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Lattice QCD
• Use methods of effective field theory and renormalization 

to turn a quantum physics problem into a statistical 
physics problem 

• Quarks propagating through strongly interacting QCD 
glue + sea of quark-antiquark bubbles 

• Numerically evaluate path integrals using Monte Carlo 
methods: importance sampling & correlation functions 

• Numerical challenge: solving M x = b where M is big and 
has a diverging condition number as amq ➙ 0 (vanishing 
lattice spacing × light quark mass)
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UKQCD consortium
• 24 faculty at 8 UK institutions 

• Membership/Leadership in several 
international collaborations (e.g. 
HPQCD, RBC-UKQCD, HadSpec, 
QCDSF, FastSum) 

• Broad range of physics: quark 
flavour, hadron spectrum, hot/
dense QCD; BSM theories of 
EWSB, dark matter 

• Widespread impact: LHC, BES-III, 
Belle, JLab, J-PARC, FAIR, RHIC, 
NA62
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Selected highlights

Apologies for all the interesting work not mentioned here due to time.
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CKM matrix

Bc ! J/ `⌫B0
(s) � B̄0

(s)

D ! ⇡`⌫

K ! ⇡`⌫

B(s) ! D(⇤)
(s)`⌫

B ! ⇡`⌫

D ! K`⌫

u d′

W +

e
+

νe

⎛

⎝

1 − λ2/2 λ Aλ3(ρ − iη)
−λ 1 − λ2/2 Aλ2

Aλ3(1 − ρ − iη) −Aλ2 1

⎞

⎠ + O(λ4)

=

tree

http://ckmfitter.in2p3.fr/
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B ! D⇤`⌫

PRELIMINARY

Harrison et al, (HPQCD), in preparation
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FIG. 9. A summary of values for decay constants of mesons that are narrow and so well-characterised in experiment. Experi-
mental values are given as blue or grey bands and are taken from average weak or electromagnetic annihilation rates [2] using,
for weak decays, average values of the appropriate CKM matrix element. For full lattice QCD results, green open squares
(postdictions) or red open circles (predictions), we take world’s best values. The lattice result for f⇡+

is marked with a cross
to indicate that it is used to set the scale in some analyses (although not here). The result for the K+ is from [28], the B+

and Bs from [5], the D+ and Ds from [16], the � from [9], the D⇤
s from [41], the ⌘c from [26], the J/ from [42], the Bc and

⌘b from [8], the ⌥ and ⌥0 from [48] and the B⇤, B⇤
s and B⇤

c from this paper.
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Figure 13. Superposition of our results (blue circles) to the data presented in the most recent
FLAG report [21]. The small error bar shows the statistic error only, whilst the large error band
includes both, the statistic and the systematic error.

4 CKM matrix elements

Having obtained the decay constants, we can make a prediction of the CKM matrix el-

ements |Vcd| and |Vcs|. However, the values shown in (1.1) are obtained in nature and

therefore we need to adjust these values to those of an isospin symmetric theory. In other

words, the measured decay rate |Vcq| fDq does include electroweak, electromagnetic and

isospin breaking e↵ects, so before extracting |Vcq| we need to correct the decay rate for

these e↵ects. Ref. [20] distinguishes between universal long-distance electromagnetic (EM)

e↵ects, universal short distance electroweak (EW) e↵ects and structure dependent EM ef-

fects. All of these modify the decay rate to match the experimental value to the theory

in which we simulate. The combined e↵ect of the universal long-distance EM and short-

distance EW e↵ects is to lower the decay rate by 0.7% [20, 67, 68]. We adjust the decay

rates from (1.1) and then calculate the CKM matrix elements from this. We find

|Vcd| = 0.2185(50)
exp

(+35

�37

)
lat

,

|Vcs| = 1.011(16)
exp

(+11

� 9

)
lat

.
(4.1)

Again, we can superimpose our results to those obtained in the most recent FLAG re-

port [21], shown in figure 14. This combines the results of refs. [15–20, 64, 69, 70]. Again

we find good agreement between previous works and obtain a competitive error.

