of |Vus| and |Vud| obtained from the lattice data within the Standard Model. We find f+(0) =
0.9622(50) for Nf = 2 + 1 + 1, f+(0) = 0.9652(47) for Nf = 2 + 1, f+(0) = 0.9597(91) for
Nf = 2 and fK±/fπ± = 1.195(5) for Nf = 2 + 1 + 1, fK±/fπ± = 1.199(5) for Nf = 2 + 1,
fK±/fπ± = 1.192(9) for Nf = 2, respectively. These results are collected in the upper half
of Tab. 17. In the lower half of the table, we list the analogous results found by working
out the consequences of the CKM unitarity using the values of |Vud| and |Vus| obtained from

70



Nf = 2 + 1 lattice QCD is

fDπ
+ (0) = 0.666(29) Refs. [50],

Nf = 2 + 1 : (134)
fDK
+ (0) = 0.747(19) Refs. [51].

Fig. 18 displays the existing Nf = 2 and Nf = 2+ 1 results for fDπ
+ (0) and fDK

+ (0); the grey
bands show our average of these quantities. Section 7.3 discusses the implications of these
results for determinations of the CKM matrix elements |Vcd| and |Vcs| and tests of unitarity
of the second row of the CKM matrix.

Figure 18: D → πℓν and D → Kℓν semileptonic form factors at q2 = 0. The HPQCD result
for fDπ

+ (0) is from HPQCD 11, the one for fDK
+ (0) represents HPQCD 10B (see Table 29).

7.3 Determinations of |Vcd| and |Vcs| and test of second-row CKM unitarity

We now interpret the lattice-QCD results for the D(s) meson decays as determinations of the
CKM matrix elements |Vcd| and |Vcs| in the Standard Model.

For the leptonic decays, we use the latest experimental averages from Rosner, Stone and
Van de Water for the Particle Data Group [182]

fD|Vcd| = 45.91(1.05) MeV , fDs |Vcs| = 250.9(4.0) MeV . (135)

By combining these with the average values of fD and fDs from the individual Nf = 2,
Nf = 2 + 1 and Nf = 2 + 1 + 1 lattice-QCD calculations that satisfy the FLAG criteria, we
obtain the results for the CKM matrix elements |Vcd| and |Vcs| in Tab. 30. For our preferred
values we use the averaged Nf = 2 and Nf = 2+1 results for fD and fDs in Eqs. (127), (128)

126

Figure 13. Superposition of our results (blue circles) to the data presented in the most recent
FLAG report [21]. The small error bar shows the statistic error only, whilst the large error band
includes both, the statistic and the systematic error.

4 CKM matrix elements

Having obtained the decay constants, we can make a prediction of the CKM matrix el-

ements |Vcd| and |Vcs|. However, the values shown in (1.1) are obtained in nature and

therefore we need to adjust these values to those of an isospin symmetric theory. In other

words, the measured decay rate |Vcq| fDq does include electroweak, electromagnetic and

isospin breaking e↵ects, so before extracting |Vcq| we need to correct the decay rate for

these e↵ects. Ref. [20] distinguishes between universal long-distance electromagnetic (EM)

e↵ects, universal short distance electroweak (EW) e↵ects and structure dependent EM ef-

fects. All of these modify the decay rate to match the experimental value to the theory

in which we simulate. The combined e↵ect of the universal long-distance EM and short-

distance EW e↵ects is to lower the decay rate by 0.7% [20, 67, 68]. We adjust the decay

rates from (1.1) and then calculate the CKM matrix elements from this. We find

|Vcd| = 0.2185(50)
exp

(+35

�37

)
lat

,

|Vcs| = 1.011(16)
exp

(+11

� 9

)
lat

.
(4.1)

Again, we can superimpose our results to those obtained in the most recent FLAG re-

port [21], shown in figure 14. This combines the results of refs. [15–20, 64, 69, 70]. Again

we find good agreement between previous works and obtain a competitive error.

5 Conclusion and outlook

In this paper we reported on RBC/UKQCD’s first computation of the D- and Ds-meson

decay constants on Nf = 2 + 1 domain wall fermion ensembles with physical light quarks

and (valence) domain wall charm quarks. The results for decay constants and CKM matrix

elements as summarised in equation (1.3) derive from a thorough data analysis including in

particular a continuum extrapolation over three lattice spacings. With a precision of 1.6%

– 21 –

Leptonic D(s) meson decays

26

<1% <1% 4.3% 2.5%

Once the technicalities behind controlling charm and bottom on the lattice the  
form factor computation is very similar, in particular for D-mesons:
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Leptonic beauty decays
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Semileptonic b-decays
Kinematical reach limited in lattice QCD → extract value of Vub from  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b-mass and matrix elements

