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Lattice QCD  
for HEP & NP

•Precision era of lattice 
QCD for simple systems 

•Beginning of reliable 
lattice QCD results for 
nuclear matrix elements

We are entering the 

R. Van de Water Lattice QCD for precision particle physics

QCD is everywhere

muon-nucleus 
cross sections 

neutrino-nucleus 
cross-sections Parton distribution functions

dark-matter-nucleus 
cross sections 

hadronic vacuum 
polarization &

light-by-light scattering
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Reliable theoretical predictions are needed on same time scale as 
measurements with commensurate uncertainties
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Decay constants, 
form factors, mixing 
parameters 

Hadronic vacuum 
polarisation and light-
by-light scattering 

Neutrino-nucleus 
interactions 

Dark matter-nucleon 
and DM-nucleus 
interactions 

Muon-nucleus  
cross-sections 

Parton distribution 
functions 

I will highlight some new results 
in these areas in the last few 
years 

Lattice QCD can provide input for 

Phiala Shanahan, MIT



•Discretise QCD onto 4D space-time lattice 

•Approximate QCD path integral using 
Monte-Carlo methods and importance 
sampling 

•Run on supercomputers and dedicated 
clusters 

•Take limit of vanishing discretisation, 
infinite volume, physical quark masses

Lattice QCD
Numerical first-principles approach to  

non-perturbative QCD

Phiala Shanahan, MIT



Numerical first-principles approach to  
non-perturbative QCD

Lattice QCD action has same free 
parameters as QCD: quark masses,  

• Fix quark masses by matching to 
measured hadron masses, e.g.,                               
                       for 

• One experimental input to fix lattice 
spacing in GeV (and also      ), e.g.,                                   
            splitting in    , or      or      mass

Lattice QCD

Calculations of all other 
quantities are QCD 
predictions

Phiala Shanahan, MIT

INPUT

⇡,K,Ds, Bs
<latexit sha1_base64="aDs9GQPo38Yhun9d8Za2DCN6v8o=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBQymJFPRYqgfBSwX7AW0Im+2mXbrZhN1NoYT+Ey8eFPHqP/Hmv3Hb5qCtDwYe780wMy9IOFPacb6twsbm1vZOcbe0t39weGQfn7RVnEpCWyTmsewGWFHOBG1ppjntJpLiKOC0E4xv535nQqVisXjS04R6ER4KFjKCtZF82+4nrIIeKujOVxXU8JVvl52qswBaJ25OypCj6dtf/UFM0ogKTThWquc6ifYyLDUjnM5K/VTRBJMxHtKeoQJHVHnZ4vIZujDKAIWxNCU0Wqi/JzIcKTWNAtMZYT1Sq95c/M/rpTq88TImklRTQZaLwpQjHaN5DGjAJCWaTw3BRDJzKyIjLDHRJqySCcFdfXmdtK+qrlN1H2vleiOPowhncA6X4MI11OEemtACAhN4hld4szLrxXq3PpatBSufOYU/sD5/ANwlkdk=</latexit><latexit sha1_base64="aDs9GQPo38Yhun9d8Za2DCN6v8o=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBQymJFPRYqgfBSwX7AW0Im+2mXbrZhN1NoYT+Ey8eFPHqP/Hmv3Hb5qCtDwYe780wMy9IOFPacb6twsbm1vZOcbe0t39weGQfn7RVnEpCWyTmsewGWFHOBG1ppjntJpLiKOC0E4xv535nQqVisXjS04R6ER4KFjKCtZF82+4nrIIeKujOVxXU8JVvl52qswBaJ25OypCj6dtf/UFM0ogKTThWquc6ifYyLDUjnM5K/VTRBJMxHtKeoQJHVHnZ4vIZujDKAIWxNCU0Wqi/JzIcKTWNAtMZYT1Sq95c/M/rpTq88TImklRTQZaLwpQjHaN5DGjAJCWaTw3BRDJzKyIjLDHRJqySCcFdfXmdtK+qrlN1H2vleiOPowhncA6X4MI11OEemtACAhN4hld4szLrxXq3PpatBSufOYU/sD5/ANwlkdk=</latexit><latexit sha1_base64="aDs9GQPo38Yhun9d8Za2DCN6v8o=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBQymJFPRYqgfBSwX7AW0Im+2mXbrZhN1NoYT+Ey8eFPHqP/Hmv3Hb5qCtDwYe780wMy9IOFPacb6twsbm1vZOcbe0t39weGQfn7RVnEpCWyTmsewGWFHOBG1ppjntJpLiKOC0E4xv535nQqVisXjS04R6ER4KFjKCtZF82+4nrIIeKujOVxXU8JVvl52qswBaJ25OypCj6dtf/UFM0ogKTThWquc6ifYyLDUjnM5K/VTRBJMxHtKeoQJHVHnZ4vIZujDKAIWxNCU0Wqi/JzIcKTWNAtMZYT1Sq95c/M/rpTq88TImklRTQZaLwpQjHaN5DGjAJCWaTw3BRDJzKyIjLDHRJqySCcFdfXmdtK+qrlN1H2vleiOPowhncA6X4MI11OEemtACAhN4hld4szLrxXq3PpatBSufOYU/sD5/ANwlkdk=</latexit><latexit sha1_base64="aDs9GQPo38Yhun9d8Za2DCN6v8o=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBQymJFPRYqgfBSwX7AW0Im+2mXbrZhN1NoYT+Ey8eFPHqP/Hmv3Hb5qCtDwYe780wMy9IOFPacb6twsbm1vZOcbe0t39weGQfn7RVnEpCWyTmsewGWFHOBG1ppjntJpLiKOC0E4xv535nQqVisXjS04R6ER4KFjKCtZF82+4nrIIeKujOVxXU8JVvl52qswBaJ25OypCj6dtf/UFM0ogKTThWquc6ifYyLDUjnM5K/VTRBJMxHtKeoQJHVHnZ4vIZujDKAIWxNCU0Wqi/JzIcKTWNAtMZYT1Sq95c/M/rpTq88TImklRTQZaLwpQjHaN5DGjAJCWaTw3BRDJzKyIjLDHRJqySCcFdfXmdtK+qrlN1H2vleiOPowhncA6X4MI11OEemtACAhN4hld4szLrxXq3PpatBSufOYU/sD5/ANwlkdk=</latexit>

u, d, s, c, b
<latexit sha1_base64="zJbtP+NZdSzMmJPP69FitAtw0wY=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBQyiJCIqnghePFeyHtKFsNpt26e4m7G6EEvorvHhQxKs/x5v/xm2bg7Y+GHi8N8PMvDDlTBvP+3ZKa+sbm1vl7crO7t7+QfXwqK2TTBHaIglPVDfEmnImacsww2k3VRSLkNNOOL6d+Z0nqjRL5IOZpDQQeChZzAg2VnrM3MjVLnHDQbXm1b050CrxC1KDAs1B9asfJSQTVBrCsdY930tNkGNlGOF0WulnmqaYjPGQ9iyVWFAd5PODp+jMKhGKE2VLGjRXf0/kWGg9EaHtFNiM9LI3E//zepmJr4OcyTQzVJLFojjjyCRo9j2KmKLE8IklmChmb0VkhBUmxmZUsSH4yy+vkvZF3ffq/v1lrXFTxFGGEziFc/DhChpwB01oAQEBz/AKb45yXpx352PRWnKKmWP4A+fzB41qj40=</latexit><latexit sha1_base64="zJbtP+NZdSzMmJPP69FitAtw0wY=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBQyiJCIqnghePFeyHtKFsNpt26e4m7G6EEvorvHhQxKs/x5v/xm2bg7Y+GHi8N8PMvDDlTBvP+3ZKa+sbm1vl7crO7t7+QfXwqK2TTBHaIglPVDfEmnImacsww2k3VRSLkNNOOL6d+Z0nqjRL5IOZpDQQeChZzAg2VnrM3MjVLnHDQbXm1b050CrxC1KDAs1B9asfJSQTVBrCsdY930tNkGNlGOF0WulnmqaYjPGQ9iyVWFAd5PODp+jMKhGKE2VLGjRXf0/kWGg9EaHtFNiM9LI3E//zepmJr4OcyTQzVJLFojjjyCRo9j2KmKLE8IklmChmb0VkhBUmxmZUsSH4yy+vkvZF3ffq/v1lrXFTxFGGEziFc/DhChpwB01oAQEBz/AKb45yXpx352PRWnKKmWP4A+fzB41qj40=</latexit><latexit sha1_base64="zJbtP+NZdSzMmJPP69FitAtw0wY=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBQyiJCIqnghePFeyHtKFsNpt26e4m7G6EEvorvHhQxKs/x5v/xm2bg7Y+GHi8N8PMvDDlTBvP+3ZKa+sbm1vl7crO7t7+QfXwqK2TTBHaIglPVDfEmnImacsww2k3VRSLkNNOOL6d+Z0nqjRL5IOZpDQQeChZzAg2VnrM3MjVLnHDQbXm1b050CrxC1KDAs1B9asfJSQTVBrCsdY930tNkGNlGOF0WulnmqaYjPGQ9iyVWFAd5PODp+jMKhGKE2VLGjRXf0/kWGg9EaHtFNiM9LI3E//zepmJr4OcyTQzVJLFojjjyCRo9j2KmKLE8IklmChmb0VkhBUmxmZUsSH4yy+vkvZF3ffq/v1lrXFTxFGGEziFc/DhChpwB01oAQEBz/AKb45yXpx352PRWnKKmWP4A+fzB41qj40=</latexit><latexit sha1_base64="zJbtP+NZdSzMmJPP69FitAtw0wY=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBQyiJCIqnghePFeyHtKFsNpt26e4m7G6EEvorvHhQxKs/x5v/xm2bg7Y+GHi8N8PMvDDlTBvP+3ZKa+sbm1vl7crO7t7+QfXwqK2TTBHaIglPVDfEmnImacsww2k3VRSLkNNOOL6d+Z0nqjRL5IOZpDQQeChZzAg2VnrM3MjVLnHDQbXm1b050CrxC1KDAs1B9asfJSQTVBrCsdY930tNkGNlGOF0WulnmqaYjPGQ9iyVWFAd5PODp+jMKhGKE2VLGjRXf0/kWGg9EaHtFNiM9LI3E//zepmJr4OcyTQzVJLFojjjyCRo9j2KmKLE8IklmChmb0VkhBUmxmZUsSH4yy+vkvZF3ffq/v1lrXFTxFGGEziFc/DhChpwB01oAQEBz/AKb45yXpx352PRWnKKmWP4A+fzB41qj40=</latexit>

↵S
<latexit sha1_base64="XtmfktZSUHJcWS2qoIfkkjx1iK8=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUDwVvHisaD+gDWWy3bRLN5t0dyOU0D/hxYMiXv073vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHTR2nirIGjUWs2gFqJrhkDcONYO1EMYwCwVrB6Hbmt56Y0jyWj2aSMD/CgeQhp2is1O6iSIbYe+iVK27VnYOsEi8nFchR75W/uv2YphGThgrUuuO5ifEzVIZTwaalbqpZgnSEA9axVGLEtJ/N752SM6v0SRgrW9KQufp7IsNI60kU2M4IzVAvezPxP6+TmvDaz7hMUsMkXSwKU0FMTGbPkz5XjBoxsQSp4vZWQoeokBobUcmG4C2/vEqaF1XPrXr3l5XaTR5HEU7gFM7BgyuowR3UoQEUBDzDK7w5Y+fFeXc+Fq0FJ585hj9wPn8A5fGP1g==</latexit><latexit sha1_base64="XtmfktZSUHJcWS2qoIfkkjx1iK8=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUDwVvHisaD+gDWWy3bRLN5t0dyOU0D/hxYMiXv073vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHTR2nirIGjUWs2gFqJrhkDcONYO1EMYwCwVrB6Hbmt56Y0jyWj2aSMD/CgeQhp2is1O6iSIbYe+iVK27VnYOsEi8nFchR75W/uv2YphGThgrUuuO5ifEzVIZTwaalbqpZgnSEA9axVGLEtJ/N752SM6v0SRgrW9KQufp7IsNI60kU2M4IzVAvezPxP6+TmvDaz7hMUsMkXSwKU0FMTGbPkz5XjBoxsQSp4vZWQoeokBobUcmG4C2/vEqaF1XPrXr3l5XaTR5HEU7gFM7BgyuowR3UoQEUBDzDK7w5Y+fFeXc+Fq0FJ585hj9wPn8A5fGP1g==</latexit><latexit sha1_base64="XtmfktZSUHJcWS2qoIfkkjx1iK8=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUDwVvHisaD+gDWWy3bRLN5t0dyOU0D/hxYMiXv073vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHTR2nirIGjUWs2gFqJrhkDcONYO1EMYwCwVrB6Hbmt56Y0jyWj2aSMD/CgeQhp2is1O6iSIbYe+iVK27VnYOsEi8nFchR75W/uv2YphGThgrUuuO5ifEzVIZTwaalbqpZgnSEA9axVGLEtJ/N752SM6v0SRgrW9KQufp7IsNI60kU2M4IzVAvezPxP6+TmvDaz7hMUsMkXSwKU0FMTGbPkz5XjBoxsQSp4vZWQoeokBobUcmG4C2/vEqaF1XPrXr3l5XaTR5HEU7gFM7BgyuowR3UoQEUBDzDK7w5Y+fFeXc+Fq0FJ585hj9wPn8A5fGP1g==</latexit><latexit sha1_base64="XtmfktZSUHJcWS2qoIfkkjx1iK8=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUDwVvHisaD+gDWWy3bRLN5t0dyOU0D/hxYMiXv073vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHTR2nirIGjUWs2gFqJrhkDcONYO1EMYwCwVrB6Hbmt56Y0jyWj2aSMD/CgeQhp2is1O6iSIbYe+iVK27VnYOsEi8nFchR75W/uv2YphGThgrUuuO5ifEzVIZTwaalbqpZgnSEA9axVGLEtJ/N752SM6v0SRgrW9KQufp7IsNI60kU2M4IzVAvezPxP6+TmvDaz7hMUsMkXSwKU0FMTGbPkz5XjBoxsQSp4vZWQoeokBobUcmG4C2/vEqaF1XPrXr3l5XaTR5HEU7gFM7BgyuowR3UoQEUBDzDK7w5Y+fFeXc+Fq0FJ585hj9wPn8A5fGP1g==</latexit>

↵S
<latexit sha1_base64="XtmfktZSUHJcWS2qoIfkkjx1iK8=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUDwVvHisaD+gDWWy3bRLN5t0dyOU0D/hxYMiXv073vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHTR2nirIGjUWs2gFqJrhkDcONYO1EMYwCwVrB6Hbmt56Y0jyWj2aSMD/CgeQhp2is1O6iSIbYe+iVK27VnYOsEi8nFchR75W/uv2YphGThgrUuuO5ifEzVIZTwaalbqpZgnSEA9axVGLEtJ/N752SM6v0SRgrW9KQufp7IsNI60kU2M4IzVAvezPxP6+TmvDaz7hMUsMkXSwKU0FMTGbPkz5XjBoxsQSp4vZWQoeokBobUcmG4C2/vEqaF1XPrXr3l5XaTR5HEU7gFM7BgyuowR3UoQEUBDzDK7w5Y+fFeXc+Fq0FJ585hj9wPn8A5fGP1g==</latexit><latexit sha1_base64="XtmfktZSUHJcWS2qoIfkkjx1iK8=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUDwVvHisaD+gDWWy3bRLN5t0dyOU0D/hxYMiXv073vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHTR2nirIGjUWs2gFqJrhkDcONYO1EMYwCwVrB6Hbmt56Y0jyWj2aSMD/CgeQhp2is1O6iSIbYe+iVK27VnYOsEi8nFchR75W/uv2YphGThgrUuuO5ifEzVIZTwaalbqpZgnSEA9axVGLEtJ/N752SM6v0SRgrW9KQufp7IsNI60kU2M4IzVAvezPxP6+TmvDaz7hMUsMkXSwKU0FMTGbPkz5XjBoxsQSp4vZWQoeokBobUcmG4C2/vEqaF1XPrXr3l5XaTR5HEU7gFM7BgyuowR3UoQEUBDzDK7w5Y+fFeXc+Fq0FJ585hj9wPn8A5fGP1g==</latexit><latexit sha1_base64="XtmfktZSUHJcWS2qoIfkkjx1iK8=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUDwVvHisaD+gDWWy3bRLN5t0dyOU0D/hxYMiXv073vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHTR2nirIGjUWs2gFqJrhkDcONYO1EMYwCwVrB6Hbmt56Y0jyWj2aSMD/CgeQhp2is1O6iSIbYe+iVK27VnYOsEi8nFchR75W/uv2YphGThgrUuuO5ifEzVIZTwaalbqpZgnSEA9axVGLEtJ/N752SM6v0SRgrW9KQufp7IsNI60kU2M4IzVAvezPxP6+TmvDaz7hMUsMkXSwKU0FMTGbPkz5XjBoxsQSp4vZWQoeokBobUcmG4C2/vEqaF1XPrXr3l5XaTR5HEU7gFM7BgyuowR3UoQEUBDzDK7w5Y+fFeXc+Fq0FJ585hj9wPn8A5fGP1g==</latexit><latexit sha1_base64="XtmfktZSUHJcWS2qoIfkkjx1iK8=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUDwVvHisaD+gDWWy3bRLN5t0dyOU0D/hxYMiXv073vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHTR2nirIGjUWs2gFqJrhkDcONYO1EMYwCwVrB6Hbmt56Y0jyWj2aSMD/CgeQhp2is1O6iSIbYe+iVK27VnYOsEi8nFchR75W/uv2YphGThgrUuuO5ifEzVIZTwaalbqpZgnSEA9axVGLEtJ/N752SM6v0SRgrW9KQufp7IsNI60kU2M4IzVAvezPxP6+TmvDaz7hMUsMkXSwKU0FMTGbPkz5XjBoxsQSp4vZWQoeokBobUcmG4C2/vEqaF1XPrXr3l5XaTR5HEU7gFM7BgyuowR3UoQEUBDzDK7w5Y+fFeXc+Fq0FJ585hj9wPn8A5fGP1g==</latexit>