5 Conclusion and outlook

In this paper we reported on RBC/UKQCD’s first computation of the D- and Ds-meson

decay constants on Nf = 2 + 1 domain wall fermion ensembles with physical light quarks

and (valence) domain wall charm quarks. The results for decay constants and CKM matrix

elements as summarised in equation (1.3) derive from a thorough data analysis including in

particular a continuum extrapolation over three lattice spacings. With a precision of 1.6%

– 21 –
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Form factors for semi-leptonic B decays Edwin Lizarazo and Oliver Witzel
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Figure 4: Renormalized results for the seven form factors fV , fA0 , fA1 , fA12 , fT1 , fT2 and fT23 for Bs ! f`+`�
versus the squared energy of the hadronic final state. Shown data are obtained on five different ensembles:
sea-quark masses aml = 0.005, 0.010 correspond to the coarse lattice spacing a�1 = 1.785 GeV and aml =
0.004, 0.006, 0.008 to the medium fine lattice spacing of a�1 = 2.383 GeV. The dashed lines indicate the
physical f mass.
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Also rare K decays
K → π l l : Christ et al., (RBC-UKQCD), arXiv:1608.07585 
K → π νν : Bai et al., (RBC-UKQCD), arXiv:1701.02858

Flavour changing neutral decays

B ! K⇤`+`� Bs ! �`+`�

Horgan et al., (HPQCD) arXiv:1310.3722, arXiv:1310.3887

penguin box

https://arxiv.org/abs/1612.05112
https://arxiv.org/abs/1608.07585
https://arxiv.org/abs/1701.02858
https://arxiv.org/abs/1310.3722
https://arxiv.org/abs/1310.3887


μ magnetic moment

9

2.2.1 Hadronic contribution

The hadronic contribution to aµ is about 60 ppm of the total value. The lowest-order diagram
shown in Fig. 3(a) dominates this contribution and its error, but the hadronic light-by-light
contribution Fig. 3(e) is also important. We discuss both of these contributions below.

Figure 3: The hadronic contribution to the muon anomaly, where the dominant contribution
comes from the lowest-order diagram (a). The hadronic light-by-light contribution is shown
in (e).
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Figure 4: (a) The “cut” hadronic vacuum polarization diagram; (b) The e

+
e

� annihilation
into hadrons; (c) Initial state radiation accompanied by the production of hadrons.

The energy scale for the virtual hadrons is of order mµc
2, well below the perturbative

region of QCD. However it can be calculated from the dispersion relation shown pictorially
in Fig. 4,

a

had;LO
µ =

⇣
↵mµ

3⇡

⌘2
Z 1

m2
⇡

ds

s

2
K(s)R(s), where R ⌘ �tot(e+e� ! hadrons)

�(e+e� ! µ

+
µ

�)
, (8)

using the measured cross sections for e+e� ! hadrons as input, where K(s) is a kinematic
factor ranging from 0.4 at s = m

2
⇡ to 0 at s = 1 (see Ref. [16]). This dispersion relation

relates the bare cross section for e

+
e

� annihilation into hadrons to the hadronic vacuum
polarization contribution to aµ. Because the integrand contains a factor of s�2, the values
of R(s) at low energies (the ⇢ resonance) dominate the determination of ahad;LOµ , however
at the level of precision needed, the data up to 2 GeV are very important. This is shown
in Fig. 5, where the left-hand chart gives the relative contribution to the integral for the
di↵erent energy regions, and the right-hand gives the contribution to the error squared on
the integral. The contribution is dominated by the two-pion final state, but other low-energy
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Figure 9: Estimated uncertainties �aµ in units of 10�11 according to Refs. [20, 21] and (last
column) prospects for improved precision in the e+e� hadronic cross-section measurements.
The final row projects the uncertainty on the di↵erence with the Standard Model, �aµ. The
figure give the comparison between a

SM
µ and a

EXP
µ . DHMZ is Ref. [20], HLMNT is Ref. [21];