Quantity Sec. Nf = 2 + 1 + 1 Refs. Nf = 2 + 1 Refs. Nf = 2 Refs.

fD[MeV] 7.1 212.15(1.45) [14, 27] 209.2(3.3) [47, 48] 208(7) [20]

fDs[MeV] 7.1 248.83(1.27) [14, 27] 249.8(2.3) [17, 48, 49] 250(7) [20]

fDs/fD 7.1 1.1716(32) [14, 27] 1.187(12) [47, 48] 1.20(2) [20]

fDπ
+ (0) 7.2 0.666(29) [50]

fDK
+ (0) 7.2 0.747(19) [51]

fB[MeV] 8.1 186(4) [52] 192.0(4.3) [48, 53–56] 188(7) [20, 57, 58]

fBs [MeV] 8.1 224(5) [52] 228.4(3.7) [48, 53–56] 227(7) [20, 57, 58]

fBs/fB 8.1 1.205(7) [52] 1.201(16) [48, 53–56] 1.206(23) [20, 57, 58]

fBd

√
B̂Bd [MeV] 8.2 219(14) [54, 59] 216(10) [20]

fBs

√
B̂Bs [MeV] 8.2 270(16) [54, 59] 262(10) [20]

B̂Bd 8.2 1.26(9) [54, 59] 1.30(6) [20]

B̂Bs 8.2 1.32(6) [54, 59] 1.32(5) [20]

ξ 8.2 1.239(46) [54, 60] 1.225(31) [20]

BBs/BBd 8.2 1.039(63) [54, 60] 1.007(21) [20]

Quantity Sec. Nf = 2 + 1 and Nf = 2 + 1 + 1 Refs.

α(5)

MS
(MZ) 9.9 0.1182(12) [5, 9, 61–63]

Λ(5)

MS
[MeV] 9.9 211(14) [5, 9, 61–63]

Table 2: Summary of the main results of this review, grouped in terms of Nf , the number of dynamical quark flavours in lattice
simulations. The quantities listed are specified in the quoted sections. For each result we list the references that entered the FLAG
average or estimate. From the entries in this column one can also read off the number of results that enter our averages for each
quantity. We emphasize that these numbers only give a very rough indication of how thoroughly the quantity in question has been
explored on the lattice and recommend to consult the detailed tables and figures in the relevant section for more significant information
and for explanations on the source of the quoted errors.

9

mb(mb)[GeV] 4.190(21)               [5,19]        4.164(23)        [9]                      4.256(81)     [20,21]

• what has the lattice done for b-flavour physics?
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Figure 27: Lattice and experimental data for (1 − q2/m2
B∗)fB→π

+ (q2) versus z. The filled
green symbols denote lattice-QCD points included in the fit, while blue and indigo points
show experimental data divided by the value of |Vub| obtained from the fit. The grey band
shows the preferred three-parameter BCL fit to the lattice-QCD and experimental data with
errors.

new information about cross-correlations, that allows us to obtain a meaningful final error
estimate.57 The lattice input dataset will be the same discussed in Sec. 8.3.

A simple three-parameter constrained BCL fit (i.e., through O(z2) plus |Vub|) is enough to
describe the combined datasets satisfactorily; however, the inclusion of experimental points
allows for a better determination of the higher orders in the BCL parameterization with
respect to the lattice-only fit. In order to address the potential systematic uncertainty due
to truncating the series in z, we continue to add terms to the fit until the result for |Vub|
stabilizes, i.e., the central value settles and the errors stop increasing. We find that this
happens at O(z3), and take the value of |Vub| from the combined fit through this order as our
estimate,

Nf = 2 + 1 B → πℓν : |Vub| = 3.62(14) × 10−3 . (212)

Fig. 27 shows both the lattice and experimental data for (1− q2/m2
B∗)f+(q2) as a function of

z(q2), together with our preferred fit; experimental data have been rescaled by the resulting
value for |Vub|2. It is worth noting the good consistency between the form factor shapes
from lattice and experimental data. This can be quantified, e.g., by computing the ratio of
the two leading coefficients in the constrained BCL parameterization: the fit to lattice form
factors yields a1/a0 = −0.83(25) (cf. Eq. (185)), while the above lattice+experiment fit yields
a1/a0 = −0.921(88).