2S-1S
<latexit sha1_base64="PFPCoJ1N1EI8yxP7vciE4VQGJuU=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgxZIUQfFU8OKxUvsBTSib7aZdutmE3YlYQv+GFw+KePXPePPfuG1z0NYHA4/3ZpiZFySCa3Scb6uwtr6xuVXcLu3s7u0flA+P2jpOFWUtGotYdQOimeCStZCjYN1EMRIFgnWC8e3M7zwypXksH3CSMD8iQ8lDTgkayas1PWRPmF1M3Wa/XHGqzhz2KnFzUoEcjX75yxvENI2YRCqI1j3XSdDPiEJOBZuWvFSzhNAxGbKeoZJETPvZ/OapfWaUgR3GypREe67+nshIpPUkCkxnRHCkl72Z+J/XSzG89jMukxSZpItFYSpsjO1ZAPaAK0ZRTAwhVHFzq01HRBGKJqaSCcFdfnmVtGtV16m695eV+k0eRxFO4BTOwYUrqMMdNKAFFBJ4hld4s1LrxXq3PhatBSufOYY/sD5/AGQUkTk=</latexit><latexit sha1_base64="PFPCoJ1N1EI8yxP7vciE4VQGJuU=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgxZIUQfFU8OKxUvsBTSib7aZdutmE3YlYQv+GFw+KePXPePPfuG1z0NYHA4/3ZpiZFySCa3Scb6uwtr6xuVXcLu3s7u0flA+P2jpOFWUtGotYdQOimeCStZCjYN1EMRIFgnWC8e3M7zwypXksH3CSMD8iQ8lDTgkayas1PWRPmF1M3Wa/XHGqzhz2KnFzUoEcjX75yxvENI2YRCqI1j3XSdDPiEJOBZuWvFSzhNAxGbKeoZJETPvZ/OapfWaUgR3GypREe67+nshIpPUkCkxnRHCkl72Z+J/XSzG89jMukxSZpItFYSpsjO1ZAPaAK0ZRTAwhVHFzq01HRBGKJqaSCcFdfnmVtGtV16m695eV+k0eRxFO4BTOwYUrqMMdNKAFFBJ4hld4s1LrxXq3PhatBSufOYY/sD5/AGQUkTk=</latexit><latexit sha1_base64="PFPCoJ1N1EI8yxP7vciE4VQGJuU=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgxZIUQfFU8OKxUvsBTSib7aZdutmE3YlYQv+GFw+KePXPePPfuG1z0NYHA4/3ZpiZFySCa3Scb6uwtr6xuVXcLu3s7u0flA+P2jpOFWUtGotYdQOimeCStZCjYN1EMRIFgnWC8e3M7zwypXksH3CSMD8iQ8lDTgkayas1PWRPmF1M3Wa/XHGqzhz2KnFzUoEcjX75yxvENI2YRCqI1j3XSdDPiEJOBZuWvFSzhNAxGbKeoZJETPvZ/OapfWaUgR3GypREe67+nshIpPUkCkxnRHCkl72Z+J/XSzG89jMukxSZpItFYSpsjO1ZAPaAK0ZRTAwhVHFzq01HRBGKJqaSCcFdfnmVtGtV16m695eV+k0eRxFO4BTOwYUrqMMdNKAFFBJ4hld4s1LrxXq3PhatBSufOYY/sD5/AGQUkTk=</latexit><latexit sha1_base64="PFPCoJ1N1EI8yxP7vciE4VQGJuU=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgxZIUQfFU8OKxUvsBTSib7aZdutmE3YlYQv+GFw+KePXPePPfuG1z0NYHA4/3ZpiZFySCa3Scb6uwtr6xuVXcLu3s7u0flA+P2jpOFWUtGotYdQOimeCStZCjYN1EMRIFgnWC8e3M7zwypXksH3CSMD8iQ8lDTgkayas1PWRPmF1M3Wa/XHGqzhz2KnFzUoEcjX75yxvENI2YRCqI1j3XSdDPiEJOBZuWvFSzhNAxGbKeoZJETPvZ/OapfWaUgR3GypREe67+nshIpPUkCkxnRHCkl72Z+J/XSzG89jMukxSZpItFYSpsjO1ZAPaAK0ZRTAwhVHFzq01HRBGKJqaSCcFdfnmVtGtV16m695eV+k0eRxFO4BTOwYUrqMMdNKAFFBJ4hld4s1LrxXq3PhatBSufOYY/sD5/AGQUkTk=</latexit>

Y<latexit sha1_base64="wHurHRns4+6W+9qAuj5ZCeowh7o=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUDwVvHhswX5IG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rG8N5ME/YgOJQ85o8ZKjYd+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldpPHUYQTOIVz8OAKanAHdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8ftNWM1Q==</latexit><latexit sha1_base64="wHurHRns4+6W+9qAuj5ZCeowh7o=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUDwVvHhswX5IG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rG8N5ME/YgOJQ85o8ZKjYd+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldpPHUYQTOIVz8OAKanAHdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8ftNWM1Q==</latexit><latexit sha1_base64="wHurHRns4+6W+9qAuj5ZCeowh7o=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUDwVvHhswX5IG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rG8N5ME/YgOJQ85o8ZKjYd+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldpPHUYQTOIVz8OAKanAHdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8ftNWM1Q==</latexit><latexit sha1_base64="wHurHRns4+6W+9qAuj5ZCeowh7o=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUDwVvHhswX5IG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rG8N5ME/YgOJQ85o8ZKjYd+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldpPHUYQTOIVz8OAKanAHdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8ftNWM1Q==</latexit>

f⇡
<latexit sha1_base64="iFwnyL5HcBsQTyYXgXTOpeVLYEk=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQfFU8OKxgv2AdinZNNvGZpOQZIWy9D948aCIV/+PN/+N2XYP2vpg4PHeDDPzIsWZsb7/7ZXW1jc2t8rblZ3dvf2D6uFR28hUE9oikkvdjbChnAnassxy2lWa4iTitBNNbnO/80S1YVI82KmiYYJHgsWMYOukdjzoK1YZVGt+3Z8DrZKgIDUo0BxUv/pDSdKECks4NqYX+MqGGdaWEU5nlX5qqMJkgke056jACTVhNr92hs6cMkSx1K6ERXP190SGE2OmSeQ6E2zHZtnLxf+8Xmrj6zBjQqWWCrJYFKccWYny19GQaUosnzqCiWbuVkTGWGNiXUB5CMHyy6ukfVEP/Hpwf1lr3BRxlOEETuEcAriCBtxBE1pA4BGe4RXePOm9eO/ex6K15BUzx/AH3ucP+o2Osg==</latexit><latexit sha1_base64="iFwnyL5HcBsQTyYXgXTOpeVLYEk=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQfFU8OKxgv2AdinZNNvGZpOQZIWy9D948aCIV/+PN/+N2XYP2vpg4PHeDDPzIsWZsb7/7ZXW1jc2t8rblZ3dvf2D6uFR28hUE9oikkvdjbChnAnassxy2lWa4iTitBNNbnO/80S1YVI82KmiYYJHgsWMYOukdjzoK1YZVGt+3Z8DrZKgIDUo0BxUv/pDSdKECks4NqYX+MqGGdaWEU5nlX5qqMJkgke056jACTVhNr92hs6cMkSx1K6ERXP190SGE2OmSeQ6E2zHZtnLxf+8Xmrj6zBjQqWWCrJYFKccWYny19GQaUosnzqCiWbuVkTGWGNiXUB5CMHyy6ukfVEP/Hpwf1lr3BRxlOEETuEcAriCBtxBE1pA4BGe4RXePOm9eO/ex6K15BUzx/AH3ucP+o2Osg==</latexit><latexit sha1_base64="iFwnyL5HcBsQTyYXgXTOpeVLYEk=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQfFU8OKxgv2AdinZNNvGZpOQZIWy9D948aCIV/+PN/+N2XYP2vpg4PHeDDPzIsWZsb7/7ZXW1jc2t8rblZ3dvf2D6uFR28hUE9oikkvdjbChnAnassxy2lWa4iTitBNNbnO/80S1YVI82KmiYYJHgsWMYOukdjzoK1YZVGt+3Z8DrZKgIDUo0BxUv/pDSdKECks4NqYX+MqGGdaWEU5nlX5qqMJkgke056jACTVhNr92hs6cMkSx1K6ERXP190SGE2OmSeQ6E2zHZtnLxf+8Xmrj6zBjQqWWCrJYFKccWYny19GQaUosnzqCiWbuVkTGWGNiXUB5CMHyy6ukfVEP/Hpwf1lr3BRxlOEETuEcAriCBtxBE1pA4BGe4RXePOm9eO/ex6K15BUzx/AH3ucP+o2Osg==</latexit><latexit sha1_base64="iFwnyL5HcBsQTyYXgXTOpeVLYEk=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQfFU8OKxgv2AdinZNNvGZpOQZIWy9D948aCIV/+PN/+N2XYP2vpg4PHeDDPzIsWZsb7/7ZXW1jc2t8rblZ3dvf2D6uFR28hUE9oikkvdjbChnAnassxy2lWa4iTitBNNbnO/80S1YVI82KmiYYJHgsWMYOukdjzoK1YZVGt+3Z8DrZKgIDUo0BxUv/pDSdKECks4NqYX+MqGGdaWEU5nlX5qqMJkgke056jACTVhNr92hs6cMkSx1K6ERXP190SGE2OmSeQ6E2zHZtnLxf+8Xmrj6zBjQqWWCrJYFKccWYny19GQaUosnzqCiWbuVkTGWGNiXUB5CMHyy6ukfVEP/Hpwf1lr3BRxlOEETuEcAriCBtxBE1pA4BGe4RXePOm9eO/ex6K15BUzx/AH3ucP+o2Osg==</latexit>

⌦
<latexit sha1_base64="A+J/d4WIaE9qsi3/7kcxWTApKVs=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0RFE8BL96MYB6QLGF20puMmZldZmaFEPIPXjwo4tX/8ebfOEn2oIkFDUVVN91dUSq4sb7/7a2srq1vbBa2its7u3v7pYPDhkkyzbDOEpHoVkQNCq6wbrkV2Eo1UhkJbEbDm6nffEJteKIe7CjFUNK+4jFn1Dqp0bmT2KfdUtmv+DOQZRLkpAw5at3SV6eXsEyiskxQY9qBn9pwTLXlTOCk2MkMppQNaR/bjioq0YTj2bUTcuqUHokT7UpZMlN/T4ypNGYkI9cpqR2YRW8q/ue1MxtfhWOu0syiYvNFcSaITcj0ddLjGpkVI0co09zdStiAasqsC6joQggWX14mjfNK4FeC+4ty9TqPowDHcAJnEMAlVOEWalAHBo/wDK/w5iXei/fufcxbV7x85gj+wPv8AVzJjvM=</latexit><latexit sha1_base64="A+J/d4WIaE9qsi3/7kcxWTApKVs=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0RFE8BL96MYB6QLGF20puMmZldZmaFEPIPXjwo4tX/8ebfOEn2oIkFDUVVN91dUSq4sb7/7a2srq1vbBa2its7u3v7pYPDhkkyzbDOEpHoVkQNCq6wbrkV2Eo1UhkJbEbDm6nffEJteKIe7CjFUNK+4jFn1Dqp0bmT2KfdUtmv+DOQZRLkpAw5at3SV6eXsEyiskxQY9qBn9pwTLXlTOCk2MkMppQNaR/bjioq0YTj2bUTcuqUHokT7UpZMlN/T4ypNGYkI9cpqR2YRW8q/ue1MxtfhWOu0syiYvNFcSaITcj0ddLjGpkVI0co09zdStiAasqsC6joQggWX14mjfNK4FeC+4ty9TqPowDHcAJnEMAlVOEWalAHBo/wDK/w5iXei/fufcxbV7x85gj+wPv8AVzJjvM=</latexit><latexit sha1_base64="A+J/d4WIaE9qsi3/7kcxWTApKVs=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0RFE8BL96MYB6QLGF20puMmZldZmaFEPIPXjwo4tX/8ebfOEn2oIkFDUVVN91dUSq4sb7/7a2srq1vbBa2its7u3v7pYPDhkkyzbDOEpHoVkQNCq6wbrkV2Eo1UhkJbEbDm6nffEJteKIe7CjFUNK+4jFn1Dqp0bmT2KfdUtmv+DOQZRLkpAw5at3SV6eXsEyiskxQY9qBn9pwTLXlTOCk2MkMppQNaR/bjioq0YTj2bUTcuqUHokT7UpZMlN/T4ypNGYkI9cpqR2YRW8q/ue1MxtfhWOu0syiYvNFcSaITcj0ddLjGpkVI0co09zdStiAasqsC6joQggWX14mjfNK4FeC+4ty9TqPowDHcAJnEMAlVOEWalAHBo/wDK/w5iXei/fufcxbV7x85gj+wPv8AVzJjvM=</latexit><latexit sha1_base64="A+J/d4WIaE9qsi3/7kcxWTApKVs=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0RFE8BL96MYB6QLGF20puMmZldZmaFEPIPXjwo4tX/8ebfOEn2oIkFDUVVN91dUSq4sb7/7a2srq1vbBa2its7u3v7pYPDhkkyzbDOEpHoVkQNCq6wbrkV2Eo1UhkJbEbDm6nffEJteKIe7CjFUNK+4jFn1Dqp0bmT2KfdUtmv+DOQZRLkpAw5at3SV6eXsEyiskxQY9qBn9pwTLXlTOCk2MkMppQNaR/bjioq0YTj2bUTcuqUHokT7UpZMlN/T4ypNGYkI9cpqR2YRW8q/ue1MxtfhWOu0syiYvNFcSaITcj0ddLjGpkVI0co09zdStiAasqsC6joQggWX14mjfNK4FeC+4ty9TqPowDHcAJnEMAlVOEWalAHBo/wDK/w5iXei/fufcxbV7x85gj+wPv8AVzJjvM=</latexit>

OUTPUT



Numerical first-principles approach to  
non-perturbative QCD

• Many millions of CPU/
GPU/KNL hours  

• Specifically designed 
processors for QCD  
(QCDOC precursor of 
BlueGene computers)