“SMXX” is the same central value with a reduced error as expected by the improvement
on the hadronic cross section measurement (see text); “BNL-E821 04 ave.” is the current
experimental value of aµ; “New (g-2) exp.” is the same central value with a fourfold improved
precision as planned by the future (g-2) experiments at Fermilab and J-PARC.
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SM theory
Expt

2.3 Summary of the Standard-Model Value and Comparison with
Experiment

We determine the SM value using the new QED calculation from Aoyama [2]; the electroweak
from Ref. [3], the hadronic light-by-light contribution from the “Glasgow Consensus” [31];
and lowest-order hadronic contribution from Davier, et al., [20], or Hagiwara et al., [21], and
the higher-order hadronic contribution from Ref. [21]. A summary of these values is given
in Table 1.

Table 1: Summary of the Standard-Model contributions to the muon anomaly. Two val-
ues are quoted because of the two recent evaluations of the lowest-order hadronic vacuum
polarization.

Value (⇥ 10�11) units
QED (� + `) 116 584 718.951± 0.009± 0.019± 0.007± 0.077↵
HVP(lo) [20] 6 923± 42
HVP(lo) [21] 6 949± 43
HVP(ho) [21] �98.4± 0.7
HLbL 105± 26
EW 154± 1

Total SM [20] 116 591 802± 42H-LO ± 26H-HO ± 2other (±49tot)
Total SM [21] 116 591 828± 43H-LO ± 26H-HO ± 2other (±50tot)

This SM value is to be compared with the combined a

+
µ and a

�
µ values from E821 [6]

corrected for the revised value of � = µµ/µp from Ref [35],

a

E821
µ = (116 592 089± 63)⇥ 10�11 (0.54 ppm), (13)

which give a di↵erence of

�aµ(E821� SM) = (287± 80)⇥ 10�11 [20] (14)

= (261± 78)⇥ 10�11 [21] (15)

depending on which evaluation of the lowest-order hadronic contribution that is used [20, 21].
This comparison between the experimental values and the present Standard-Model value

is shown graphically in Fig. 7. The lowest-order hadronic evaluation of Ref. [28] using the
hidden local symmetry model results in a di↵erence between experiment and theory that
ranges between 4.1 to 4.7�.

This di↵erence of 3.3 to 3.6 standard deviations is tantalizing, but we emphasize that
whatever the final agreement between the measured and SM value turns out to be, it will have
significant implications on the interpretation of new phenomena that might be found at the
LHC and elsewhere. Because of the power of aµ to constrain, or point to, speculative models

contribution. Subsequently a numerical mistake was found. These authors are continuing this work, but the
calculation is still incomplete.
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Standard model contributions

Hadron Vacuum  
Polarization 

(HVP)

Hadronic Light-by-Light 
scattering 

(HLbL)

aµ = 1

2

(g � 2)
muon

https://arxiv.org/abs/1311.2198
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Figure 9: The two terms from the expansion of the conserved current at the sink. Red

squared vertices and blue triangle vertices refer to insertions of the conserved vector current

and the tadpole operator, respectively.

5.2.1 Results

Figures 10 and 11 show the QED correction �V ⇧(Q̂2) to the hadronic vacuum polarization

form factor for up and strange quarks, respectively. The plots on the left-hand side of both

figures show results from the perturbative and the stochastic method. For the perturbative

data the results shown have been calculated using the single-µ insertion, which, for the

same amount of statistics, gives a smaller statistical error than the summed-µ insertion

(see section 5.2.2 for a detailed comparision of statistical errors). For the multiplicative

renormalization Z0
V

of the local vector current we use a value determined from the ratio of

the local-conserved and the local-local vector two-point functions. Further details can be

found in section 5.3, where we will also determine the QED correction to Z
V

.
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Figure 10: The QED correction �V ⇧(Q̂2) to the HVP form factor for the up quark. The

plot on the left shows results from the stochastic method (blue circles) and the perturba-

tive method (red squares). The plot on the left shows the correlated di↵erence between

stochastic and perturbative data.

