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Overview of Convolutional Neural Networks (CNNs)

Good at extracting information from complex images

Top left image: Han et al. ‘17; Top right image:  Data Science Blog; Bottom image: Reppel ’17; Properties: LeCun et al. ’89, Mallat ’12 [arXiv:11012286]

• Locality
• Compositionality and hierarchy
• Filters have compact support

Can think of data (images) as functions on Euclidean 
plane, sampled on a grid

http://www.mdpi.com/2072-4292/9/8/848
https://ujjwalkarn.me/2016/08/11/intuitive-explanation-convnets/
https://hackernoon.com/visualizing-parts-of-convolutional-neural-networks-using-keras-and-cats-5cc01b214e59
https://arxiv.org/abs/1101.2286


Overview of Convolutional Neural Networks (CNNs)
Convolution

⃗g = CΓ( ⃗f ) , ⃗f = ( f1(x), . . . , fp(x)) l′� = 1,...,p

Γ = (γl,l′�) l = 1,...,q

Pooling
⃗g = P( ⃗f )

gl(x) = P ({fl(x′�) : x′� ∈ 𝒩(x)})
CNN

UΘ( f ) = (CΓ(K) . . . P . . . ∘ CΓ(2) ∘ CΓ(1))

(f ⋆ γ)(x) = ∫Ω
f(x − x′�)γ(x′�)dx′�

Euclidean domain

gl(x) = ξ (
p

∑
l′�=1

(fl′� ⋆ γl,l′�)(x)),

⃗g (x) = (g1(x), . . . , gq(x))

Activation function



Going Non-Euclidean

Many examples: 
Social networks, meshed surfaces, 

sensor networks, word embeddings

e.g. LHC detector array

Problem: Convolution and pooling not well define on 
non-regular grids

Solution: Fourier transform on spectral (graph) 
domain

Top image: Saragossi ‘ 13

https://thenextweb.com/socialmedia/2013/11/24/facebook-grandparents-need-next-gen-social-network/


What is a graph?
Properties

Consider weighted undirected graphs

(𝒱, ℰ), 𝒱 = {1, . . . , n}
ℰ ⊆ 𝒱 × 𝒱

set of vertices
set of edges

ai > 0, i ∈ 𝒱
wij ≥ 0, (i, j) ∈ ℰ

vertex weights
edge weights

⟨ f, g⟩L2(𝒱) = ∑
i∈𝒱

ai figi

⟨F, G⟩L2(ℰ) = ∑
i∈ℰ

wijFijGij

Define a Hilbert space:
f : 𝒱 → ℝ, F : ℰ → ℝ

ai

wij



Fourier Transform and the Laplacian (Euclidean case)

On the real line: ̂f(x) =
1

2π ∫ f(ω) e−iωxdω

Generalise: ΔΦ = ΦΛ, Φ = (ϕ1 . . . , ϕn)
Λ = diag (λ1, . . . , λn)

Δ is symmetric so λl are real

Note:
d2

dx2
e−iωx = (−ω2) e−iωx ⟹ e−iωx eigenvectors of the 1D Laplacian operator

Hammond et al. ’09 [arXiv:0912.3848]

d2

dx2
1D Laplacian:

https://arxiv.org/abs/0912.3848


Fourier Transform and the Laplacian (Non-Euclidean case)

ΔΦ = ΦΛ, Φ = (ϕ1 . . . , ϕn)
Λ = diag (λ1, . . . , λn)

Assume analogous structure: Fourier basis on a graph

Using graph Hilbert space:

Define: (∇f)ij
= fi − fj

(divF)i
=

1
ai ∑

j:(i,j)∈ℰ

wijFij

Δ = − div∇

(Δf)i
=

1
ai ∑

(i,j)∈ℰ

wij( fi − fj)
⟹

Generalised Fourier Transform: ̂f(ω) = Φ†f(ω)



Convolution Theorem

Generally

(Euclidean)

( ̂f ⋆ g )(ω) = ̂f(ω) ⋅ ̂g(ω)

= ∫
∞

−∞
f(x)e−iωxdx∫

∞

−∞
g(x)e−iωxdx

= ∑
i≥0

⟨f, ϕi⟩L2(χ) ⟨g, ϕi⟩L2(χ)
(ω)

:

Problem:  Cannot define x − x′� on graph

Discrete case

(Euclidean):

⃗f = ( f1 , . . . , fn)T, ⃗g = (g1 , . . . , gn)T

̂f ⋆ g =
̂g1

⋱
̂gn

⋅
̂f1

⋮
̂fn

Fourier basis diagonalises the matrix

Solution: Take Convolution Theorem as a definition ( ̂f ⋆ g )(x) = ∑
i≤0

⟨f, ϕi⟩L2(χ) ⟨g, ϕi⟩L2(χ)
(x)



The Process
⃗f

⃗g

Φ† ⃗g Φ† ⃗f = diag( ̂g)Φ† ⃗f
Convolution Theorem

Φ† ⃗f

Φ† ⃗g

FT

FT

IFT Φ(diag( ̂g)Φ†f )



Convolution on a graph

( f ⋆ g)(x) = ∑
i≤0

⟨f, ϕi⟩L2(χ) ⟨g, ϕi⟩L2(χ)

Fourier domain

ϕi(x)

Inverse Fourier Transform

⃗G ⃗f = Φ diag( ̂g) Φ† ⃗f

Bruna et al. ’13 [arXiv:1312.6203]

Define: gl = ξ (
q

∑
l′�=1

ΦΓl,l′ �ΦTfl′�),
F = f1 , . . . , fp
G = g1 , . . . , gq

input signal
output signal

Problems: 
• Computationally inefficient to 

compute FT and IFT

• Filters are basis dependent

https://arxiv.org/abs/1312.6203


How can we define the filters?

Problem: Want localised filters

Problem: Filter coefficients are unstable under perturbation

Solution: Can be shown that spectral filters can be parametrised as: diag(Γl,l′�) = βj(λi) αl,l′ �

gα(Δ) = Φ gα(Λ) ΦT → gα(λ) =
r−1

∑
j=0

αj λj

Solution: e.g. use Chebyshev polynomials T0(λ) = 1
T1(λ) = λ
Tj(λ) = 2λTj−1(λ) − Tj−2(λ)

gα(Δ̃) =
r−1

∑
j=0

αjΦ Tj(Λ̃) ΦT

=
r−1

∑
j=0

αjTj(Λ̃),

Δ̃ = 2λ−1
n Δ − I

Λ̃ = 2λ−1
n Λ − I

Defferrard et al. ’16 [arXiv:1606.09375]; Hammond et al. ’09 [arXiv:0912.3848]

https://arxiv.org/abs/1606.09375
https://arxiv.org/abs/0912.3848


Dhillon et al. ’07; Defferrard et al. ’16 [arXiv:1606.09375]

Pooling on a graph

https://arxiv.org/abs/1606.09375


Slide Bronstein et al. '17

https://www.dropbox.com/s/r4bzfux4ter8902/TUM%20Tutorial.pdf?dl=0


Slide Bronstein et al. '17

https://www.dropbox.com/s/r4bzfux4ter8902/TUM%20Tutorial.pdf?dl=0