Lattice QCD

Phiala Shanahan, MIT

Calculations use world’s largest computers



Highlights in LQCD for HEP & NP

•Quark masses and 

•Flavour physics 

•Parton distribution functions 

•Pressure in the proton 

•Neutrino physics 

•Dark matter

Phiala Shanahan, MIT

↵s

<latexit sha1_base64="ckbAtXTcT9w60bg7DNJ2kDcsM6Q=">AAAB73icdZDLSgMxFIbP1Futt6pLN8EiuBpmRLTdFdzoroK9QDuUM2mmDc1kxiQjlNKXcONCEbe+jjvfxvRCUdEfAofvP4ec84ep4Np43qeTW1ldW9/Ibxa2tnd294r7Bw2dZIqyOk1Eolohaia4ZHXDjWCtVDGMQ8Ga4fBq6jcfmNI8kXdmlLIgxr7kEadoLGp1UKQD7OpuseS5lUqlXL4gvuvNRObk3FuSEixU6xY/Or2EZjGThgrUuu17qQnGqAyngk0KnUyzFOkQ+6xtS4kx08F4tu+EnFjSI1Gi7JOGzOj3iTHGWo/i0HbGaAb6tzeFf3ntzETlYMxlmhkm6fyjKBPEJGR6POlxxagRI1sgVdzuSugAFVJjIyrYEJa3/180zlzfc/3b81L1ZhFHHo7gGE7Bh0uowjXUoA4UBDzCM7w4986T8+q8zVtzzmLmEH7Ief8CnFiQXg==</latexit><latexit sha1_base64="ckbAtXTcT9w60bg7DNJ2kDcsM6Q=">AAAB73icdZDLSgMxFIbP1Futt6pLN8EiuBpmRLTdFdzoroK9QDuUM2mmDc1kxiQjlNKXcONCEbe+jjvfxvRCUdEfAofvP4ec84ep4Np43qeTW1ldW9/Ibxa2tnd294r7Bw2dZIqyOk1Eolohaia4ZHXDjWCtVDGMQ8Ga4fBq6jcfmNI8kXdmlLIgxr7kEadoLGp1UKQD7OpuseS5lUqlXL4gvuvNRObk3FuSEixU6xY/Or2EZjGThgrUuu17qQnGqAyngk0KnUyzFOkQ+6xtS4kx08F4tu+EnFjSI1Gi7JOGzOj3iTHGWo/i0HbGaAb6tzeFf3ntzETlYMxlmhkm6fyjKBPEJGR6POlxxagRI1sgVdzuSugAFVJjIyrYEJa3/180zlzfc/3b81L1ZhFHHo7gGE7Bh0uowjXUoA4UBDzCM7w4986T8+q8zVtzzmLmEH7Ief8CnFiQXg==</latexit><latexit sha1_base64="ckbAtXTcT9w60bg7DNJ2kDcsM6Q=">AAAB73icdZDLSgMxFIbP1Futt6pLN8EiuBpmRLTdFdzoroK9QDuUM2mmDc1kxiQjlNKXcONCEbe+jjvfxvRCUdEfAofvP4ec84ep4Np43qeTW1ldW9/Ibxa2tnd294r7Bw2dZIqyOk1Eolohaia4ZHXDjWCtVDGMQ8Ga4fBq6jcfmNI8kXdmlLIgxr7kEadoLGp1UKQD7OpuseS5lUqlXL4gvuvNRObk3FuSEixU6xY/Or2EZjGThgrUuu17qQnGqAyngk0KnUyzFOkQ+6xtS4kx08F4tu+EnFjSI1Gi7JOGzOj3iTHGWo/i0HbGaAb6tzeFf3ntzETlYMxlmhkm6fyjKBPEJGR6POlxxagRI1sgVdzuSugAFVJjIyrYEJa3/180zlzfc/3b81L1ZhFHHo7gGE7Bh0uowjXUoA4UBDzCM7w4986T8+q8zVtzzmLmEH7Ief8CnFiQXg==</latexit><latexit sha1_base64="ckbAtXTcT9w60bg7DNJ2kDcsM6Q=">AAAB73icdZDLSgMxFIbP1Futt6pLN8EiuBpmRLTdFdzoroK9QDuUM2mmDc1kxiQjlNKXcONCEbe+jjvfxvRCUdEfAofvP4ec84ep4Np43qeTW1ldW9/Ibxa2tnd294r7Bw2dZIqyOk1Eolohaia4ZHXDjWCtVDGMQ8Ga4fBq6jcfmNI8kXdmlLIgxr7kEadoLGp1UKQD7OpuseS5lUqlXL4gvuvNRObk3FuSEixU6xY/Or2EZjGThgrUuu17qQnGqAyngk0KnUyzFOkQ+6xtS4kx08F4tu+EnFjSI1Gi7JOGzOj3iTHGWo/i0HbGaAb6tzeFf3ntzETlYMxlmhkm6fyjKBPEJGR6POlxxagRI1sgVdzuSugAFVJjIyrYEJa3/180zlzfc/3b81L1ZhFHHo7gGE7Bh0uowjXUoA4UBDzCM7w4986T8+q8zVtzzmLmEH7Ief8CnFiQXg==</latexit>

↵s
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Highlights in LQCD for HEP & NP

•Quark masses and 

•Flavour physics 

•Parton distribution functions 

•Pressure in the proton 

•Neutrino physics 

•Dark matter



Quark masses and 
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Lepage, Mackenzie, Peskin,  
[arXiv:1404.0319] 

• Precision goals for mc, mb, & αs 
needed by high-luminosity ILC  

• Outlined timeline for lattice 
QCD progress

The quark masses and αs are the fundamental parameters of QCD  
Their precise values are important for precision tests of the Standard Model 

e.g., Next-generation of high-luminosity colliders will measure Higgs partial 
widths to sub-percent precision to look for deviations from Standard-Model 
expectations  

Need Standard Model calculations at same sub-percent precision; largest 
uncertainties are currently in mc, mb, & αs [LHCHXSWG-DRAFT-INT-2016-008]

Continued progress towards 
precision goals in last year 

Next goals:  
• Correlated determinations  

of mc, mb, and αs  

• Dynamical QED



Recent Highlight:  
New lattice QCD determination based on 
finite size scaling (rather than Wilson 
Loops and quarkonia) consistent and 
precise: αs =0.1185(8)(3) [PRL119, 102001]  

Phiala Shanahan, MIT
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Figure 1. The left panel is PDG’s [1] summary of ↵S determinations. The yellow bands correspond to the pre-
averages of di↵erent classes of determinations. The right panel, by FLAG [2], focuses on determinations that
used lattice QCD as a tool. The gray bands are the global averages of the two groups.

value being ↵S(MZ) = 0.1181(11). This is the MS-coupling of the five flavor theory renormalized at
µ = MZ, ↵S(µ) ⌘

⇣
ḡ(5)

MS
(µ)
⌘2
/(4⇡). In recent years lattice QCD has become increasingly important as

a tool that allows to connect low and high energy regimes non-perturbatively. The coupling ↵S(MZ)
can then be determined from measured values of low energy hadronic quantities like pion masses and
decay constants. Currently some of the world’s most precise determinations are based on lattice QCD
and already dominate the world average. The latest status is summarized in Fig. 1. Lattice deter-
minations are also reviewed and averaged by the Flavour Lattice Averaging Group [2]. The current
FLAG average includes results from [3–7]. Most of the uncertainties in these lattice determinations
are systematic in nature and are rooted in the multi-scale nature of the problem. On the one hand
the spatial extent L of the simulated box needs to be large enough to avoid finite volume e↵ects in
hadronic observables, i.e. L � m

�1
⇡ . On the other hand the lattice spacing a must be fine enough to be

able to compute a renormalized coupling at high energies µ (where it is small). A coupling could for
instance be defined through the static force at short distances r = µ�1, which would require a ⌧ µ�1.
Insisting on a high value of µ, e.g. µ ⇡ 100 GeV immediately leads to astronomically large lattice
sizes L/a. With today’s machines and algorithms one is restricted to L/a . 100 which requires a
careful balance of the scales a, µ and L such that the unavoidable finite size-, cuto↵- and perturbative
truncation errors are all under control. For instance the most recent result [7] of Fig. 1 uses lattices
with up to L/a = 64 sites, renormalization scales µ ⇡ 5 GeV with lattice spacings a

�1
⇡ 3.3 GeV and

coarser.

These systematic errors can be nearly eliminated by switching to finite volume renormalization
schemes [8], where µ ⌘ L

�1. The drawback is, that a whole sequence of simulations at various values
of L becomes necessary. In addition, the results based on finite size scaling were so far plagued by
relatively large statistical errors or an insu�cient number of dynamical flavors. The only calculation
of this type that enters the FLAG average is the one by PACS-CS, [4]. It has a large, but mainly
statistical error.
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Figure 1. The left panel is PDG’s [1] summary of ↵S determinations. The yellow bands correspond to the pre-
averages of di↵erent classes of determinations. The right panel, by FLAG [2], focuses on determinations that
used lattice QCD as a tool. The gray bands are the global averages of the two groups.

value being ↵S(MZ) = 0.1181(11). This is the MS-coupling of the five flavor theory renormalized at
µ = MZ, ↵S(µ) ⌘

⇣
ḡ(5)

MS
(µ)
⌘2
/(4⇡). In recent years lattice QCD has become increasingly important as

a tool that allows to connect low and high energy regimes non-perturbatively. The coupling ↵S(MZ)
can then be determined from measured values of low energy hadronic quantities like pion masses and
decay constants. Currently some of the world’s most precise determinations are based on lattice QCD
and already dominate the world average. The latest status is summarized in Fig. 1. Lattice deter-
minations are also reviewed and averaged by the Flavour Lattice Averaging Group [2]. The current
FLAG average includes results from [3–7]. Most of the uncertainties in these lattice determinations
are systematic in nature and are rooted in the multi-scale nature of the problem. On the one hand
the spatial extent L of the simulated box needs to be large enough to avoid finite volume e↵ects in
hadronic observables, i.e. L � m

�1
⇡ . On the other hand the lattice spacing a must be fine enough to be

able to compute a renormalized coupling at high energies µ (where it is small). A coupling could for
instance be defined through the static force at short distances r = µ�1, which would require a ⌧ µ�1.
Insisting on a high value of µ, e.g. µ ⇡ 100 GeV immediately leads to astronomically large lattice
sizes L/a. With today’s machines and algorithms one is restricted to L/a . 100 which requires a
careful balance of the scales a, µ and L such that the unavoidable finite size-, cuto↵- and perturbative
truncation errors are all under control. For instance the most recent result [7] of Fig. 1 uses lattices
with up to L/a = 64 sites, renormalization scales µ ⇡ 5 GeV with lattice spacings a

�1
⇡ 3.3 GeV and

coarser.

These systematic errors can be nearly eliminated by switching to finite volume renormalization
schemes [8], where µ ⌘ L

�1. The drawback is, that a whole sequence of simulations at various values
of L becomes necessary. In addition, the results based on finite size scaling were so far plagued by
relatively large statistical errors or an insu�cient number of dynamical flavors. The only calculation
of this type that enters the FLAG average is the one by PACS-CS, [4]. It has a large, but mainly
statistical error.

ALPHA (lambda param.) PRL 119, 102001 

Best lattice QCD uncertainties ~0.6-0.7%,  
approaching ILC target: 0.6%.  
Twice as precise as non-lattice world average 

• Several independent lattice QCD methods 
available to obtain αs  

• Results consistent, despite significantly 
different sources of systematic uncertainty
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J.K. thanks Jaume Tarrús Castellà for a useful discussion on nonanalytic terms in �PT.
Computations for this work were carried out with resources provided by the USQCD

Collaboration, the National Energy Research Scientific Computing Center, the Argonne
Leadership Computing Facility, the Blue Waters sustained-petascale computing project, the
National Institute for Computational Science, the National Center for Atmospheric Re-
search, the Texas Advanced Computing Center, and Big Red II+ at Indiana University.
USQCD resources are acquired and operated thanks to funding from the O�ce of Science
of the U.S. Department of Energy. The National Energy Research Scientific Computing
Center is a DOE O�ce of Science User Facility supported by the O�ce of Science of the
U.S. Department of Energy under Contract No. DE-AC02-05CH11231. An award of com-
puter time was provided by the Innovative and Novel Computational Impact on Theory and
Experiment (INCITE) program. This research used resources of the Argonne Leadership
Computing Facility, which is a DOE O�ce of Science User Facility supported under Contract
DE-AC02-06CH11357. The Blue Waters sustained-petascale computing project is supported
by the National Science Foundation (awards OCI-0725070 and ACI-1238993) and the State
of Illinois. Blue Waters is a joint e↵ort of the University of Illinois at Urbana-Champaign

26

80 85 90 95 100 105

Fermilab/MILC/TUMQCD 18

HPQCD 14

ETM 14

Maezawa and Petreczky 16

RBC/UKQCD 14

BMW 10

HPQCD 10

MILC 09

m
s,MS

(2 GeV) [MeV]

u, d, s, c sea

u, d, s sea

3 3.2 3.4 3.6 3.8 4

Fermilab/MILC/TUMQCD 18

ETM 14

RBC/UKQCD 14

BMW 10

HPQCD 10

MILC 09

m
l,MS

(2 GeV) [MeV]

u, d, s, c sea

u, d, s sea

FIG. 7. Comparison of m
s,MS

(2 GeV) (left) and m
ud,MS

(2 GeV) (right) to other results from
lattice QCD. Our result is shown as a magenta burst, with the gray band showing how it com-
pares directly with the other results. The labels refer to Fermilab/MILC/TUMQCD 18 (this
work); HPQCD 14 [71]; ETM 14 [83]; Maezawa and Petreczky 16 [84]; RBC/UKQCD 14 [104];
BMW 10 [105]; HPQCD 10 [87]; MILC 09 [106].

branching ratio in the Standard Model and extensions thereof. Third, QCD+QED simula-
tions would eliminate the scheme dependence arising from the matching of QCD+QED to
pure QCD. Finally, the ideal determination of the matrix elements µ

2

⇡
and µ

2

G
, and analogous

quantities that enter at order 1/m2

Q
and higher, would require computing heavy-light vector

mesons on the lattice, in addition to the pseudoscalar mesons studied here. In particular,
this would make possible a pure lattice result for µ

2

G
, without making use of the experimental

information on the B-meson hyperfine splitting.

ACKNOWLEDGMENTS
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Quark masses update 

Phiala Shanahan, MIT

Recent Highlight:  
Significant improvement 
in heavy quark mass 
determinations using new 
method based on heavy-
quark effective theory 
[Phys. Rev. D97, 034503] 

Precision          ILC goals 

Will improve further with 
inclusion of finer lattice 
spacings

0.3 

0.7

ẟmb ~ 0.3 

ẟmc ~ 0.8

VI. SUMMARY, COMPARISONS, AND OUTLOOK

The results presented in Sec. V show that the new HQET-based method, developed here
and in Ref. [1], is both qualitatively and quantitatively successful. The qualitative success
relies on the clean separation of scales provided by HQET with the MRS definition of the
heavy-quark mass, while the quantitative success relies on the high statistics of the MILC
Collaboration’s HISQ ensembles [25–27], all 24 of which have been employed here. Also
relevant to the success of the method is the availability of the order-↵5

s
perturbation theory

for the running of the quark mass [57] and strong coupling [58], and the order-↵4

s
coe�cient

linking the MS mass to the pole mass and, hence, the MRS mass [59, 60]. These features are
not (yet) shared by other determinations of quark masses using lattice QCD. Although the
HQET method separates the heavy-quark scale from the QCD scale, mass ratios determined
in the course of this work and Ref. [14] yield results for all quarks except the top quark.