We plot the values of |Vub| we have obtained in Fig. 29, where the determination through
inclusive decays by the Heavy Flavour Averaging Group (HFAG) [196], yielding |Vub| =
4.62(20)(29) × 10−3, is also shown for comparison. In this plot the tension between the
BaBar and the Belle measurements of B(B− → τ−ν̄) is manifest. As discussed above, it is

57See, e.g., Sec. V.D of [502] for a detailed discussion.
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Figure 28: Lattice and experimental data for fB→D
+ (q2) versus z. The filled green symbols

denote lattice-QCD points included in the fit, while blue and indigo points show experimental
data divided by the value of |Vcb| obtained from the fit. The grey band shows the preferred
three-parameter BCL fit to the lattice-QCD and experimental data with errors.

Figure 29: Left: Summary of |Vub| determined using: i) the B-meson leptonic decay branching
fraction, B(B− → τ−ν̄), measured at the Belle and BaBar experiments, and our averages for
fB from lattice QCD; and ii) the various measurements of the B → πℓν decay rates by
Belle and BaBar, and our averages for lattice determinations of the relevant vector form
factor f+(q2). Right: Same for determinations of |Vcb| using semileptonic decays. The HFAG
inclusive results are from Ref. [196].
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Semileptonic form factors (tree, rare)b-mass and matrix elements

Quantity Sec. Nf = 2 + 1 + 1 Refs. Nf = 2 + 1 Refs. Nf = 2 Refs.

fD[MeV] 7.1 212.15(1.45) [14, 27] 209.2(3.3) [47, 48] 208(7) [20]

fDs[MeV] 7.1 248.83(1.27) [14, 27] 249.8(2.3) [17, 48, 49] 250(7) [20]

fDs/fD 7.1 1.1716(32) [14, 27] 1.187(12) [47, 48] 1.20(2) [20]

fDπ
+ (0) 7.2 0.666(29) [50]

fDK
+ (0) 7.2 0.747(19) [51]

fB[MeV] 8.1 186(4) [52] 192.0(4.3) [48, 53–56] 188(7) [20, 57, 58]

fBs [MeV] 8.1 224(5) [52] 228.4(3.7) [48, 53–56] 227(7) [20, 57, 58]

fBs/fB 8.1 1.205(7) [52] 1.201(16) [48, 53–56] 1.206(23) [20, 57, 58]

fBd

√
B̂Bd [MeV] 8.2 219(14) [54, 59] 216(10) [20]

fBs

√
B̂Bs [MeV] 8.2 270(16) [54, 59] 262(10) [20]

B̂Bd 8.2 1.26(9) [54, 59] 1.30(6) [20]

B̂Bs 8.2 1.32(6) [54, 59] 1.32(5) [20]

ξ 8.2 1.239(46) [54, 60] 1.225(31) [20]

BBs/BBd 8.2 1.039(63) [54, 60] 1.007(21) [20]

Quantity Sec. Nf = 2 + 1 and Nf = 2 + 1 + 1 Refs.

α(5)

MS
(MZ) 9.9 0.1182(12) [5, 9, 61–63]

Λ(5)

MS
[MeV] 9.9 211(14) [5, 9, 61–63]

Table 2: Summary of the main results of this review, grouped in terms of Nf , the number of dynamical quark flavours in lattice
simulations. The quantities listed are specified in the quoted sections. For each result we list the references that entered the FLAG
average or estimate. From the entries in this column one can also read off the number of results that enter our averages for each
quantity. We emphasize that these numbers only give a very rough indication of how thoroughly the quantity in question has been
explored on the lattice and recommend to consult the detailed tables and figures in the relevant section for more significant information
and for explanations on the source of the quoted errors.
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Figure 28: Lattice and experimental data for fB→D
+ (q2) versus z. The filled green symbols

denote lattice-QCD points included in the fit, while blue and indigo points show experimental
data divided by the value of |Vcb| obtained from the fit. The grey band shows the preferred
three-parameter BCL fit to the lattice-QCD and experimental data with errors.

Figure 29: Left: Summary of |Vub| determined using: i) the B-meson leptonic decay branching
fraction, B(B− → τ−ν̄), measured at the Belle and BaBar experiments, and our averages for
fB from lattice QCD; and ii) the various measurements of the B → πℓν decay rates by
Belle and BaBar, and our averages for lattice determinations of the relevant vector form
factor f+(q2). Right: Same for determinations of |Vcb| using semileptonic decays. The HFAG
inclusive results are from Ref. [196].
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Figure 29: Left: Summary of |Vub| determined using: i) the B-meson leptonic decay branching
fraction, B(B− → τ−ν̄), measured at the Belle and BaBar experiments, and our averages for
fB from lattice QCD; and ii) the various measurements of the B → πℓν decay rates by
Belle and BaBar, and our averages for lattice determinations of the relevant vector form
factor f+(q2). Right: Same for determinations of |Vcb| using semileptonic decays. The HFAG
inclusive results are from Ref. [196].
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Figure 27: Lattice and experimental data for (1 − q2/m2
B∗)fB→π

+ (q2) versus z. The filled
green symbols denote lattice-QCD points included in the fit, while blue and indigo points
show experimental data divided by the value of |Vub| obtained from the fit. The grey band
shows the preferred three-parameter BCL fit to the lattice-QCD and experimental data with
errors.

new information about cross-correlations, that allows us to obtain a meaningful final error
estimate.57 The lattice input dataset will be the same discussed in Sec. 8.3.