The plots on the right-hand side of figures 10 and 11 show the correlated di↵erence between

the data from perturbative and stochastic methods. We find the data from both methods

di↵ers for a large range of Q2 at the level of about 1 � 1.5 �. In order to understand

this small di↵erence we perform a computation with a second value of the electromagnetic

coupling ↵ = 1/4⇡ for the stochastic method, so that we can distinguish between the leading

and higher-order QED correction in the data from the stochastic method. We find that

the deviation seen between stochastic and perturbative data for large Q̂2 to be consistent

– 26 –

Isospin breaking effects  
[exploratory study]

Chakraborty et al., (HPQCD), arXiv:1601.03071
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TABLE III: Error budget for the connected contributions
to the muon anomaly aµ from vacuum polarization of u/d
quarks.

aHVP,LO
µ (u/d)

QED corrections: 1.0%
Isospin breaking corrections: 1.0%

Staggered pions, finite volume: 0.7%
Correlator fits (t⇤): 0.5%
m` extrapolation: 0.4%

Monte Carlo statistics: 0.4%
Padé approximants: 0.4%

a2 ! 0 extrapolation: 0.2%
ZV uncertainty: 0.2%
Correlator fits: 0.2%

Tuning sea-quark masses: 0.2%
Lattice spacing uncertainty: < 0.05%

Total: 1.8%

FIG. 4: Bayesian probability distribution for aHVP,LO
µ (u/d)

(bars) compared with results from the least-squares fit
(dashed line).

detailed studies: The key isospin breaking e↵ect of ⇢� !

mixing is estimated in [37] to make a 3.5 ⇥ 10�10 contri-
bution (0.6%) and the QED e↵ect of producing a hadron
polarization bubble consisting of ⇡

0 and � is estimated
in [38] to make a 4.6 ⇥ 10�10 contribution (0.8%). The
leading contributions to our final uncertainty are listed
in Table III. Note that our final result is 3.5% above the
extrapolated result from the raw data shown in Fig. 3;
most of that shift comes from corrections to the ⇡⇡ vac-
uum polarization in chiral perturbation theory.

We tested the validity of the least-squares fit that de-
termines our a

HVP,LO
µ (u/d) by replacing the fit with a

Bayesian expectation value (a 16-dimensional numerical
integration) over the distributions of the input data and
priors. The results, in Fig. 4, show that the least-squares
fit (dashed-line) agrees well with the probability distri-
bution from the corresponding Bayesian analysis (bars).

640 650 660 670 680 690 700 710 720 730

a

HVP,LO

µ ⇥ 1010

no new physics

Jegerlehner
1511.04473
Benayoun et al
1507.02943
Hagiwara et al
1105.3149
Jegerlehner et al
1101.2872

ETMC
1308.4327

HPQCD
this paper

FIG. 5: Our final result for aHVP,LO
µ from lattice QCD com-

pared to an earlier lattice result (also with u, d, s and c
quarks) from the ETM Collaboration [13], and to recent re-
sults using experimental cross-section information [5–8]. We
also compare with the result expected from the experimental
value for aµ assuming that there are no contributions from
physics beyond the Standard Model.

III. DISCUSSION/CONCLUSIONS

Adding results from our earlier calculations for other
quark flavours [14, 27], the connected contributions to
a

HVP,LO
µ are:

a

HVP,LO
µ

��
conn.

⇥1010 =

8
>>><

>>>:

599(11) from u/d quarks

53.4(6) from s quarks

14.4(4) from c quarks

0.27(4) from b quarks

(9)

We combine these results with our recent estimate [28] of
the contribution from disconnected diagrams involving u,
d and s quarks, taking this as 0(9) ⇥ 10�10. This agrees
with, but has a more conservative uncertainty than, the
value obtained in [29]. We then obtain an estimate for the
entire contribution from hadronic vacuum polarization:

a

HVP,LO
µ = 667(6)(12) ⇥ 10�10 (10)

This agrees well with the only earlier u/d/s/c lattice
QCD result, 674(28) ⇥ 10�10 [13], but has errors from
the lattice calculation reduced by a factor of four. It
also agrees with earlier non-lattice results using exper-
imental data, ranging from (⇥1010): 694.9(4.3) [5] to
681.9(3.2) [7]. These are separately more accurate than
our result but have a spread comparable to our uncer-
tainty. New results from BESIII [39] may resolve this.