Our results for heavy-quark masses mc and mb are compared with other results in the
literature in Fig. 6. Both panels show the most recent lattice-QCD calculation with a
complete error budget from each combination of method and collaboration. For nonlattice
calculations, we also show the most recent result from each method and-or collaboration,
but include only those with perturbative-QCD accuracy of order-↵3

s
matching and, if needed,

order-↵4

s
running.5 As noted in Sec. V, the parametric uncertainty in ↵s is one of our largest

1.2 1.25 1.3 1.35 1.4

Fermilab/MILC/TUMQCD 18
HPQCD 14 (all HISQ)
ETM 14 (baryons)
ETM 14 (mesons)

Maezawa and Petreczky 16
JLQCD 16
�QCD 14
HPQCD 10 (moments)

Mateu et al. 17
Chetyrkin et al. 17
Kiyo et al. 15
Dehnadi et al. 15
Narison et al. 11
Bodenstein et al. 11c
Boughezal et al. 06

mc [GeV]

u, d, s, c sea

u, d, s sea

nonlattice

4.05 4.15 4.25 4.35 4.45

Fermilab/MILC/TUMQCD 18
Gambino et al. 17
ETM 16
HPQCD 14 (NRQCD b)
HPQCD 14 (all HISQ)

Maezawa and Petreczky 16
HPQCD 13 (⌥ splittings)
HPQCD 10 (moments)

Mateu et al. 17
Ayala et al. 16
Beneke et al. 16
Kiyo et al. 15
Dehnadi et al. 15
Penin et al. 14
Narison et al. 11
Bodenstein et al. 11b
Chetyrkin et al. 09
Boughezal et al. 06
Brambilla et al. 01

mb [GeV]

u, d, s, c sea

u, d, s sea

nonlattice

FIG. 6. Comparison of mc (left) and mb (right) to other results from lattice QCD
and from nonlattice methods. Our result is shown as a magenta burst, with the gray
band showing how it compares directly with the other results. The labels refer to
Fermilab/MILC/TUMQCD 18 (this work); HPQCD 14 (all HISQ) [71]; ETM 14 (baryons) [82];
ETM 14 (mesons) [83]; Maezawa and Petreczky 16 [84]; JLQCD 16 [85]; �QCD 14 [86]; HPQCD 10
(moments) [87]; Mateu et al. 17 [88]; Chetyrkin et al. 17 [89]; Kiyo et al. 15 [90]; Dehnadi et al. 15
[91]; Narison 11 [92]; Bodenstein et al. 11c [93]; Boughezal et al. 06 [94]; Gambino et al. 17 [12];
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[87]; Ayala et al. 16 [98]; Beneke et al. 16 [99]; Penin et al. 14 [100]; Bodenstein et al. 11b [101];
Chetyrkin et al. 09 [102]; Brambilla et al. 01 [103].

5 If we have omitted a result with order-↵4
s

running and order-↵3
s

matching, please let us know.
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Abstract
We calculate the up-, down-, strange-, charm-, and bottom-quark masses using the MILC highly

improved staggered-quark ensembles with four flavors of dynamical quarks. We use ensembles
at six lattice spacings ranging from a ⇡ 0.15 fm to 0.03 fm and with both physical and un-
physical values of the two light and the strange sea-quark masses. We use a new method based
on heavy-quark e↵ective theory (HQET) to extract quark masses from heavy-light pseudoscalar
meson masses. Combining our analysis with our separate determination of ratios of light-quark
masses we present masses of the up, down, strange, charm, and bottom quarks. Our results for
the MS-renormalized masses are mu(2 GeV) = 2.118(38) MeV, md(2 GeV) = 4.690(54) MeV,
ms(2 GeV) = 92.52(69) MeV, mc(3 GeV) = 984.3(5.6) MeV, and mc(mc) = 1273(10) MeV, with
four active flavors; and mb(mb) = 4197(14) MeV with five active flavors. We also obtain ratios of
quark masses mc/ms = 11.784(22), mb/ms = 53.93(12), and mb/mc = 4.577(8). The result for mc

matches the precision of the most precise calculation to date, and the other masses and all quoted
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•Quark masses and 

•Flavour physics 

•. 

•Parton distribution functions 

•Neutrino physics 

•Dark matter
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Lattice QCD can provide precise hadronic matrix elements for flavour 
physics: 

This leads to effort in two main directions:

Flavour physics from lattice QCD

Phiala Shanahan, MIT

A. El-Khadra ICHEP 2014,  Valencia, 08 July 2014

B → π  lν K → π lν 

D→ π lν 
D → lν

D → K lν 
Ds →  lν

B → D, D* lν 

mixing

Vud Vus

Vcd

Vtd

Vub

Vcs Vcb

Vts Vtb

Simple LQCD quantities for CKM elements

π →  μν            K →  μν 

23

Tuesday, July 8, 14

Lattice QCD + CKM          
           Standard Model expectations for rare decays & mixing  
Target processes sensitive to beyond-SM physics

[experiment] = [known] x [CKM] x [hadronic matrix element]

Lattice QCD + experiment  
          CKM quark mixing matrix elements  
Simple tree-level processes in lattice QCD 
allow determination of all elements and 
phases other than Vtb

1

2



Many lattice calculations of what are now “simple” flavour physics quantities 

FLAG: Flavour Lattice Averaging Group  
Similar effort to the PDG, for Lattice QCD 

• Members from most major lattice QCD collaborations 

• Evaluates and grades different aspects of each calculation 

• Provides averages as the “Lattice QCD community consensus” value for  
a given quantity  

• Includes lattice dictionary and summaries for non-experts 

• Summary report every ~2 years: [arXiv:1304.5422] [1607.00299] [1902.08191] 
March 2019 update at http://flag.unibe.ch 

• New version released in 2019: coverage expanded to include simple baryon 
quantities e.g., gA

Flavour Lattice Averaging Group

Phiala Shanahan, MIT
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example

Phiala Shanahan, MIT

http://flag.unibe.ch

• Decay constants, form factors, kaon mixing, LECs… 

• Colour coded for quality of calculation (# lattice spacings, volumes,…)



B→Dℓ𝜈 and B→D*ℓ𝜈
Lattice QCD results for B→Dℓ𝜈 reveal ~3σ tension with experimental 
measurements [HPQCD arXiv:1505.03925, MILC arXiv:1503.07237] 

Latest Belle results reduce  
the tension

Phiala Shanahan, MIT

Standard Model predication for 
R(D*) uses experimental data 
plus HQET: uncertainties may be 
underestimated [PRD 85, 094025] 

Preliminary results for LQCD 
determinations of B→D*ℓ𝜈 form 
factors at nonzero recoil: will 
provide independent constraints 
on R(D*) [arXiv:1710.09817, 1906.01019]

_ _

R
⇣
D(⇤)

⌘
= �

⇣
B ! D(⇤)⌧⌫

⌘�
�
⇣
B ! D(⇤)l⌫

⌘
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Heavy Flavour Averaging Group 
(Particle Data Group), Phys. Rev. D 98, 030001 (2018)  
and 2019 update



K+→π+𝜈𝜈 decay is a rare process sensitive to many new physics scenarios  
e.g., Randall-Sundrum, MSSM, Z, Z' models, Littlest Higgs with T-parity,  
LFU violation models  

• NA62 Experiment aims to test Standard Model at  
10% precision with data to end 2018;  
first dataset 2016, one event observed 

• Short distance contribution to decay amplitude: perturbation theory + 
semileptonic kaon decay form factors  
Long-distance contribution O(5%) from phenomenological estimates. 

K+→π+𝜈𝜈

Phiala Shanahan, MIT

Speaker: Radoslav Marchevski
On behalf of the NA62 collaboration

Moriond EW Conference, 10–17th March 2018,  La Thuile, Italy,

�+⇤p+⌅⌅ : ⌥rst NA62 results 

_

2018 Lattice QCD highlight:  
Exploratory calculation demonstrated feasibility of decay amplitude calculation, 
in particular long-distance component [Bai et al., Phys. Rev. D 98, 074509 (2018)]  
Expectation that a fully controlled calculation will be possible within four years



Phiala Shanahan, MIT
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Highlights in LQCD for HEP & NP

•Quark masses and 

•Flavour physics 

•Parton distribution functions 

•Pressure in the proton 

•Neutrino physics 

•Dark matter



Parton physics from Lattice QCD

Three-dimensional partonic structure 
of the proton 

How do quarks and gluons carry the 
proton’s 

Phiala Shanahan, MIT

Understanding the quark and gluon 
structure of matter

• Mass 

• Momentum 

• Angular momentum, spin 

• Pressure and shear 

• …



Parton distribution functions

Phiala Shanahan, MIT

PDFs quantify fundamental aspects of hadron structure 

Nucleon PDFs are needed for e.g., searches for new physics at the LHC 
through top-quark and Higgs-boson coupling measurements 

Lattice QCD can provide 

• Moments of PDFs with controlled uncertainties: 

• Inclusion in global PDF fits can reduce uncertainties 
see workshop slides http://www.physics.ox.ac.uk/confs/PDFlattice2017 
and community white paper [Prog.Part.Nucl.Phys.100 (2018) 107] 

• First calculations of x-dependence of nucleon PDFs

Parton distribution 
functions f(x, µ2)
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Number densities of partons of type    with 
momentum fraction     at scale      in a given 
hadron

f
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Z 1

0
xnf(x, µ2)= hxnif (µ2)
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Parton physics from Lattice QCD

Phiala Shanahan, MIT

Exploratory Era

•x-dependence of 
PDFs 

•TMDs 

Precision Era

•Static properties of 
nucleon incl. spin, 
flavour decomp. 

•Mellin moments of 
PDFs, GPDs 

Fully-controlled w/ 
few-percent errors 
within ~5y

First calculations, 
timeline for 
controlled 
calculations unclear

Early Era

•Nuclear structure A<5 

•Spin, flavour decomp. 
of EMC-type effects 

Fully-controlled w/ 
~15—percent errors 
within ~7y 

x
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TABLE II: Our results for the intrinsic spin ( 12�⌃), angular
momentum (L) and total (J) contributions to the nucleon
spin and to the nucleon momentum hxi, in the MS-scheme
at 2 GeV, from up (u), down (d) and strange (s) quarks and
from gluons (g), as well as the sum of all contributions (tot.),
where the first error is statistical and the second a systematic
due to excited states.

1
2�⌃ J L hxi

u 0.415(13)(2) 0.308(30)(24) -0.107(32)(24) 0.453(57)(48)
d -0.193(8)(3) 0.054(29)(24) 0.247(30)(24) 0.259(57)(47)
s -0.021(5)(1) 0.046(21)(0) 0.067(21)(1) 0.092(41)(0)
g - 0.133(11)(14) - 0.267(22)(27)

tot. 0.201(17)(5) 0.541(62)(49) 0.207(64)(45) 1.07(12)(10)

show schematically the various contributions to the spin
and momentum fraction.

FIG. 3: Left: Nucleon spin decomposition. Right: Nu-
cleon momentum decomposition. All quantities are given in
the MS-scheme at 2 GeV. The striped segments show valence
quark contributions (connected) and the solid segments the
sea quark and gluon contributions (disconnected).

Conclusions: In this work we present a calcula-
tion of the quark and gluon contributions to the pro-
ton spin, directly at the physical point. Individual
components are computed for the up, down, strange
and charm quarks, including both connected (valence)
and disconnected (sea) quark contributions. Our final
numbers are collected in Table II. The quark intrinsic
spin from connected and disconnected contributions is
1
2�⌃u+d+s = 0.299(12)(3)|conn. � 0.098(12)(4)|disc. =
0.201(17)(5), while the total quark spin is Ju+d+s =
0.255(12)(3)|conn. + 0.153(60)(47)|disc. = 0.408(61)(48).
Our result for the intrinsic quark spin contribution agrees
with the upper bound set by a recent phenomenologi-
cal analysis of experimental data from COMPASS [45],
which found 0.13 < 1

2�⌃ < 0.18. The results for Lq

and Jq in Table II are also consistent with an analysis of
generalized parton distributions [45]. Using the spin sum
one would deduce that Jg=

1
2�Jq=0.092(61)(48), which

is consistent with taking Jg = 1
2 hxig = 0.133(11)(14)

via the direct evaluation of the gluon momentum frac-
tion, which suggests that Bg

20(0) is indeed small. Fur-
thermore, we find that the momentum sum is satisfied

P
qhxiq+hxig = 0.497(12)(5)|conn.+0.307(121)(95)|disc.+

0.267(12)(10)|gluon = 1.07(12)(10) as is the spin sum
of quarks and gluons giving JN =

P
q Jq + Jg =

0.408(61)(48) + 0.133(11)(14) = 0.541(62)(49) resolving
a long-standing puzzle.
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Recent highlight: All terms 
of nucleon momentum 
decomposition calculated 
with controlled uncertainties

Moments of PDFs
Lattice QCD can cleanly access low  
moments of PDFs (n ≲ 3) 
[work to move beyond: Chambers et al., arXiv:1703.01153, 

Davoudi & Savage, arXiv:1204.4146] 

State-of-the-art calculations have: 

• Fully-controlled systematic uncertainties 
competitive with or better than 
experiment for some quantities 

• Separate contributions from 
• Strangeness and light flavours 

• Charge symmetry violation 

• Gluons

Z 1

0
xnf(x, µ2) = hxnif (µ2)
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• Including lattice QCD results for moments in global PDF fits can 
yield significant improvements 

Constraints on global PDF fits

[H-W. Lin et al., PRL 120 (2018), 152502]
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FIG. 1. Comparison of the full SIDIS+lattice fit with the
⇡
+ (filled circles) and ⇡

� (open circles) Collins asymmetries

A
sin(�h+�s)
UT from HERMES [47] and COMPASS [48, 49] (in

percent), as a function of x, z and Ph? (in GeV).

where ⇡(a) is the prior distribution for the vector param-
eters a, and

L(data|a) = exp


�
1

2
�
2(a)

�
(10)

is the likelihood function, with Z =
R
d
n
aL(data|a)⇡(a)

the Bayesian evidence parameter. Using a flat prior, the
nested sampling algorithm constructs a set of MC sam-
ples {ak} with weights {wk}, which are then used to
evaluate the integrals in Eqs. (8).

The results of the fit indicate good overall agreement
with the Collins ⇡

+ and ⇡
� asymmetries, as illustrated

in Fig. 1, for both HERMES [47] and COMPASS [48,
49] data, with marginally better fits for the latter. The
�
2
/datum values for the ⇡+ and ⇡

� data are 28.6/53 and
40.4/53, respectively, for a total of 68.9/106 ⇡ 0.65. The
larger �2 for ⇡� stems from the few outlier points in the
x and z spectra, as evident in Fig. 1. The SIDIS-only fit
is almost indistinguishable, with �

2
SIDIS = 69.2. Clearly,

our MC results do not indicate any tension between the
SIDIS data and lattice QCD calculations of gT , nor any
“transverse spin problem”.

The resulting transversity PDFs hu

1 and h
d

1 and Collins

favored and unfavored FFs, H?(1)
1(fav) and H

?(1)
1(unf), are plot-

ted in Fig. 2 for both the SIDIS-only and SIDIS+lattice
fits. The positive (negative) sign for the u (d) transversity
PDF is consistent with previous extractions, and corre-
lates with the same sign for the Collins FFs in the re-
gion of z directly constrained by data. The larger |h

d

1|

compared with |h
u

1 | reflects the larger magnitude of the
(negative) ⇡

� asymmetry than the (positive) ⇡
� asym-

metry. At lower z values, outside the measured region,
the uncertainties on the Collins FFs become extremely
large. Interestingly, inclusion of the lattice gT datum has
very little e↵ect on the central values of the distributions,
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FIG. 2. Transversity PDFs hu,d
1 and favored zH

?(1)
1(fav) and un-

favored zH
?(1)
1(unf) Collins FFs for the SIDIS+lattice fit (red and

blue bands) at Q
2 = 2 GeV2, compared with the SIDIS-only

fit uncertainties (yellow bands). The range of direct experi-
mental constraints is indicated by the horizontal dashed lines.

but reduces significantly the uncertainty bands. The fit-
ted antiquark transversity is consistent with zero, within
relatively large uncertainties, and is not shown in Fig. 2.
For the transverse momentum widths, our analysis of

the HERMES multiplicities [53] gives a total �2
/datum of

1079/978, with hk
2
?i

q

f1
= 0.59(1) GeV2 and 0.64(6) GeV2

for the unpolarized valence and sea quark PDF widths,

and hp
2
?i

⇡/q

D1
= 0.116(2) GeV2 and 0.140(2) GeV2 for the

unpolarized favored and unfavored FF widths. These
values are compatible with ones found in the analysis
by Anselmino et al. [54] of HERMES and COMPASS
charged hadron multiplicities. On the other hand, the
similar values found for the sea and valence PDF widths
disagree with the chiral soliton model [55], for which the
sea to valence ratio is ⇠ 5. Note also that while there ap-
pear some incompatibilities between the x dependence of
the HERMES and COMPASS Ph?-integrated ⇡

± multi-
plicities, our analysis uses only Ph?-dependent HERMES
data that are given in bins of x, z, Q2 and Ph?.
The transverse momentum widths for the valence and

sea transversity PDFs are hk
2
?i

q

h1
= 0.5(2) GeV2 and

1.0(5) GeV2, respectively, and hp
2
?i

⇡/q

H
?
1

= 0.12(4) GeV2

and 0.06(3) GeV2 for the favored and unfavored Collins
FF widths, respectively. The relatively larger uncertain-
ties on the h1 andH

?
1 widths compared with the unpolar-

ized widths reflect the higher precision of the HERMES
multiplicity data, and the order of magnitude smaller
number of data points for the Collins asymmetries.