A simple three-parameter constrained BCL fit (i.e., through O(z2) plus |Vub|) is enough to
describe the combined datasets satisfactorily; however, the inclusion of experimental points
allows for a better determination of the higher orders in the BCL parameterization with
respect to the lattice-only fit. In order to address the potential systematic uncertainty due
to truncating the series in z, we continue to add terms to the fit until the result for |Vub|
stabilizes, i.e., the central value settles and the errors stop increasing. We find that this
happens at O(z3), and take the value of |Vub| from the combined fit through this order as our
estimate,

Nf = 2 + 1 B → πℓν : |Vub| = 3.62(14) × 10−3 . (212)

Fig. 27 shows both the lattice and experimental data for (1− q2/m2
B∗)f+(q2) as a function of

z(q2), together with our preferred fit; experimental data have been rescaled by the resulting
value for |Vub|2. It is worth noting the good consistency between the form factor shapes
from lattice and experimental data. This can be quantified, e.g., by computing the ratio of
the two leading coefficients in the constrained BCL parameterization: the fit to lattice form
factors yields a1/a0 = −0.83(25) (cf. Eq. (185)), while the above lattice+experiment fit yields
a1/a0 = −0.921(88).

We plot the values of |Vub| we have obtained in Fig. 29, where the determination through
inclusive decays by the Heavy Flavour Averaging Group (HFAG) [196], yielding |Vub| =
4.62(20)(29) × 10−3, is also shown for comparison. In this plot the tension between the
BaBar and the Belle measurements of B(B− → τ−ν̄) is manifest. As discussed above, it is

57See, e.g., Sec. V.D of [502] for a detailed discussion.
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Figure 28: Lattice and experimental data for fB→D
+ (q2) versus z. The filled green symbols

denote lattice-QCD points included in the fit, while blue and indigo points show experimental
data divided by the value of |Vcb| obtained from the fit. The grey band shows the preferred
three-parameter BCL fit to the lattice-QCD and experimental data with errors.

Figure 29: Left: Summary of |Vub| determined using: i) the B-meson leptonic decay branching
fraction, B(B− → τ−ν̄), measured at the Belle and BaBar experiments, and our averages for
fB from lattice QCD; and ii) the various measurements of the B → πℓν decay rates by
Belle and BaBar, and our averages for lattice determinations of the relevant vector form
factor f+(q2). Right: Same for determinations of |Vcb| using semileptonic decays. The HFAG
inclusive results are from Ref. [196].
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fD[MeV] 7.1 212.15(1.45) [14, 27] 209.2(3.3) [47, 48] 208(7) [20]

fDs[MeV] 7.1 248.83(1.27) [14, 27] 249.8(2.3) [17, 48, 49] 250(7) [20]

fDs/fD 7.1 1.1716(32) [14, 27] 1.187(12) [47, 48] 1.20(2) [20]

fDπ
+ (0) 7.2 0.666(29) [50]

fDK
+ (0) 7.2 0.747(19) [51]

fB[MeV] 8.1 186(4) [52] 192.0(4.3) [48, 53–56] 188(7) [20, 57, 58]

fBs [MeV] 8.1 224(5) [52] 228.4(3.7) [48, 53–56] 227(7) [20, 57, 58]

fBs/fB 8.1 1.205(7) [52] 1.201(16) [48, 53–56] 1.206(23) [20, 57, 58]

fBd

√
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√
B̂Bs [MeV] 8.2 270(16) [54, 59] 262(10) [20]

B̂Bd 8.2 1.26(9) [54, 59] 1.30(6) [20]

B̂Bs 8.2 1.32(6) [54, 59] 1.32(5) [20]

ξ 8.2 1.239(46) [54, 60] 1.225(31) [20]

BBs/BBd 8.2 1.039(63) [54, 60] 1.007(21) [20]

Quantity Sec. Nf = 2 + 1 and Nf = 2 + 1 + 1 Refs.