It is also useful to compare our result to the expecta-
tion from experiment. Assuming there is no new physics
beyond the Standard Model, experiment requires a

HVP,LO
µ

to be 720(7)⇥10�10. This value is obtained by subtract-
ing from experiment the accepted values of QED [40],

La
tti

ce
Ex

pt
 R

 ra
tio

HVP in SM

+ first LQCD efforts to estimate HLbL and quark-disconnected contributions.

Boyle et al, (RBC-UKQCD), arXiv:1706.05293

Isospin 
breaking

Aim for 1% precision in lattice HVP in the next couple years

https://arxiv.org/abs/1601.03071


Spectroscopy
• Experimental discovery of “puzzling” hadronic resonances 

• X, Y, Z states: defy usual quarkonium description (e.g. exotic 
quantum numbers; some are charged) 

• Scalar Ds0*(2317) and axial vector Ds1(2460) much narrower and 
lighter than expected from quark model 

• Lattice QCD can be used to study excited state spectrum, 
distinguishing bound states and determining scattering properties 

• Great care must be taken to correctly investigate resonance 
structure, then control systematic errors

11



Charmonium (narrow)
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Figure 3. Charmonium spectrum up to around 4.5GeV labelled by JPC ; the left (right) panel
shows the negative (positive) parity states. Green, red and blue boxes are the masses computed on
our Mπ ∼ 240MeV ensemble while black boxes are experimental values from the PDG summary
tables [1]. As discussed in the text, we show the calculated (experimental) masses with the calculated
(experimental) ηc mass subtracted. The vertical size of the boxes represents the one-sigma statistical
(or experimental) uncertainty on either side of the mean. Red and blue boxes correspond to states
identified as hybrid mesons grouped into, respectively, the lightest and first-excited supermultiplet,
as described in the text. Dashed lines show the location of some of the lower thresholds for strong
decay using computed (coarse green dashing) and experimental (fine grey dashing) masses.

large overlaps onto operators that are proportional to the spatial components of the field

strength tensor, Fij (i.e. operators that have a non-trivial gluonic structure), something not

seen for the other states in the spectrum. Furthermore, on removing operators proportional

to Fij from the variational basis we generally observe a reduction in the quality of the signal

for these states. We therefore follow refs. [21, 22] and interpret these excess states as hybrid

mesons.

As discussed in detail in ref. [22], the hybrid states can be grouped into supermultiplets.

We find that the set [(0−+, 1−+, 2−+), 1−−], highlighted in red in figure 3, forms the lightest

charmonium hybrid supermultiplet, while the states highlighted in blue, (0++, 1++, 2++),

(0+−, 1+−, 1+−, 1+−, 2+−, 2+−, 3+−), form the first excited hybrid supermultiplet. These

patterns are consistent with a quark-antiquark pair coupled to a 1+− gluonic excitation;

the lightest hybrid supermutiplet has the quark-antiquark pair in S-wave and the first

excited hybrid supermultiplet has it in P -wave. The lightest hybrids appear ∼ 1.2–1.3GeV

above the lightest S-wave meson multiplet. This pattern of hybrids and their energy scale

– 7 –

Green (    ): Good overlap w/     operators 
Red (     ) & blue (    ):  Hybrid mesons;  Black (     ): Expt

m⇡ ⇡ 240 MeV

as ⇡ 0.12 fm
as
at

⇡ 3.5

Exotics

qq̄

https://arxiv.org/abs/1610.01073


Scattering amplitudes
• Finite volume ⇒ discrete 

energy levels 

• Need to reconstruct full 
scattering amplitude 

• Groundbreaking results, 
exploring new, sophisticated 
methods 

• Long programme to then 
control systematic 
uncertainties
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ρiρj |tij |2