Integrating the transversity PDFs over x, the resulting
normalized yields from our MC analysis for the �u and �d

moments are shown in Fig. 3, together with the isovector
combination gT . The most striking feature is the sig-
nificantly narrower distributions evident when the SIDIS
data are supplemented by the lattice gT input. The u

and d tensor charges in Fig. 3(a), for example, change
from �u = 0.3(3) ! 0.3(2) and �d = �0.6(5) ! �0.7(2)
at the scale Q2 = 2 GeV2, while the reduction in the un-
certainty is even more dramatic for the isovector charge
in Fig. 3(b), gT = 0.9(8) ! 1.0(1). The earlier single-
fit analysis of SIDIS data by Kang et al. [21] quotes

Collins fragmentation functionsTransversity PDFs
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• First calculations of x-dependence of nucleon PDFs  
Quasi and pseudo-PDF calculations use non-local Euclidean correlators and 
perturbative QCD matching in high momentum limit [X. Ji, arXiv:1305.1539] 

• Renormalisation and perturbative matching understood (~5 year effort) 

• Low-x, high-x, regions particularly challenging (lattice systematics) 

• Flavour separation is relatively straightforward 

x-dependence of PDFs

Nucleon (u-d) PDFs [quasi-PDF approach] 
First exploratory attempts 2015

Midterm Review, Part IV: Lattice QCD - M. Constantinou �10

Advances in studies within lattice QCD
First exploratory studies (nucleon quasi-PDFs)

[H.W. Lin et al., Phys. Rev. D 91, 054510 (2015), arXiv:1402.1462] [C. Alexandrou,  Phys. Rev. D 92, 014502 (2015), arXiv:1504.07455]
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Quasi and pseudo-PDF calculations use non-local Euclidean correlators and 
perturbative QCD matching in high momentum limit [X. Ji, arXiv:1305.1539] 

• Renormalisation and perturbative matching understood (~5 year effort) 

• Low-x, high-x, regions particularly challenging (lattice systematics) 

• Flavour separation is relatively straightforward 

x-dependence of PDFs

Nucleon (u-d) PDFs [quasi-PDF approach] 
State-of-the-art 2018-2019
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Midterm Review, Part IV: Lattice QCD - M. Constantinou �12

Lattice Calculations (LP3)
[22] Chen, Jin, Li, Lin, Liu, Yang, Zhang, Zhao, arXiv:1803.04393  
[62] Lin, Chen, Ji, Jin, Li, Liu, Yang, Zhang, Zhao, Phys. Rev. Lett. 121 (2018) 242003, arXiv:1807.07431  
[63] Liu, Chen, Jin, Li, Lin, Yang, Zhang, Zhao, arXiv:1810.05043 

" alternative RI-type scheme 
" two-state fit analysis 
" matching from RI to MS scheme

 [19]  J. W. Chen, T. Ishikawa, L. Jin, H. W. Lin, Y. B. Yang, J. H. Zhang,  
         Y. Zhao, Phys. Rev. D 97 (2018) 014505 [arXiv:1706.01295] 

Midterm Review, Part IV: Lattice QCD - M. Constantinou �11

Lattice Calculations (ETMC)

First calculation at the physical point including all components                                                                                                

[5] Alexandrou, Cichy, Constantinou, Jansen, Scapellato, Steffens, Phys.Rev.Lett. 121 (2018) 112001 [arXiv:1803.02685] 
[3] Alexandrou, Cichy, Constantinou, Jansen, Scapellato, Steffens, Phys. Rev. D 98 (2018) 091503 [arXiv:1807.00232]

Alexandrou, Cichy, Constantinou, Hadjiyiannakou, Jansen, Scapellato, Steffens[arXiv:1902.00587]
Thorough investigation of systematic uncertainties: 
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" investigation of  
    excited states  
    with various techniques 
 
 

" matching from  
    MS to MS scheme 
 
 

" altered matching  
    for particle number 
    conservation 
  
" transversity PDFs  
    particularly interesting 
    due to poor estimates 
    from global fits 

" Future calculations (fine lattices, large  
    volumes  2-loop matching, controlled  
    systematics) can predict sea quark  
    flavor asymmetry
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Highlights in LQCD for HEP & NP

•Quark masses and 

•Flavour physics 

•Parton distribution functions 

•Pressure in the proton 

•Neutrino physics 

•Dark matter



• Generalised form factors encode e.g., Energy-Momentum Tensor 

• Matrix elements of traceless gluon EMT for spin-half nucleon: 

• Sum rules of gluon and quark GFFs in forward limit

Phiala Shanahan, MIT

Energy Momentum Tensor

• Momentum fraction 

• Spin 

• D-terms              unknown but equally fundamental! 

• Da(t) GFFs encodes pressure and shear distributions

X

a=q,g

Aa(0) = 1
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Aa(0) = hxia
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a=q,g

Ja(0) =
1

2
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3

where (again, following the conventions of Ref. [5])

Fµ⌫ [Ag, Bg, Dg] = Ag(t) �{µP⌫} +Bg(t)
i P{µ�⌫}⇢�

⇢

2MN
+Dg(t)

�{µ�⌫}

4MN
. (5)

An exactly analogous decomposition exists for matrix elements of the quark contribution of flavour q to the traceless
part of the EMT:

hp0, s0| q�{µi
$

D⌫} q|p, si = Ū(p0, s0)Fµ⌫ [Aq, Bq, Dq]U(p, s). (6)

For each q = {u, d, . . . }, the GFFs are related to the lowest Mellin moments of the relevant unpolarised GPDs defined
in Eq. (1):

Z
1

�1

dx xHq(x, ⇠, t) = Aq(t) + ⇠2Dq(t) ,

Z
1

�1

dx xEq(x, ⇠, t) = Bq(t)� ⇠2Dq(t) , (7)

and similarly the gluon GFFs are related to the GPDs defined in Eq. (2):
Z

1

0

dx Hg(x, ⇠, t) = Ag(t) + ⇠2Dg(t) ,

Z
1

0

dx Eg(x, ⇠, t) = Bg(t)� ⇠2Dg(t) . (8)

Since the quark and gluon pieces of the EMT are not separately conserved, the individual form factors Aa(t), Ba(t)
and Da(t) are scale- and scheme-dependent, although the total form factors A(t), B(t), D(t), where X(t) ⌘

P
a Xa(t)

with a = {u, d, . . . , g}, are renormalisation-scale invariant. The GFFs Aa(t) encode the distribution of the nucleon’s
momentum among its constituents (and momentum conservation implies A(0) = 1), while the angular momentum
distributions are described by Ja(t) = 1

2
(Aa(t) + Ba(t)) (and total spin constrains J(0) = 1

2
). The Da(t) terms

encode the shear forces acting on the quarks and gluons in the nucleon while their sum D(t) determines the pressure
distribution [7–9].

B. Pion

The spin-independent pion GPDs are defined by pion matrix elements of the lowest-twist light-ray quark and gluon
operators:

Z
1

�1

d�

2⇡
ei�xhp0| ̄q(�

�

2
n)�µU[��

2 n,�2 n] q(
�

2
n)|pi = 2PµH(⇡)

q (x, ⇠, t) + . . . (9)

for q = {u, d, . . .}, and
Z

1

�1

d�

2⇡
ei�xhp0|G{µ↵

a (�
�

2
n)


U

(A)

[��
2 n,�2 n]

�

ab

G ⌫}
b↵ (

�

2
n)|pi = P {µP ⌫}H(⇡)

g (x, ⇠, t) + . . . , (10)

where the notation is as in Eqs. (1) and (2). A covariant normalisation of pion states has been used: hp0| pi =
2p0 (2⇡)3�(3)(p0

� p). The lowest moments of these GPDs are related to the pion matrix elements of the quark and

gluon pieces of the traceless EMT, which are described by two scalar GFFs for each flavour a, labelled A(⇡)
a (t) and

D(⇡)
a (t). Precisely,

hp 0
|Ga

{µ↵G
a↵
⌫}|pi = 2P{µP⌫} A

(⇡)
g (t) +

1

2
�{µ�⌫} D

(⇡)
g (t) ⌘ Kµ⌫ [A

(⇡)
g , D(⇡)

g ] , (11)

and similarly for the quark operators,

hp 0
| q�{µi

$

D⌫} q|pi = Kµ⌫ [A
(⇡)
q , D(⇡)

q ] . (12)

Just as for the nucleon, the GFFs which describe pion matrix elements of the EMT correspond to the quark and
gluon gravitational form factors of the pion, and can be expressed as Mellin moments of the pion GPDs:

Z
1

�1

dx xH(⇡)
q (x, ⇠, t) = A(⇡)

q (t) + ⇠2D(⇡)
q (t) ,

Z
1

0

dxH(⇡)
g (x, ⇠, t) = A(⇡)

g (t) + ⇠2D(⇡)
g (t) . (13)

The forward limit A(⇡)
a (0) encodes the light-cone momentum fraction of the pion carried by parton a. The GFFs

D(⇡)
a (t) are related to the pressure and shear distributions in the pion [7–9].

Da(0)
<latexit sha1_base64="P0eJq7IIKcUALD4XAEG+BavOevs=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSLUS8mKoMeiHjxWsB/QLiWbZtvYbLIkWaEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZemAhuLMbf3srq2vrGZmGruL2zu7dfOjhsGpVqyhpUCaXbITFMcMkallvB2olmJA4Fa4Wjm6nfemLacCUf7DhhQUwGkkecEuuk5m2PVPBZr1TGVTwDWiZ+TsqQo94rfXX7iqYxk5YKYkzHx4kNMqItp4JNit3UsITQERmwjqOSxMwE2ezaCTp1Sh9FSruSFs3U3xMZiY0Zx6HrjIkdmkVvKv7ndVIbXQUZl0lqmaTzRVEqkFVo+jrqc82oFWNHCNXc3YrokGhCrQuo6ELwF19eJs3zqo+r/v1FuXadx1GAYziBCvhwCTW4gzo0gMIjPMMrvHnKe/HevY9564qXzxzBH3ifPzsVjjs=</latexit><latexit sha1_base64="P0eJq7IIKcUALD4XAEG+BavOevs=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSLUS8mKoMeiHjxWsB/QLiWbZtvYbLIkWaEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZemAhuLMbf3srq2vrGZmGruL2zu7dfOjhsGpVqyhpUCaXbITFMcMkallvB2olmJA4Fa4Wjm6nfemLacCUf7DhhQUwGkkecEuuk5m2PVPBZr1TGVTwDWiZ+TsqQo94rfXX7iqYxk5YKYkzHx4kNMqItp4JNit3UsITQERmwjqOSxMwE2ezaCTp1Sh9FSruSFs3U3xMZiY0Zx6HrjIkdmkVvKv7ndVIbXQUZl0lqmaTzRVEqkFVo+jrqc82oFWNHCNXc3YrokGhCrQuo6ELwF19eJs3zqo+r/v1FuXadx1GAYziBCvhwCTW4gzo0gMIjPMMrvHnKe/HevY9564qXzxzBH3ifPzsVjjs=</latexit><latexit sha1_base64="P0eJq7IIKcUALD4XAEG+BavOevs=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSLUS8mKoMeiHjxWsB/QLiWbZtvYbLIkWaEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZemAhuLMbf3srq2vrGZmGruL2zu7dfOjhsGpVqyhpUCaXbITFMcMkallvB2olmJA4Fa4Wjm6nfemLacCUf7DhhQUwGkkecEuuk5m2PVPBZr1TGVTwDWiZ+TsqQo94rfXX7iqYxk5YKYkzHx4kNMqItp4JNit3UsITQERmwjqOSxMwE2ezaCTp1Sh9FSruSFs3U3xMZiY0Zx6HrjIkdmkVvKv7ndVIbXQUZl0lqmaTzRVEqkFVo+jrqc82oFWNHCNXc3YrokGhCrQuo6ELwF19eJs3zqo+r/v1FuXadx1GAYziBCvhwCTW4gzo0gMIjPMMrvHnKe/HevY9564qXzxzBH3ifPzsVjjs=</latexit><latexit sha1_base64="P0eJq7IIKcUALD4XAEG+BavOevs=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSLUS8mKoMeiHjxWsB/QLiWbZtvYbLIkWaEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZemAhuLMbf3srq2vrGZmGruL2zu7dfOjhsGpVqyhpUCaXbITFMcMkallvB2olmJA4Fa4Wjm6nfemLacCUf7DhhQUwGkkecEuuk5m2PVPBZr1TGVTwDWiZ+TsqQo94rfXX7iqYxk5YKYkzHx4kNMqItp4JNit3UsITQERmwjqOSxMwE2ezaCTp1Sh9FSruSFs3U3xMZiY0Zx6HrjIkdmkVvKv7ndVIbXQUZl0lqmaTzRVEqkFVo+jrqc82oFWNHCNXc3YrokGhCrQuo6ELwF19eJs3zqo+r/v1FuXadx1GAYziBCvhwCTW4gzo0gMIjPMMrvHnKe/HevY9564qXzxzBH3ifPzsVjjs=</latexit>

hp0, s0|Ga
{µ↵G

a↵
⌫}|p, si = Ū(p0, s0)
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combining recent LQCD results for the gluon contributions to the energy momentum tensor with

earlier calculations of the quark contributions. The utility of LQCD calculations in exploring, and

supplementing, the assumptions in the recent extraction of the pressure distribution in the proton

from deeply virtual Compton scattering in Ref. [1] is also discussed. Based on this study, the target

kinematics for experiments aiming to determine the pressure and shear distributions with greater

precision at a future Electron Ion Collider are defined.

Many of the most fundamental aspects of hadron
structure are encoded in form factors that describe the
hadron’s interactions with the electromagnetic, weak,
and gravitational forces. In the forward limit, the elec-
tromagnetic form factors reduce to properties such as the
electric charge and magnetic moment of a hadron, weak
form factors to the axial charge and induced pseudoscalar
coupling, while the gravitational form factors describe
the hadron’s mass, spin, and D-term. Unlike the mass,
spin and electromagnetic and weak form factors of the
proton, which are well-known, the quark D-term form
factor, Dq(t) (where t is the squared momentum trans-
fer), has only recently been measured for the first time [1],
while the gluon term Dg(t) has never been measured.
These functions, which parameterise the spatial-spatial
components of the energy momentum tensor (EMT), de-
scribe the internal dynamics of the system through the
pressure and shear distributions inside the proton [2].
While the quark and gluon contributions to the pressure
are not individually well-defined because they depend on
the non-conserved components of the EMT and are scale-
and scheme-dependent, the sum of all quark and gluon
contributions to the pressure is a measurable quantity
and, as such, is of fundamental interest as one of the few
remaining aspects of proton structure about which very
little is known.

Recently, the pressure distribution in the proton was
extracted for the first time from deeply virtual Compton
scattering (DVCS) experiments at the Thomas Je↵erson
National Accelerator Facility (JLab) [1] over a limited
kinematic range. The result is remarkable; it indicates
that the internal pressure in a proton is approximately
1035 pascals, exceeding the estimated pressure in the in-
terior of a neutron star. However, since DVCS is almost
insensitive to gluons, this determination necessarily re-
lies on several assumptions about the gluon contributions
that are important to investigate. In particular, the anal-
ysis presented in Ref. [1] (referred to henceforth as BEG)
assumes that Dg(t) = Dq(t) as there is no information
on the gluon D-term from experiment. Since DVCS ac-
cesses the charge-squared weighted combination of quark
flavours, BEG also necessarily assumes that the isovec-

tor quark contributions to the Dq(t) form factor vanish,
i.e., Du(t) = Dd(t). Additionally, the calculation of the
pressure distribution from the isoscalar D-term form fac-
tor involves an integral over all t (see Eq. (4), below)
and thus requires an assumption of a functional form for
the t-dependence of the form factor. The tripole form
assumed for Dq(t) in BEG introduces significant model-
dependence.

In this letter, the first determination of the QCD
pressure distribution inside the proton is presented
based on lattice Quantum Chromodynamics (LQCD)
studies at larger-than-physical values of the light quark
masses. The utility of LQCD calculations in augmenting
the experimental extraction of the pressure in BEG
is also explored. While the calculations provide some
support to the assumptions made in the pioneering
work of BEG, they also indicate deficiencies that must
be remedied before a completely model-independent
determination of the pressure and shear distributions is
possible from experiment. Based on these studies, the
kinematics of future experiments at the EIC or other
facilities that will be needed to achieve this are discussed.