α(5)

MS
(MZ) 9.9 0.1182(12) [5, 9, 61–63]

Λ(5)

MS
[MeV] 9.9 211(14) [5, 9, 61–63]

Table 2: Summary of the main results of this review, grouped in terms of Nf , the number of dynamical quark flavours in lattice
simulations. The quantities listed are specified in the quoted sections. For each result we list the references that entered the FLAG
average or estimate. From the entries in this column one can also read off the number of results that enter our averages for each
quantity. We emphasize that these numbers only give a very rough indication of how thoroughly the quantity in question has been
explored on the lattice and recommend to consult the detailed tables and figures in the relevant section for more significant information
and for explanations on the source of the quoted errors.
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Figure 28: Lattice and experimental data for fB→D
+ (q2) versus z. The filled green symbols

denote lattice-QCD points included in the fit, while blue and indigo points show experimental
data divided by the value of |Vcb| obtained from the fit. The grey band shows the preferred
three-parameter BCL fit to the lattice-QCD and experimental data with errors.

Figure 29: Left: Summary of |Vub| determined using: i) the B-meson leptonic decay branching
fraction, B(B− → τ−ν̄), measured at the Belle and BaBar experiments, and our averages for
fB from lattice QCD; and ii) the various measurements of the B → πℓν decay rates by
Belle and BaBar, and our averages for lattice determinations of the relevant vector form
factor f+(q2). Right: Same for determinations of |Vcb| using semileptonic decays. The HFAG
inclusive results are from Ref. [196].
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denote lattice-QCD points included in the fit, while blue and indigo points show experimental
data divided by the value of |Vcb| obtained from the fit. The grey band shows the preferred
three-parameter BCL fit to the lattice-QCD and experimental data with errors.

Figure 29: Left: Summary of |Vub| determined using: i) the B-meson leptonic decay branching
fraction, B(B− → τ−ν̄), measured at the Belle and BaBar experiments, and our averages for
fB from lattice QCD; and ii) the various measurements of the B → πℓν decay rates by
Belle and BaBar, and our averages for lattice determinations of the relevant vector form
factor f+(q2). Right: Same for determinations of |Vcb| using semileptonic decays. The HFAG
inclusive results are from Ref. [196].
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Figure 27: Lattice and experimental data for (1 − q2/m2
B∗)fB→π

+ (q2) versus z. The filled
green symbols denote lattice-QCD points included in the fit, while blue and indigo points
show experimental data divided by the value of |Vub| obtained from the fit. The grey band
shows the preferred three-parameter BCL fit to the lattice-QCD and experimental data with
errors.

new information about cross-correlations, that allows us to obtain a meaningful final error
estimate.57 The lattice input dataset will be the same discussed in Sec. 8.3.

A simple three-parameter constrained BCL fit (i.e., through O(z2) plus |Vub|) is enough to
describe the combined datasets satisfactorily; however, the inclusion of experimental points
allows for a better determination of the higher orders in the BCL parameterization with
respect to the lattice-only fit. In order to address the potential systematic uncertainty due
to truncating the series in z, we continue to add terms to the fit until the result for |Vub|
stabilizes, i.e., the central value settles and the errors stop increasing. We find that this
happens at O(z3), and take the value of |Vub| from the combined fit through this order as our
estimate,

Nf = 2 + 1 B → πℓν : |Vub| = 3.62(14) × 10−3 . (212)

Fig. 27 shows both the lattice and experimental data for (1− q2/m2
B∗)f+(q2) as a function of

z(q2), together with our preferred fit; experimental data have been rescaled by the resulting
value for |Vub|2. It is worth noting the good consistency between the form factor shapes
from lattice and experimental data. This can be quantified, e.g., by computing the ratio of
the two leading coefficients in the constrained BCL parameterization: the fit to lattice form
factors yields a1/a0 = −0.83(25) (cf. Eq. (185)), while the above lattice+experiment fit yields
a1/a0 = −0.921(88).

We plot the values of |Vub| we have obtained in Fig. 29, where the determination through
inclusive decays by the Heavy Flavour Averaging Group (HFAG) [196], yielding |Vub| =
4.62(20)(29) × 10−3, is also shown for comparison. In this plot the tension between the
BaBar and the Belle measurements of B(B− → τ−ν̄) is manifest. As discussed above, it is

57See, e.g., Sec. V.D of [502] for a detailed discussion.
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Figure 28: Lattice and experimental data for fB→D
+ (q2) versus z. The filled green symbols

denote lattice-QCD points included in the fit, while blue and indigo points show experimental
data divided by the value of |Vcb| obtained from the fit. The grey band shows the preferred
three-parameter BCL fit to the lattice-QCD and experimental data with errors.