Dπ → Dπ

DsK̄ → DsK̄
Dη → Dη

Dπ → Dη

Dη → DsK̄
Dπ → DsK̄

mπ = 391 MeV

Figure 22. ρiρj |tij |2 for S-wave scattering in the isospin-1/2 channel. The bands encompass all
the parametrisations with χ2/Ndof < 1.9 in table 11 along with the uncertainties coming from the
scattered meson masses and the anisotropy. Black points show the location of the finite-volume
energy levels used to constrain the scattering amplitudes.
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DiRAC computing 
facility

DiRAC



DiRAC 2
• 2011: £15M BIS investment in national distributed HPC 

facility for particle & nuclear physics, cosmology, & 
theoretical astrophysics. Recurrent costs funded by STFC 

• 2012: 5 systems deployed: 
• Extreme scaling:1.3 Pflop/s Blue Gene/Q (Edinburgh) 
• Data Analytic/Data Centric/Complexity: 3 tightly-

coupled clusters with various levels of interconnectivity, 
memory, and fast I/O (Cambridge, Durham, Leicester) 

• Shared Memory System (SMP) (Cambridge) 

• Service started 1 December 2012
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DiRAC 2 outputs
• 106 lattice publications, with 1977 citations (as of 

20/7/2017) 

• 765 publications in a broad scientific range (PPAN) — 
35,365 citations (as of 20/7/2017) 

• Gravitational waves, cosmology, galaxy & planet formation, 
exoplanets, MHD, particle pheno, nuclear physics 

• Valuable resource for PDRA’s & PhD students 

• Scientific results, training in high performance computing

16



DiRAC 3
• Continued success requires continued investment 
• Seek approx £25M capital investment to upgrade 

DiRAC-2 x10

17

DiRAC&3((2016/17(–(TBC)(
Extreme 
Scaling 

Data 
Intensive 

Memory 
Intensive 

Data 
Management 

Internet 
Analytics 

Many-Core 
Coding 

Data Analytics 
Programming 

Fine Tuning Parallel Management 
Multi-threading 

Disaster 
Recovery 

Data Handling 
Archiving 

Tightly(coupled(
compute(&(storage:(
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complex(simula7ons(
with(large(data(sets!!
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to(a(problem(of(
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• Running costs for staff 
and electricity 

• Improve exploitation of 
research and HPC 
training impact with PDRA 
and PhD support (Big 
Data CDTs) 

• Part of RCUK’s 
e‑Infrastructure roadmap

http://www.rcuk.ac.uk/research/xrcprogrammes/OtherProgs/eInfrastructure/


DiRAC 2
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DiRAC 3

2011/12

2018/19

2016/17 DiRAC 2.5
2017 DiRAC 2.5x

Stop-gap funding:



DiRAC 2.5
• Extreme Scaling 2.5: 1.3 Pflop/s Blue Gene/Q 

• Data Analytic 2.5: Share of Peta5 system + continued 
access to Sandybridge system 
• Shared EPSRC/DiRAC/Cambridge: 25K Skylake cores + 1.0 Pflop/s GPU + 

0.5 Pflop/s KNL service 

• Data Centric 2.5: Over 14K cores, 128 GB RAM/node 

• Complexity 2.5: 4.7K large-job cores + 3K small-job 
cores 

• SMP: 14.8TB, 1.8K core shared memory service

19

After £1.67M capital injection



DiRAC 2.5x
• Planned investment 

• Extreme scaling: 1024-node, 2.5 Pflop/s system 

• Memory intensive: 144 nodes, 4.6K cores, 110 TB RAM 

• Data analytic: 128 nodes, 4K cores, 256GB/node; hierarchy of fat 
nodes (1-6 TB); NVMe storage for data intensive workflows 

• Additional storage at all DiRAC sites 

• Procurement procedure: November 2017 

• Target for hardware availability: April 2018

20

June 2017: £9M capital funding (BEIS), lifeline to DiRAC3: 



Who we are
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Summary
• UKQCD consortium: broad range of research, 

impact in addressing STFC’s key scientific 
challenges 

• DiRAC 2: Enabled UK lattice field theory to be 
internationally competitive 

• DiRAC 2.5/x: Now in the preliminary stages of 
refreshing capital resources 

• Looking forward to DiRAC 3!
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