The EMT and D-term form factors: The pres-
sure and shear distributions in the proton are constructed
from the D-term form factors Dq,g(t), which are defined
from the nucleon matrix elements of the traceless, sym-
metric energy-momentum tensor. Precisely, the matrix
elements of the gluon component of the EMT,

hp0, s0|Ga
↵{µG

a↵
⌫} |p, si = ū0Fµ⌫ [Ag, Bg, Dg]u (1)

= ū0
h
Ag �{µP⌫} +Bg

i P{µ�⌫}⇢�
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2MN
+Dg

�{µ�⌫}

4MN

i
u ,

depend on three generalised form factors (GFFs), Ag(t),
Bg(t) and Dg(t), that are functions of the momentum
transfer t = �2 with �µ = p0µ � pµ. In Eq. (1), Ga

µ⌫
is the gluon field strength tensor, braces denote sym-
metrisation and trace-subtraction of the enclosed indices,
Pµ = (pµ+ p0µ)/2, the spinors are expressed as u = us(p)
and u0 = us0(p0), and MN is the proton mass. An exactly
analogous decomposition exists for matrix elements of the
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= ū0
h
Ag �{µP⌫} +Bg

i P{µ�⌫}⇢�
⇢

2MN
+Dg

�{µ�⌫}

4MN

i
u ,

depend on three generalised form factors (GFFs), Ag(t),
Bg(t) and Dg(t), that are functions of the momentum
transfer t = �2 with �µ = p0µ � pµ. In Eq. (1), Ga

µ⌫
is the gluon field strength tensor, braces denote sym-
metrisation and trace-subtraction of the enclosed indices,
Pµ = (pµ+ p0µ)/2, the spinors are expressed as u = us(p)
and u0 = us0(p0), and MN is the proton mass. An exactly
analogous decomposition exists for matrix elements of the

Gluon field-
strength tensor



Experimental determination of DVCS D-term 
and extraction of proton pressure distribution 
[Burkert, Elouadrhiri, Girod, Nature 557, 396 (2018)]  

• Peak pressure near centre ~1035 Pascal, 
greater than pressure estimated for neutron stars 

• Key assumptions: gluon D-term same as quark 
term, tripole form factor model,

D-term from JLab DVCS

Phiala Shanahan, MIT

Radial pressure distribution
0.015

0.01

0.005

0

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

-0.005

r2 p
(r)

 (G
eV

 fm
-1
)

r(fm)

REPULSIVE
PRESSURE

CONFINING
PRESSURE

LETTERRESEARCH

given as one standard deviation. The negative sign of d1(0) found in this 
analysis seems deeply rooted in the spontaneous breakdown of chiral 
symmetry25, which is a consequence of the transition of the micro-
second-old Universe from a state of de-confined quarks and gluons 
to a state of confined quarks in stable protons. It is thus intimately 
connected with the stability of the proton24 and of the visible Universe.

We can relate d1(t) to the pressure distribution via the spherical 
Bessel integral:

∫∝
−

d t
j r t

t
p r r( )

( )
2

( )d1
0 3

where j0 is the first spherical Bessel function. Our results of the quark 
pressure distribution in the proton are illustrated in Fig. 1. The thick 
black line corresponds to the pressure distribution r2p(r), as extracted 
from the D-term parameters that are fitted to the published data22 
acquired at 6 GeV. The estimated uncertainties are displayed as the 
light-green shaded area. The red-shaded area represents projected 
results from future experiments at higher energy. The distribution has 
a positive core and a negative tail of the r2p(r) distribution as a function 
of r, with a zero crossing near r = 0.6 fm. The regions where repulsive 
and binding pressures dominate are separated in radial space, with 
the repulsive distribution peaking near r = 0.25 fm, and the maximum 
of the negative pressure that is responsible for the binding occurring 
near r = 0.8 fm.

The outer, blue-shaded area in Fig. 1 corresponds to the D-term 
uncertainties obtained in the global fit results from previous 
research10,11. This area has a shape similar to the light-green area, con-
firming the robustness of the analysis procedure used to extract the 
D-term. The pressure p(r) must satisfy the stability condition:

∫ =
∞

r p r r( )d 0
0

2

which is satisfied within the uncertainties of our analysis. The shape of 
the radial pressure distribution resembles closely that obtained using 

the chiral quark–soliton model24, in which the proton is modelled as a 
chiral soliton whose constituent quarks are bound by a self-consistent 
pion field. This agreement suggests that the pion field is appropriate for 
the description of the proton as a bound state of quarks.

Other applications of the GFFs of the energy–momentum tensor 
include the description of nucleons in the nuclear medium23,26,27, 
excited baryon states (such as the ∆(1232) resonance28) and point-
like and composed spin-0 particles29.

Future precision experiments are expected to provide substantially 
more DVCS data30 and enable the mapping of d1(t) in much finer steps 
and in a much larger −t range, which will reduce the systematic uncer-
tainties, as indicated by the red-shaded area in Fig. 1. We also expect 
that this work will motivate new theoretical efforts to understand the 
fundamental characteristics of the stability of the proton from first  
principles. Our results may serve as a benchmark for the assessment 
of theo retical models, including lattice quantum chromodynamics 
models.
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DVCS (quark) D-term

2

quark EMT:

hp0, s0| q�{µi
$

D⌫} q|p, si = ū0Fµ⌫ [Aq, Bq, Dq]u, (2)

where  q is the quark field of flavour q and D⌫ is the
gauge covariant derivative.

The individual EMT form factors depend on the renor-
malisation scheme and scale, µ. Since the isoscalar com-
binations of twist-two operators in Eqs. (1) and (2) mix
under renormalisation, so too do the individual isoscalar
quark (Du+d(t)) and gluon (Dg(t)) form factors. This
mixing takes the form
✓
Du+d(t, µ)
Dg(t, µ)

◆
=

✓
Zqq(

µ
µ0 ) Zqg(

µ
µ0 )

Zgq(
µ
µ0 ) Zgg(

µ
µ0 )

◆✓
Du+d(t, µ0)
Dg(t, µ0)

◆
,(3)

where the perturbative mixing coe�cients are given in
Ref. [3]. Because of conservation of the EMT, the
isoscalar combination of the quark and gluon pieces,
D(t) = Du+d(t, µ) +Dg(t, µ), is scale invariant.

In terms of the total D(t) form factor, the shear and
pressure distributions in the proton can be expressed in
the Breit frame as [2, 4, 5]

s(r) = �r
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dr
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r

d

dr
eD(r), p(r) =
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3

1

r2
d

dr
r2

d

dr
eD(r), (4)

respectively, where

eD(r) =

Z
d3~p

2E(2⇡)3
e�i~p·~r D(�~p 2). (5)

While the quark and gluon shear forces are individually
well-defined (i.e., one can define scale-dependent partial
contributions sa(r)), p(r) is defined only for the total
system as it depends not only on the separate Dq,g(t)
but on GFFs related to the trace terms of the EMT that
cancel in the sum [2].

Lattice QCD quark and gluon D-term form fac-
tors: The quark GFFs of the proton have been computed
by a number of LQCD collaborations [6–11] since the first
study in Refs. [12–14] (see Ref. [15] for a review). While
there are as-yet no calculations directly at the physi-
cal quark masses, studies over masses corresponding to
0.21  m⇡ . 1.0 GeV show very mild mass-dependence
relative to the other statistical and systematic uncertain-
ties of the calculations. The t-dependence of the GFFs
has been determined over the range 0  �t  2 GeV2.
The calculations are complete for the isovector combina-
tion Du�d(t), while so-called disconnected contractions
have been neglected in most (but not all) determinations
of the isoscalar quark GFFs, Du+d(t), since these terms
are both particularly numerically challenging and are
found to be small in many other quantities. An impor-
tant observation from these determinations of the GFFs
is that the isovector combination Du�d(t) ⇠ 0 over the
entire range of quark masses and momentum transfers
that have been studied. This provides compelling moti-
vation for the assumption in BEG of isoscalarity of the

FIG. 1: Comparison of the BEG extracted D-term (blue

inverted triangles) to a LQCD determination of D(conn.)
u+d (t)

(purple triangles) [8] and the LQCD calculation of the gluon

Dg(t) (green diamonds) [17], all at the scale µ = 2 GeV in

the MS scheme. The shaded bands denote tripole (solid) and

z-expansion (dashed, Eq. (6)) fits to the three data sets.

D-term extracted from DVCS (large Nc arguments [16]
also support this). An example of the isoscalar connected
quark D-term form factor from Ref. [8] is shown in Fig. 1
at quark masses corresponding to m⇡ ⇠ 450 MeV.

The gluon D-term form factor was recently deter-
mined for the first time in Ref. [17] at a single value of
the quark masses corresponding to m⇡ ⇠ 450 MeV and
a single lattice spacing and volume. The uncertainties,
whcih encompass statistical and systematic e↵ects in
the LQCD calculations, are somewhat larger than for
the quark form factor because of a more complicated
renormalisation procedure and the much larger statis-
tical variance of gluonic quantities. The quark-mass
dependence of this purely gluonic quantity is expected
to be extremely weak. Supporting this expectation,
calculations of the quark-mass–dependence of the gluon
momentum fraction, which corresponds to the forward
limit Ag(0), reveal that this quantity is approximately
independent of the quark masses (see Ref. [17] for a
collation of results and discussion). Compared with the
LQCD determination of the quark D-term form factor
at similar quark masses, the gluon form factor is a factor
of two larger, with a somewhat di↵erent t-dependence,
as shown in Fig. 1.

Comparison to BEG D-term: In Fig. 1, the
BEG D-term form factor extracted from DVCS is
compared with the LQCD determinations of the quark
and gluon form factors. The BEG result has been
shifted to the renormalisation scale µ = 2 GeV in the
MS scheme using the three-loop running [18]1. The

1 The result illustrated in Fig. 4 of BEG has been rescaled by
18/25 to relate the DVCS extraction to the flavour-singlet com-
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mined from LQCD is approximately 1.7⇥ smaller in mag-
nitude than the BEG GFF, albeit with significant uncer-
tainties, and has a similar dependence on the momentum
transfer t. The LQCD determination of the gluon D-
term form factor is noticeably larger in magnitude than
the BEG result. It also favours a more general functional
form in t than the tripole assumed in BEG, although it is
not inconsistent with a tripole ansatz within uncertain-
ties.

The BEG analysis assumes that Dg(t, µ) = Dq(t, µ)
as there is no information on the gluon D-term from ex-
periment. This is in mild tension with the LQCD re-
sults, and, moreover, given the scale evolution, Eq. (3),
can only possibly hold at one scale. Since DVCS ac-
cesses the charge-squared weighted combination of quark
flavours, BEG also necessarily assumes that the isovec-
tor quark contributions to the Dq(t, µ) form factor van-
ish, i.e., Du(t, µ) = Dd(t, µ). The LQCD finding that
Du�d(t, µ) ⇠ 0 provides compelling motivation for this
assumption (large Nc arguments [20] also support this).
The left panel of Fig. 4 shows the pressure distribution
of the proton computed from the BEG quark D-term
GFF and the LQCD gluon GFF, both parametrised us-
ing a tripole form and assuming that the quark-mass de-
pendence of the latter is negligible in comparison with
the statistical uncertainties. This pressure distribution
is consistent within uncertainties with the determination
using only LQCD data. The pressure obtained under
the assumptions of BEG (i.e., Dg(t, µ) = Du+d(t, µ)) is
also displayed. In comparison with the BEG assumption,
the inclusion of the LQCD gluon contribution shifts the
peaks of the pressure distribution outwards and extends
the region over which the pressure is non-zero.

As discussed above, the tripole form assumed for
Dq(t, µ) in BEG introduces significant model-dependence
into the pressure extraction. With the limited kinematic
range of the CLAS data this is particularly problematic;
the LQCD calculations show that the quark and gluonD-
term GFFs have significant support up to |t| ⇠ 2 GeV2

(assuming weak quark-mass dependence), which is far be-
yond the range of the experimental data. Fig. 1 shows the
result of a modified z-expansion fit to the BEG D-term
form factor; outside the data range, the parametrisation
is very poorly constrained. As shown in the right panel
of Fig. 4, this more general fit leads to a pressure distri-
bution that is consistent with zero everywhere, demon-
strating that experimental data over a larger kinematic
range is needed before a model-independent extraction of
the pressure is possible.

In order to investigate the range of t required for a
model-independent pressure extraction from experiment,
fake data for the quark D-term GFF are generated in
intervals of �t = 0.1 GeV2 extending the experimental
data along the tripole fit, assuming uncertainties of the

of Dq(t, µ) have been included in quadrature.
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FIG. 4: Left) Pressure distribution of the proton determined

from tripole parametrisations of the BEG quark GFF and

the LQCD gluon GFF. The red band corresponds to the to-

tal pressure distribution, while the dark blue dotted and green

dashed bands denote to the (ill-defined) quark and gluon con-

tributions to the total. The pressure under the BEG assump-

tion that that Dg(t, µ) = Dq(t, µ) is shown as the blue solid

band. Right) The same totals computed based on modified z-
expansion fits to the GFFs. Also shown is the result obtained

using only LQCD data, parametrised using the modified z-
expansion (orange dashed band).

same size as the average uncertainty in the BEG GFF
determination. The consistency of the LQCD data with
a tripole form gives confidence that such an extension is
justified. These fake data are then used to constrain a
modified z-expansion fit and calculate the corresponding
pressure distribution. For a determination of the pres-
sure distribution that is distinct from zero at 2 standard
deviations at the maximum of the first peak, the range
of the experimental data must be extended in this
manner to at least |t| ⇠ 1.0 GeV2. Future experiments,
such as those using the CLAS12 detector at JLab and a
future EIC, should seek to extend the kinematic reach to
address this deficiency, even at the expense of precision
in individual t bins. With the EIC’s potential [21, 22] to
determine the gluon GPDs that are necessary in defining
the pressure, similar kinematic coverage should be the
goal of EIC experiments. Finally, the flavour separation
necessary for a complete determination of the pressure
distribution can be enabled by studies of deeply-virtual
meson production and DVCS on deuterons [21, 22].

Summary: The shear and pressure distributions of
the proton are determined from LQCD calculations for
the first time. The results indicate that gluons play an
important role in the internal dynamics of the proton,
distinct from that of quarks. In particular, the gluon
contributions to the D-term form factor, from which the
pressure and shear distributions are defined, dominate
the quark terms at the scale µ = 2 GeV in the MS
scheme. These calculations are undertaken at heavier-
than-physical quark masses corresponding to a pion mass
roughly three times the physical value. LQCD calcula-

EXP + LQCD    
first complete pressure determination  

[Shanahan, Detmold PRL 122 072003 (2019)]



Phiala Shanahan, MIT
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Key assumptions in pressure extraction 
from DVCS  

• Gluon D-term same as quark term in 
magnitude and shape  
Factor of ~2 difference in magnitude, somewhat 
different t-dependence  

• Tripole form factor model  
LQCD results consistent with ansatz, but more 
general form is less well constrained 

• Isovector quark D-term vanishes  
                 from other LQCD studiesDu�d(t) ⇠ 0
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Next: pressure distribution in nuclei

Gluon GFFs: Shanahan, Detmold, PRD 99, 014511 
Quark GFFs: P. Hägler et al. (LHPC), PRD77, 094502 (2008) 

Pressure in light nuclei  
c.f. pressure in the nucleon?
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Next: pressure distribution in nuclei

Gluon GFFs: Shanahan, Detmold, PRD 99, 014511 
Quark GFFs: P. Hägler et al. (LHPC), PRD77, 094502 (2008) 

Pressure in light nuclei  
c.f. pressure in the nucleon?
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Highlights in LQCD for HEP & NP

•Quark masses and 

•Flavour physics 

•Parton distribution functions 

•Pressure in the proton 

•Neutrino physics 

•Dark matter



Long-baseline neutrino experiments

Phiala Shanahan, MIT

Seek to determine neutrino mass hierarchy, 
mixing parameters, CP violating phase

Lattice QCD: direct non-perturbative 
QCD predictions for nucleon and 
nuclear matrix elements  

e.g., axial and pseudo-scalar form 
factors important in quasi-elastic region 

[J.A. Formaggio, G.P. Zeller, RMP84 (2012) 1307]

To differentiate between mixing 
& CP parameter scenarios

Need neutrino energy 
reconstruction from final state 
to better than 100 MeV 

production method of neutrinos as secondary decay products of hadrons, mostly pions and

kaons, that were produced in primary reactions of protons with nuclei. The neutrino energy

thus must be reconstructed event by event from the final state of the reaction, at both the

near and the far detectors.