Figure 29: Left: Summary of |Vub| determined using: i) the B-meson leptonic decay branching
fraction, B(B− → τ−ν̄), measured at the Belle and BaBar experiments, and our averages for
fB from lattice QCD; and ii) the various measurements of the B → πℓν decay rates by
Belle and BaBar, and our averages for lattice determinations of the relevant vector form
factor f+(q2). Right: Same for determinations of |Vcb| using semileptonic decays. The HFAG
inclusive results are from Ref. [196].
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average or estimate. From the entries in this column one can also read off the number of results that enter our averages for each
quantity. We emphasize that these numbers only give a very rough indication of how thoroughly the quantity in question has been
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and for explanations on the source of the quoted errors.

9

mb(mb)[GeV] 4.190(21)               [5,19]        4.164(23)        [9]                      4.256(81)     [20,21]

• what has the lattice done for b-flavour physics?

more channels:
B→πlν, B→Dlν
Bs→Dslν, Bs→Klν
Bs→𝜙ll, Bs→K*lν
talk to Oliver Witzel…



“The b-quark at 40”
• lattice QFT is only slightly older than the b-quark 

-0.02 0 0.02
z(q2, topt)

0.6

0.7

0.8

0.9

1

1.1

1.2

1.3

f +(q
2 )

FNAL/MILC 15C
HPQCD 15
Belle 2016
BaBar 2009
BCL fit

Figure 28: Lattice and experimental data for fB→D
+ (q2) versus z. The filled green symbols

denote lattice-QCD points included in the fit, while blue and indigo points show experimental
data divided by the value of |Vcb| obtained from the fit. The grey band shows the preferred
three-parameter BCL fit to the lattice-QCD and experimental data with errors.

Figure 29: Left: Summary of |Vub| determined using: i) the B-meson leptonic decay branching
fraction, B(B− → τ−ν̄), measured at the Belle and BaBar experiments, and our averages for
fB from lattice QCD; and ii) the various measurements of the B → πℓν decay rates by
Belle and BaBar, and our averages for lattice determinations of the relevant vector form
factor f+(q2). Right: Same for determinations of |Vcb| using semileptonic decays. The HFAG
inclusive results are from Ref. [196].

170

-0.02 0 0.02
z(q2, topt)

0.6

0.7

0.8

0.9

1

1.1

1.2

1.3

f +(q
2 )

FNAL/MILC 15C
HPQCD 15
Belle 2016
BaBar 2009
BCL fit

Figure 28: Lattice and experimental data for fB→D
+ (q2) versus z. The filled green symbols
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Figure 29: Left: Summary of |Vub| determined using: i) the B-meson leptonic decay branching
fraction, B(B− → τ−ν̄), measured at the Belle and BaBar experiments, and our averages for
fB from lattice QCD; and ii) the various measurements of the B → πℓν decay rates by
Belle and BaBar, and our averages for lattice determinations of the relevant vector form
factor f+(q2). Right: Same for determinations of |Vcb| using semileptonic decays. The HFAG
inclusive results are from Ref. [196].
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Figure 27: Lattice and experimental data for (1 − q2/m2
B∗)fB→π

+ (q2) versus z. The filled
green symbols denote lattice-QCD points included in the fit, while blue and indigo points
show experimental data divided by the value of |Vub| obtained from the fit. The grey band
shows the preferred three-parameter BCL fit to the lattice-QCD and experimental data with
errors.

new information about cross-correlations, that allows us to obtain a meaningful final error
estimate.57 The lattice input dataset will be the same discussed in Sec. 8.3.

A simple three-parameter constrained BCL fit (i.e., through O(z2) plus |Vub|) is enough to
describe the combined datasets satisfactorily; however, the inclusion of experimental points
allows for a better determination of the higher orders in the BCL parameterization with
respect to the lattice-only fit. In order to address the potential systematic uncertainty due
to truncating the series in z, we continue to add terms to the fit until the result for |Vub|
stabilizes, i.e., the central value settles and the errors stop increasing. We find that this
happens at O(z3), and take the value of |Vub| from the combined fit through this order as our
estimate,

Nf = 2 + 1 B → πℓν : |Vub| = 3.62(14) × 10−3 . (212)

Fig. 27 shows both the lattice and experimental data for (1− q2/m2
B∗)f+(q2) as a function of

z(q2), together with our preferred fit; experimental data have been rescaled by the resulting
value for |Vub|2. It is worth noting the good consistency between the form factor shapes
from lattice and experimental data. This can be quantified, e.g., by computing the ratio of
the two leading coefficients in the constrained BCL parameterization: the fit to lattice form
factors yields a1/a0 = −0.83(25) (cf. Eq. (185)), while the above lattice+experiment fit yields
a1/a0 = −0.921(88).