Because all modern experiments use nuclear targets, such as H2O, CHn and 40Ar, the

energy reconstruction depends not only on the initial neutrino-nucleus interaction but also

on the final-state interactions (FSI) of all particles. The precision with which neutrino

oscillation properties can be extracted from such experiments then depends directly on the

description of the final state of the neutrino-nucleus interaction.

To get a sense for the accuracy needed for the energy reconstruction in oscillation exper-

iments, it is helpful to look at Fig. 1. The figure shows the expected oscillation signal for

DUNE as as a function of neutrino energy E⌫ for some values of two neutrino properties: the

mixing angle ✓13 and the CP-violating phase �CP . The three curves under the flux profile
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FIG. 1. Appearance probability of ⌫e in a ⌫µ beam at a distance of 1300 km, calculated for standard

oscillation mixing angles. The four colored curves illustrate the sensitivity of the expected signal to

the neutrino mixing angle ✓13 and the CP-violating phase �CP . The black peak shows the expected

energy distribution for the µ-neutrino beam. From Reference [3].

can be distinguished from one another only if the neutrino energy can be determined to
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Constraining 𝜈-nucleus interactions

Phiala Shanahan, MIT

• For LBNEs neutrino energy 
distributions peak at 1-10 GeV 

• Challenging region: several 
processes contribute 

• Quasielastic lepton scattering 

• Inelastic continuum / shallow-
inelastic region 

• Resonances 

• Lattice QCD can provide direct 
non-perturbative QCD 
predictions of nucleon and 
nuclear matrix elements
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FIG. 9 Total neutrino and antineutrino per nucleon CC cross sections (for an isoscalar target) divided by neutrino energy and
plotted as a function of energy. Data are the same as in Figures 28, 11, and 12 with the inclusion of additional lower energy
CC inclusive data from N (Baker et al., 1982), ⇤ (Baranov et al., 1979), ⌅ (Ciampolillo et al., 1979), and ? (Nakajima et al.,
2011). Also shown are the various contributing processes that will be investigated in the remaining sections of this review.
These contributions include quasi-elastic scattering (dashed), resonance production (dot-dash), and deep inelastic scattering
(dotted). Example predictions for each are provided by the NUANCE generator (Casper, 2002). Note that the quasi-elastic
scattering data and predictions have been averaged over neutron and proton targets and hence have been divided by a factor
of two for the purposes of this plot.

J.A. Formaggio, G.P. Zeller, Rev. Mod. Phys. 84 (2012) 1307
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FIG. 9 Total neutrino and antineutrino per nucleon CC cross sections (for an isoscalar target) divided by neutrino energy and
plotted as a function of energy. Data are the same as in Figures 28, 11, and 12 with the inclusion of additional lower energy
CC inclusive data from N (Baker et al., 1982), ⇤ (Baranov et al., 1979), ⌅ (Ciampolillo et al., 1979), and ? (Nakajima et al.,
2011). Also shown are the various contributing processes that will be investigated in the remaining sections of this review.
These contributions include quasi-elastic scattering (dashed), resonance production (dot-dash), and deep inelastic scattering
(dotted). Example predictions for each are provided by the NUANCE generator (Casper, 2002). Note that the quasi-elastic
scattering data and predictions have been averaged over neutron and proton targets and hence have been divided by a factor
of two for the purposes of this plot.
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Cross-section for quasi-elastic neutrino-
nucleon scattering

Well-determined from electron scattering expts 

can be related to        by pion pole dominance
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When considering neutrino scattering from nucleons, an axial current comes into play.  The 

total nucleon current coupling to the charged weak leptonic current is an isovector one 

body nucleon current with both vector and axial‐vector components: 

. The full nucleon weak current had been written down by 

Llewellyn‐Smith (1) but for our purposes it suffices to write the axial current of the nucleon 

as 

jA
µ
(Q

2
) = u (p ') GA (Q

2
)γ µ

+
1

2M
GP (Q

2
)q

µ⎛
⎝⎜

⎞
⎠⎟
γ 5
u(p)          (4) 

where the induced pseudoscalar GP(Q
2
)=4mN

2
GA/(mπ

2
+Q

2
)

 
is determined by PCAC and the 

axial-vector form factor GA(Q
2
) is established from experiment. 

 

The weak leptonic current is 

                                                              
 

jµ
l
=ψ

l
−

l
+

(1 γ 5 )γ µψν
ν

             (5) 

The lepton‐nucleon coupling is the scalar product of the two currents.  The change in sign 

for the axial coupling arises from the opposite helicity of neutrinos and anti‐neutrinos 

leading to constructive interference between the transverse vector and axial vector 

amplitudes for neutrino cross sections and destructive interference for anti‐neutrinos.   

 

It follows that the differential cross section for neutrino QE scattering off free nucleons can 

be expressed in the form (1):  

 

 

dσ

dQ
2
=
Gf

2
M

2
cos

2θC

8πEν
2

A 
(s − u)

M
2
B +

(s − u)2

M
4

C
⎡

⎣
⎢

⎤

⎦
⎥    (6) 

GA

F1,2

GP

  7 

 

where (‐)+ refers to (anti)neutrino scattering, (s ‐ u) = 4MEν ‐ Q2 ‐ m2, and m is the lepton 

mass. The factors A, B, and C are functions of the Q2‐dependent vector, axial‐vector, and 

pseudoscalar form factors:  

 

A =
(m

2
+Q

2
)

M
2

[(1+ τ )G
A

2 − (1− τ )F
1

2
+ τ (1− τ )F

2

2
+ 4τF

1
F
2

−
m
2

4M
2

F
1
+ F

2( )
2

+ G
A
+ 2G

P( )
2

−
Q
2

M
2
+ 4

⎛
⎝⎜

⎞
⎠⎟
G

P

2
⎛

⎝⎜
⎞

⎠⎟
⎤

⎦
⎥
⎥

B =
Q
2

M
2
G

A
(F
1
+ F

2
)

C =
1

4
(G

A

2
+ F

1

2
+ τF

2

2
)

    (7) 

 

and F1 and F2 are the aforementioned isovector Dirac and Pauli vector form factors. With 

the vector form factors determined from electron scattering and small contributions from 

the pseudoscalar form factor for νµ scattering, early studies of neutrino QE scattering 

focused on investigating the axial‐vector form factor of the nucleon. 

 

2.2 – Early Investigations of the Weak Hadronic Current 

Some of the earliest experimental investigations of neutrino QE scattering,  vµ + n→ µ−
+ p , 

were performed in the late 1960's using spark chambers (aluminum, iron) (2,3) and bubble 

chambers (propane, freon) (4) as neutrino detectors.   These early experiments provided 

the first neutrino QE scattering event samples from which initial determinations of the 

underlying nucleon form factors were made.   In the early 1970's, many experiments 

•dominant contribution 

•largest uncertainty

GA
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FIG. 14. Our results for Gu�d
A (Q2) (left) and Gu�d

p (Q2) (right) using the plateau method for ts = 1.31 fm (filled blue squares).
In the left panel, the solid blue (orange) line shows the fit to our lattice QCD results extracted from the plateau at ts = 1.31 fm
(from the two-state fit) using Eq. (32). The experimental value of gA is shown with the black asterisk. The purple, red and
green bands are experimental results for Gu�d

A (Q2) taken from Refs. [59], [60] and [61] respectively. In the right panel, the
open blue squares show the prediction for Gu�d

p (Q2) assuming pion-pole dominance and using Eq. (34) to extract Gu�d
p (Q2)

from our lattice results for Gu�d
A (Q2) shown in the left panel, together with the corresponding fits, blue (orange) band is a fit

to the predicted Gu�d
p (Q2) using Gu�d

A (Q2) extracted from the plateau (two-state). The two fits are overlapping. The filled
blue squares show Gu�d

p (Q2) extracted directly from the nucleon matrix element with a fit to Eq. (39) (solid black line) after
omitting the two lowest Q2 values. The filled black circles are direct measurements of Gu�d

p (Q2) from Ref. [5]. The purple, red
and green bands use the experimental results for Gu�d

A (Q2) and pion pole to infer Gu�d
p (Q2).

FIG. 15. Gu�d
A (Q2) extracted from the plateau method at ts = 1.31 fm, fitted to the dipole form (grey band) and to the

z-expansion (blue band).

values are available, we plot, in Fig. 17, the sink-source separation ts = 1.31 fm and two-state fit methods alone for
better clarity. The disconnected contributions reduce the value of Gu+d

A (Q2) and for zero momentum transfer result
in a value compatible with the experimental one. As already mentioned, the disconnected contributions to Gu+d

p (Q2)
are particularly large and reduce its value especially at low values of Q2. Adding the connected and disconnected
contributions obtained using ~p 0 = ~0 for which common Q2-values are available, yields the result shown in Fig. 18.
We note that, due to the fact that the disconnected part is computed with much higher statistics as compared to the

[Alexandrou et al., PRD96 (2017), 054507] [PNDME Collaboration 2019]

• Nucleon properties are historically difficult calculations 

• Recent calculations of nucleon form factors including axial in agreement 
with experiment with fully-controlled uncertainties 

• Q2-dependence well-determined in LQCD: competitive with experiment

Clover-on-HISQ data
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spread and uncertainty in the lattice data
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Alexandrou et al., PRD96 (2017), 054507]
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FIG. 12. Isovector and light isoscalar axial form factors Gu�d
A (Q2) (left) and Gu+d

A (Q2) (right), and z-expansion fits to them.
The lattice data and the inner error band for the fit show statistical uncertainties, whereas the outer error band for the fit
shows the quadrature sum of statistical and systematic uncertainties. In addition, for the light isoscalar axial form factor, the
corresponding form factors from the renormalized connected and disconnected diagrams are also shown.

FIG. 13. Disconnected axial form factors. Left: strange form factor, both with the full renormalization matrix and after setting
the mixing with light quarks to zero. Right: strange and disconnected light-quark axial form factors, including z-expansion fits
to them. See the caption of Fig. 12.

uncertainties is clearly visible, particularly at low Q2: the data that are strongly correlated form clusters of nearby
points, but there are large fluctuations between di↵erent clusters. This e↵ect was previously seen in the disconnected
electromagnetic form factors computed using the same dataset [4]. Fits using the z expansion to the strange and
light disconnected form factors are shown in the right plot. From these fits we obtain gs

A
= �0.0240(21)(8)(2)(7)

and gl,disc
A

= �0.0430(28)(46)(6)(8). The fit has the e↵ect of averaging over several uncorrelated clusters of data,
and produces a considerably smaller uncertainty than the value taken directly from the form factor at Q2 = 0.
The leading uncertainties are statistical and (for the light-quark case) excited-state e↵ects. The uncertainty due to
renormalization is dominated by uncertainty in the o↵-diagonal part of the renormalization matrix. We also obtain
the radii (r2

A
)s = 0.155(73)(57)(7)(2) fm2 and (r2

A
)l,disc = 0.248(57)(28)(18)(0) fm2. Within their uncertainties, all of

the squared axial radii are compatible with 0.2 fm2.

Strange quark contributions 
are determined separately 
and can be isolated

[Green et al., PRD 95, 114502 (2017)]

• Nucleon properties are historically difficult calculations 

• Recent calculations of nucleon form factors including axial in agreement 
with experiment with fully-controlled uncertainties 

• Q2-dependence well-determined in LQCD: competitive with experiment
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[Alexandrou et al., PRD96 (2017), 054507] [Gupta et al., PRD96 (2017), 114503] 

• First calculations with controlled uncertainties 

• Clear deviations from pion-pole dominants ansatz at low Q2 
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FIG. 11. The data for (mµ/2MN )GP (Q
2)/gA from the eight

ensembles is plotted versus Q2 in units of GeV2. It shows
little dependence on the lattice spacing a or M⇡.
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FIG. 12. Plot of the ratio (Q2 +M2

⇡)G̃P (Q
2)/(4M2

pGA(Q
2))

versus Q2 for the data from the eight ensembles. This ratio
should be unity for all Q2 to validate the pion-pole dominance
hypothesis given in Eq. (11). Our data show significant devi-
ations, especially for Q2 . 0.2 GeV2.

The four improved ratios R
I
1,2,3,4 are shown in Fig. 14

(right). Note that R[I]
1 +R

[I]
2 = 1 checks the PCAC rela-

tion given in Eq. (26); R[I]
3 = 1 tests the pion-pole dom-

inance ansatz Eq. (11); and R
[I]
4 = 1 tests the relation

Eq. (28). Comparing the two sets of panels shows that
improving the axial current has a very small e↵ect. This
is because the value of the improvement coe�cient cA,

that multiplies the correction term R
[I]
5 , is small. Thus,

improving the axial current to O(a) does not explain the

large deviation of R
[I]
1 + R

[I]
2 from unity illustrated in

Fig. 14.
For all four ensembles, data in Fig. 14 show that

R
[I]
1 +R

[I]
2 ⇡ R

[I]
3 for small Q2, however, both R

[I]
1 +R

[I]
2

and R
[I]
3 are much smaller than unity. The deviation of

R
[I]
4 from unity grows with Q

2, but decreases as a ! 0

and M⇡ ! M
Physical
⇡ . This pattern is, in general, con-

sistent with these being discretization e↵ects. Note that
the corrections to 2bmGP (Q2) = (M2

⇡/2MN )G̃P (Q2), or

R
[I]
4 = 1, do not significantly impact R

[I]
1 + R

[I]
2 ⇡ R

[I]
3

because the dominant contribution to both sides comes
from R

[I]
1 .

The data for R3 from all eight ensembles is plotted in
Fig. 12 and show that the deviations from unity increase
with decreasing Q

2, a and M
2
⇡ . For the physical pion

mass ensembles, theO(50%) deviation forQ2
< 0.2 GeV2

is surprisingly large. Such Q
2 dependent deviations from

the PCAC relation are, generically, indicators of dis-
cretization artifacts. The increase in the deviations with
a does not support this expectation, and as shown in
Fig. 14, the O(a) improvement of the axial current does
not reduce the deviations. Therefore, the observed large
deviation remains to be explained.
Taking the data at face value, to obtain estimates at

Q
2
⌘ Q

⇤ 2 = 0.88m2
µ and at Q

2 = �M
2
⇡ , from which

g
⇤
P /gA and g⇡NN/gA are determined, we show, in Fig. 15,
the data for (Q2+M

2
⇡)G̃P (Q2)/gA and the fit to it using

Eq. (25) by the solid line. The extrapolated values are
shown using the symbol star at Q2

⌘ Q
⇤ 2 = 0.88m2

µ and
the symbol plus at Q2 = �M

2
⇡ . It is clear from Fig. 15,

that there are enough free parameters in Eq. (25) to fit
the data and the values obtained at Q2

⌘ Q
⇤ 2 = 0.88m2

µ

and Q
2 = �M

2
⇡ by extrapolation are reasonable. How-

ever, the contributions of terms proportional to c2 and
c3 (see Table VIII) increase as the lattice spacing a ! 0
and M⇡ ! 135 MeV. The quantitative change in behav-
ior is already clear in all three M⇡ ⇡ 220 MeV ensembles.
Thus, it is unlikely that the change in behavior between
the M⇡ ⇡ 310 MeV ensembles and those at lighter M⇡

is a statistical fluctuation. Because of this change in be-
havior, we get low estimates of g⇤P /gA and g⇡NN/gA.
Given the data in Table VIII, to estimate g

⇤
P in the

limit a ! 0 and M⇡ ! 135 MeV, we make a fit using the
ansatz

g
⇤
P (a,M⇡)/gA = d1+d2a+

d3

M2
⇡ + 0.88m2

µ

+d4M
2
⇡ , (38)

where the leading behavior in M
2
⇡ is taken to be the pion

pole term evaluated at the experimental momentum scale
of muon capture. We neglect possible finite volume cor-
rections in the data in obtaining the final estimates since
the data do not show an obvious dependence on M⇡L.
The simultaneous fits in a and M⇡ are shown in Fig. 16.
They give

g
⇤
P /gA = 3.48(14) ,

g
⇤
P = 4.44(18) , (39)

where the final value of g
⇤
P is obtained by multiplying

the ratio obtained from the fit by the experimental value
gA = 1.276.
We summarize lattice QCD results for g

⇤
P in Fig. 17.