We plot the values of |Vub| we have obtained in Fig. 29, where the determination through
inclusive decays by the Heavy Flavour Averaging Group (HFAG) [196], yielding |Vub| =
4.62(20)(29) × 10−3, is also shown for comparison. In this plot the tension between the
BaBar and the Belle measurements of B(B− → τ−ν̄) is manifest. As discussed above, it is

57See, e.g., Sec. V.D of [502] for a detailed discussion.
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denote lattice-QCD points included in the fit, while blue and indigo points show experimental
data divided by the value of |Vcb| obtained from the fit. The grey band shows the preferred
three-parameter BCL fit to the lattice-QCD and experimental data with errors.

Figure 29: Left: Summary of |Vub| determined using: i) the B-meson leptonic decay branching
fraction, B(B− → τ−ν̄), measured at the Belle and BaBar experiments, and our averages for
fB from lattice QCD; and ii) the various measurements of the B → πℓν decay rates by
Belle and BaBar, and our averages for lattice determinations of the relevant vector form
factor f+(q2). Right: Same for determinations of |Vcb| using semileptonic decays. The HFAG
inclusive results are from Ref. [196].
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Semileptonic form factors (tree, rare)

Plenty more going on, e.g. spectroscopy …

b-mass and matrix elements

Quantity Sec. Nf = 2 + 1 + 1 Refs. Nf = 2 + 1 Refs. Nf = 2 Refs.

fD[MeV] 7.1 212.15(1.45) [14, 27] 209.2(3.3) [47, 48] 208(7) [20]

fDs[MeV] 7.1 248.83(1.27) [14, 27] 249.8(2.3) [17, 48, 49] 250(7) [20]

fDs/fD 7.1 1.1716(32) [14, 27] 1.187(12) [47, 48] 1.20(2) [20]

fDπ
+ (0) 7.2 0.666(29) [50]

fDK
+ (0) 7.2 0.747(19) [51]

fB[MeV] 8.1 186(4) [52] 192.0(4.3) [48, 53–56] 188(7) [20, 57, 58]

fBs [MeV] 8.1 224(5) [52] 228.4(3.7) [48, 53–56] 227(7) [20, 57, 58]

fBs/fB 8.1 1.205(7) [52] 1.201(16) [48, 53–56] 1.206(23) [20, 57, 58]

fBd

√
B̂Bd [MeV] 8.2 219(14) [54, 59] 216(10) [20]

fBs

√
B̂Bs [MeV] 8.2 270(16) [54, 59] 262(10) [20]

B̂Bd 8.2 1.26(9) [54, 59] 1.30(6) [20]

B̂Bs 8.2 1.32(6) [54, 59] 1.32(5) [20]

ξ 8.2 1.239(46) [54, 60] 1.225(31) [20]

BBs/BBd 8.2 1.039(63) [54, 60] 1.007(21) [20]

Quantity Sec. Nf = 2 + 1 and Nf = 2 + 1 + 1 Refs.

α(5)

MS
(MZ) 9.9 0.1182(12) [5, 9, 61–63]

Λ(5)

MS
[MeV] 9.9 211(14) [5, 9, 61–63]

Table 2: Summary of the main results of this review, grouped in terms of Nf , the number of dynamical quark flavours in lattice
simulations. The quantities listed are specified in the quoted sections. For each result we list the references that entered the FLAG
average or estimate. From the entries in this column one can also read off the number of results that enter our averages for each
quantity. We emphasize that these numbers only give a very rough indication of how thoroughly the quantity in question has been
explored on the lattice and recommend to consult the detailed tables and figures in the relevant section for more significant information
and for explanations on the source of the quoted errors.

9

mb(mb)[GeV] 4.190(21)               [5,19]        4.164(23)        [9]                      4.256(81)     [20,21]

• what has the lattice done for b-flavour physics?

more channels:
B→πlν, B→Dlν
Bs→Dslν, Bs→Klν
Bs→𝜙ll, Bs→K*lν
talk to Oliver Witzel…



Summary I

• (non-rare) Lattice Flavour Physics is a mature research field  

• several independent groups competing  

• (sub-)percent precision for standard quantities feasible  

• FLAG summarises particularly mature quantities  
for use in SM and BSM phenomenology
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Beyond precision lattice QCD
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Go beyond short distance physics
O(1/ΛQCD)

HW HW
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remember: so far mostly only QCD (ml=mu=md, αEM=0)  
but 1/137 relevant once 1% precision on QCD ME  

• we are starting go beyond EFT treatment  
(e.g. replace ChPT estimates within factorisation approximation)  

• need to understand how this can be done conceptually  

• already many results in spectroscopy but not for matrix elements  

• finite size effects with photons pose a substantial problem 
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Isospin corrections are important
�K!⇡l⌫ = C2

K
G2

Fm5
K

192⇡2 SEW(1 +�SU(2) +�EM)2 I |fK⇡
+ (0)|2|Vus|2• e.g. K→πlν:

3%
Kastner & Neufeld

Eur. Phys. J. C 57 (2008) 541
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Fm5
K

192⇡2 SEW(1 +�SU(2) +�EM)2 I |fK⇡
+ (0)|2|Vus|2• e.g. K→πlν:

• precision now such that corrections need to be improved:  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QCD+QED
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Action:

/ 1/L, 1/L2, . . .

• photon is massless and interacts over long range  
→ power-like finite volume effects                          from exchange  
of photon around torus 

• sufficiently large volumes currently not feasible, so use effective field  
theory to subtract finite volume effects

• MC simulation of discretised theory
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QCD+QED
Example: FV correction to mass of a spin-1/2 particle in QED

analytically compute the difference of the finite volume and infinite volume  
self energies Σ:

leading behaviour universal in 𝜅 (structure- and spin-independent)

BMW Collaboration 
Science 347 (2015) 1452-1455 
arXiv:1406.4088
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QCD+QED: baryon mass splitting
• relative neutron-proton mass difference found in nature 0.14%
• the value has significant implication for nature

• smaller value → inverse β-decay of H
• much larger value → faster β-decay for neutrons in BBN
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Nf = 1+1+1+1 QCD+QED simulations
and determined the light baryon 
isospin splitting

• relative neutron-proton mass difference found in nature 0.14%
• the value has significant implication for nature

• smaller value → inverse β-decay of H
• much larger value → faster β-decay for neutrons in BBN

BMW Collaboration 
Science 347 (2015) 1452-1455 
arXiv:1406.4088

�N = (2.52(17)(24)� 1.00(07)(14))MeV
QEDQCD

Cancellation:
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• including elm. effects @ O(α):
�(⇡+ ! l+⌫l(�)) = �(⇡+ ! l+⌫l) + �(⇡+ ! l+⌫l�)

IR div. cancel between terms on r.h.s. 
between virtual and real photons  

(Bloch Nordsieck)

≣         Γ0                    +          Γ1
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Including QED in meson decay MEs

• cut on small photon momentum < ∆E → γ sees point-like π  
∆E≈20MeV experimentally accessible and π point like

Carrasco et al. PRD 91 074506 (2015) arXiv:1502.00257
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inclusion of QED effects will be one of the big challenges in  
Lattice phenomenology over the next years
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Long distance effects in 
 kaon physics - mixing

Long Distance effects amount to O(5%), so certainly worth considering on the lattice

two 4-quark OP
length scale 1/ΛQCD

single 4-quark OP,
length scale 10-18m               

Christ, Izubuchi, Sachrajda, Soni, Yu  
arXiv:1212.5931

1st order Weak 2nd order Weak
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Beyond short distance: e.g. ΔMK

• experimentally ∆MK=3.483(6)⨉10-12MeV (PDG)  

• suppressed by 14 orders of magnitude with respect  
to QCD  → poses strong BSM constraints  
(e.g. (1/Λ)2              BSM contribution) knowing  
∆MK at 10%-level → Λ≥104TeV 

• SD about 70% of experimental value - rest LD?  

• PT large contributions at μ∼mc where PT turns  
out to converge badly (NLO->NNLO constitutes  
36% correction)

s̄ds̄d

Brod, Gorbahn PRL 108 121801 (2012) arXiv:1108.2036
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Exciting new work on εK and MK in progress … 

http://arxiv.org/abs/1212.5931
http://arxiv.org/abs/arXiv:1406.0916


long distance effects:  
Rare kaon decays

Two new experiments dedicated to rare kaon decays  
NA62 (CERN) and KOTO (J-PARC) are running

• FCNC (W-W or γ/Z-exchange diagrams)
• deep probe into flavour mixing and SM/BSM  

due to suppression in the SM
• can determine Vtd, Vts and test SM
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      Rare kaon decays K+ ! ⇡+l+l�
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      Rare kaon decays K+ ! ⇡+l+l�

Decay amplitude in terms of elm. transition form factor 
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• the aS and a+ can be extracted from experiment or lattice
• aS parameterises also the CP-violating contribution  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Summary II
• considerable set of SM parameters, spectra and matrix elements now  

reliably and precisely predicted in full lattice QCD — “bread and butter”  

• results with good control over systematics summarised by  
Flavour Lattice Averaging Group (FLAG) (3rd edition is out)  

• New challenges in Flavour physics:
• precision on “bread and butter” such that isospin breaking  

in matrix elements and spectra needs to be taken into account
• long distance effects (neutral main mixing, rare kaon decays, …)

    loads of new questions and theoretical problems and potential  
    impact on SM and BSM phenomenology
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