The results g⇤P = 7.68±1.03 (Lin(2008) [29]), g⇤P = 6.4±
1.2 (Yamazaki(2009) [30]), and g

⇤
P = 8.47(21)(87)(2)(7)
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FIG. 13. Our results for Gu�d
A (Q2) (left) and Gu�d

p (Q2) (right) using the plateau method for ts = 1.31 fm (filled blue squares).
In the left panel, the solid blue (orange) line shows the fit to our lattice QCD results extracted from the plateau at ts = 1.31 fm
(from the two-state fit) using Eq. (28). The experimental value of gA is shown with the black asterisk. The purple, red and
green bands are experimental results for Gu�d

A (Q2) taken from Refs. [44], [45] and [46] respectively. In the right panel, the
open blue squares show the prediction for Gu�d

p (Q2) assuming pion-pole dominance and using Eq. (29) to extract Gu�d
p (Q2)

from our lattice results for Gu�d
A (Q2) shown in the left panel, together with the corresponding fits, blue (orange) band is a fit

to the predicted Gu�d
p (Q2) using Gu�d

A (Q2) extracted from the plateau (two-state). The two fits are overlapping. The filled
blue squares show Gu�d

p (Q2) extracted directly from the nucleon matrix element with a fit to Eq. (32) (solid black line) after
omitting the two lowest Q2 values. The filled black circles are direct measurements of Gu�d

p (Q2) from Ref. [5]. The purple, red
and green bands use the experimental results for Gu�d

A (Q2) and pion pole to infer Gu�d
p (Q2).

FIG. 14. Results for the connected contribution to Gu+d
A (Q2) (left) and Gu+d

p (Q2) (right). The notation is the same as in
Fig. 12.

isoscalar combination. In Fig. 14 we illustrate our results for the connected contributions to Gu+d
A (Q2) and Gu+d

p (Q2)

using the same analysis as for the isovector. Once more, excited states are clearly more severe for Gu+d
p (Q2) at low

Q2 where the pion pole dominates and tends to decrease its value leading to a milder Q2-dependence.
In Fig. 15 we show the disconnected contributions to Gu+d

A (Q2), which are clearly non-zero and negative. The
disconnected contributions reduce the value of Gu+d

A (Q2) and for zero momentum transfer result in a value compatible
with the experimental one. As already mentioned, the disconnected contributions to Gu+d

p (Q2) are particularly large
and reduce its value especially at low values of Q2. Adding the connected and disconnected contributions yield the

3

Aµ

�µ�5 gA

Aµ

�µ�5 GA(Q2)

Aµ

p
2 g⇡NN �5

p
2 qµF⇡

⇠
1

Q2+M2
⇡

FIG. 1. The Feynman diagrams illustrating the decomposition of the matrix element of the axial current is Aµ = u�µ�5d
within a nucleon state in terms of form factors. The plot on the left represents the interation at Q2 = 0 in which case the axial
current interacts with the nucleon with strength gA. The middle panel shows one of the lowest order Feynman diagrams that
contributes to GA(Q

2), and provides the basis for the dipole ansatz. The diagram on the right is the leading contribution to
the induced pseudoscalar form factor G̃P (Q

2) that is mediated by a pion intermediate state. Its coupling to the nucleon at the
pion pole defines g⇡NN.

value of the constant t0 is typically chosen to be in
the middle of the range of Q

2 of interest to minimize
zmax. Reducing zmax could improve the convergence of
the z-expansion. This is important in our calculation
because we have data at only the five lowest values of
momenta for most ensembles and can, therefore, keep
terms only upto O(z3). Our analysis of the data with

t0 = 0 and t0 = t
mid
0 = {0.12, 0.20, 0.40} GeV2, cor-

responding to the approximate midpoint value of Q2 on
the M⇡ ⇡ {130, 220, 310} MeV ensembles, respectively,
shows that the quality of the fits and the results are in-
sensitive to the choice of t0. We choose the midpoint

values, t
mid
0 , for presenting our final results.

The requirement that GA(Q2) ! Q
�4 as Q

2
! 1

requires Q
n
GA(Q2) ! 0 for n = 0, 1, 2, 3 [13]. These

constraints can be expressed as four sum rules

kmaxX

k=n

k(k�1) . . . (k�n+1)ak = 0 n = 0, 1, 2, 3 . (10)

Incorporating these sum rule conditions ensures that the
ak are not only bounded but must also decrease at large
k [13]. For all but the two physical quark mass ensembles,
a09m130 and a06m135, we have six data points (zero and
five non-zero momentum cases). We, therefore, analyzed
the data using kmax = 5, 6, 7 and 8. Including the
four sum rules, these values of kmax correspond to 4, 3,
2, and 1 degrees of freedom, respectively. We use the
quality of the fits and the stability of the value of the axial
charge radius hr2Ai obtained from them as checks on the
consistency of the analysis, ensemble by ensemble. Based
on these checks, we drop kmax = 5 fits as the associated
�
2
/d.o.f. are not good and the kmax = 8 fits, as they have

only one degree of freedom.
Our final result, hrAi = 0.47(7)(2) fm, is obtained as

an average of the kmax = 6 and 7 analyses, which we
label k2+4 and k

3+4 to make explicit that four powers of
z are constrained by the sumrules. This lattice estimate
is smaller than the current phenomenological estimates

given in Eq. (6), but consistent with 0.51(6) fm obtained
by the MiniBooNE collaboration [5].
The induced pseudoscalar form factor G̃P (Q2) is typi-

cally analyzed assuming the pion-pole dominance ansatz:

G̃P (Q
2) = GA(Q

2)


4M2

N

Q2 +M2
⇡

�
. (11)

This follows from the PCAC relation, Eq. (3), if
2bmGP (Q2) = (M2

⇡/2MN )G̃P (Q2). Once the modeling
of the Q

2 behavior of G̃P (Q2) is under control, one can
determine the induced pseudoscalar charge, g⇤P and the
pion-nucleon coupling g⇡NN. Experimentally, G̃P (Q2)
is probed in muon capture by a proton, µ

� + p !

⌫µ + n [14, 15]. From these measurements, g⇤P is defined
to be

g
⇤
P ⌘

mµ

2MN
G̃P (Q

2 = Q
⇤ 2

⌘ 0.88m2
µ) . (12)

Current estimates from the MuCap experiment [14, 15],
and from chiral perturbation theory [9, 16] are

g
⇤
P |MuCap = 8.06(55) ,

g
⇤
P |�PT = 8.29+0.24

�0.13 ± 0.52 . (13)

To compare our lattice QCD estimates to these phe-
nomenological values, we first extract g

⇤
P from fits to

G̃P (Q2) versus Q2 for each ensemble, and then extrapo-
late these data to a = 0 and M⇡ = 135 MeV. We obtain
a surprisingly low value, g⇤P = 4.49(19), compared to the
values given in Eq. (13). This discrepency arises due to
large deviations in the PCAC relation involving the three
form factors as discussed further in Sec. VIII. We also
show that using just a pion-pole ansatz to extrapolate
g
⇤
P (Q

⇤ 2) obtained from simulations at M⇡ > 300 MeV
to M⇡ ! M

Physical
⇡ is not valid.

Lastly, we evaluate the pion-nucleon coupling g⇡NN

using the Goldberger-Treiman (GT) relation g⇡NN =
MNgA/F⇡, and as the residue at the pion-pole at Q

2 =



Resonance region

Phiala Shanahan, MIT

• Energies above ~200 MeV, inelastic  
excitations from pion production 

• Dominant contribution from  
Δ resonance 

• N*’s also important at high Eν 

• Very difficult to access experimentally 
Constrained only from PCAC 

• QCD calculations possible: 
Need to account for unstable nature  
of resonance, extract N→Nπ  
transition FFs
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FIG. 9 Total neutrino and antineutrino per nucleon CC cross sections (for an isoscalar target) divided by neutrino energy and
plotted as a function of energy. Data are the same as in Figures 28, 11, and 12 with the inclusion of additional lower energy
CC inclusive data from N (Baker et al., 1982), ⇤ (Baranov et al., 1979), ⌅ (Ciampolillo et al., 1979), and ? (Nakajima et al.,
2011). Also shown are the various contributing processes that will be investigated in the remaining sections of this review.
These contributions include quasi-elastic scattering (dashed), resonance production (dot-dash), and deep inelastic scattering
(dotted). Example predictions for each are provided by the NUANCE generator (Casper, 2002). Note that the quasi-elastic
scattering data and predictions have been averaged over neutron and proton targets and hence have been divided by a factor
of two for the purposes of this plot.
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Transition form factors

Phiala Shanahan, MIT

Lattice QCD calculation of axial N ∆ transition form factor:

[C Alexandrou et al., Phys.Rev. D83 (2011) 014501] 
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FIG. 6: Plot (a) shows the Q
2-dependence of the axial form factor C

A
5 extracted from the coarse and fine

DWF lattices. The corresponding mixed action results [21] have also been included. The solid blue (dashed

black) line is from the dipole (exponential) fit for to the fine DWF lattice results. Note that the error band

corresponds to the dipole fit. The dotted brown line is the dipole fit to the experimental data. The ratio

C
A
6 /C

A
5 versus Q2 is plotted in (b). The dashed black line refers to the fine DWF lattice results and is the

pion pole dominance prediction of Eq. (36). The solid blue line is a fit to a monopole form c0/(1+Q
2
/m

2).

describes satisfactorily the ratio yielding a heavier mass parameter m than the lattice value of

the pion mass (see Table III). Such behavior has been observed also for the hybrid and quenched

Wilson actions [21].

The lattice results for the C
A
6

are plotted on Fig. 7. The curve shown (solid line) in the figure

corresponds to the form

d0 c0

(1 +Q2/m2

A)
2(1 +Q2/m2)

, (41)

where c0 and m are the parameters of the monopole term given in Eq. (36) that are expected to

describe well the CA
6
/C

A
5
ratio provided the pion pole dominance is applicable. The form described

by the expression of Eq. (41), seems to provide the best fit to the fine DWF data. On the other

hand, CA
6

is related to the C
A
5

form factor through the expression

C
A
6 (Q

2) = C
A
5 (Q

2)
m

2

N

m2
⇡ +Q2

.

The curve that corresponds to the dashed line is obtained from fitting the fine DWF data to this
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FIG. 5: In plot (a) we show the Coulomb quadrupole form factor GC2(Q2) extracted from the fine DWF

lattice measurements. Along with it we provide also the result from the hybrid action approach [28]. Plot (b)

depicts the corresponding RSM evaluated in the rest frame of the � baryon. Non-zero values are confirmed,

for the lowest Q2 values accessible on the lattices. We also show results using the hybrid action taken from

Ref. [28]. Experimental results are also included using the same notation as those in Fig. 4.

IV. AXIAL N TO � TRANSITION FORM FACTORS AND THE

GOLDBERGER-TREIMAN RELATION

A. The Electro-weak and Pseudo-scalar transition matrix element

The nucleon to � matrix element of the axial vector current is parameterized in terms of four

dimensionless form factors. In the Adler parameterization [44] it is written as follows

h�(p0, s0)|A3

µ|N(p, s)i = i

r
2

3

✓
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E�(p0)EN (p)

◆
1/2

ū
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A
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q�qµ

�
uP (p, s) (27)

with the axial current given in Eq. (6).

The form factors CA
3
(q2) and C

A
4
(q2) belong to the transverse part of the axial current and are

both suppressed [27] relative to the longitudinal form factors C
A
5
(q2) and C

A
6
(q2), which are the

dominant ones and are the ones considered in this work.
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ū
�
�+(p0, s0)

✓
C

A
3
(q2)

mN
�
⌫ +

C
A
4
(q2)

m2

N

p
0⌫
◆
(g�µg⇢⌫ � g�⇢gµ⌫) q

⇢ + C
A
5 (q

2)g�µ +
C

A
6
(q2)

m2

N

q�qµ

�
uP (p, s) (27)

with the axial current given in Eq. (6).

The form factors CA
3
(q2) and C

A
4
(q2) belong to the transverse part of the axial current and are

both suppressed [27] relative to the longitudinal form factors C
A
5
(q2) and C

A
6
(q2), which are the

dominant ones and are the ones considered in this work.

17

G
C
2

Q2 2

m⇡ = 353

m⇡ = 297

(a)

R
S
M

(%
)

Q2 2

m⇡ = 353
m⇡ = 297

(b)

FIG. 5: In plot (a) we show the Coulomb quadrupole form factor GC2(Q2) extracted from the fine DWF

lattice measurements. Along with it we provide also the result from the hybrid action approach [28]. Plot (b)

depicts the corresponding RSM evaluated in the rest frame of the � baryon. Non-zero values are confirmed,

for the lowest Q2 values accessible on the lattices. We also show results using the hybrid action taken from

Ref. [28]. Experimental results are also included using the same notation as those in Fig. 4.

IV. AXIAL N TO � TRANSITION FORM FACTORS AND THE

GOLDBERGER-TREIMAN RELATION

A. The Electro-weak and Pseudo-scalar transition matrix element

The nucleon to � matrix element of the axial vector current is parameterized in terms of four

dimensionless form factors. In the Adler parameterization [44] it is written as follows

h�(p0, s0)|A3

µ|N(p, s)i = i

r
2

3

✓
m�mN

E�(p0)EN (p)

◆
1/2

ū
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form. In this case C
A
5

is being described by the dipole form shown in Fig. 6(a), while the nucleon

and pion masses are the lattice evaluated ones.

C
A 6

Q2 2

m⇡ = 297

m⇡ = 353
m⇡ = 330

FIG. 7: Lattice results for CA
6 are shown as a function of Q2. The solid blue line is the fit to the form of

Eq. (41), while the dashed black line corresponds to the form C
A
5

� m2
N

m2
⇡+Q2

�
. Note that for the latter fit, the

C
A
5 factor is described by the dipole fit parameters.

C. The Pseudo-scalar transition form factor and Goldberger-Treiman relation

The pseudo-scalar form factor G⇡N�(Q2), defined via the matrix element given in Eq. (28),

is extracted directly from the optimized linear combination S1 with the pseudo-scalar current

operator insertion of Eq. (6). In the large Euclidean time limit where only the nucleon and �

states dominate the corresponding ratio yields

S
P
1 (q ; �5) =

r
2

3

r
EN +mN

EN


q1 + q2 + q3

6mN

f⇡m
2
⇡

2mq(m2
⇡ +Q2)

�
G⇡N�(Q

2) . (42)

Notice that the extraction of G⇡N� from the above equation requires knowledge of the quark

mass mq and the pion decay constant, f⇡, on the given ensembles. Calculation of f⇡ requires the

CAVEAT: Complexities at physical point with unstable resonances,  
                but formalism exists: [Lellouch-Lüscher hep-lat/0003023] 



Constraining 𝜈-nucleus interactions

Phiala Shanahan, MIT

• Lattice efforts have potential to impact  
ν energy determinations 

• Precise determinations with controlled  
percent-level uncertainties within ~5 years 

• Axial and pseudoscalar FFs determined with momenta less  
than a few GeV  

• BUT: large momentum FFs (≳3 GeV) more difficult. Novel ideas exist, need testing 

• Early results with promising applications 

• Transition FFs 
Formalism exists but developments still necessary for higher states above Nππ 
inelastic threshold 

• Application of EFT using 2-, 3- body matrix elements to constrain nuclear effects
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Highlights in LQCD for HEP & NP

•Quark masses and 

•Flavour physics 

•Parton distribution functions 

•Pressure in the proton 

•Neutrino physics 

•Dark matter



Phiala Shanahan, MIT

Low-energy limit of a generic 
spin-independent interaction 
is scalar

Determine nucleon and 
nuclear scalar matrix 
elements from lattice QCD 

Other e.g., spin-dependent couplings can also be constrained  
e.g., [Hoferichter et al., arXiv:1503.04811], [Hill et al., arXiv:1409.8290], [Fitzpatrick et al., arXiv:1203.3542] 

Detection rate depends on 

• Dark matter properties 

• Probability of interaction with nucleus  
i.e., nuclear effects are important

Look for scattering of WIMP dark matter on nuclear target

Dark matter direct detection
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Figure 44: Lattice results and FLAG averages for the nucleon sigma term, σπN , for theNf = 2,
2+1, and 2+1+1 flavour calculations. Determinations via the direct approach are indicated
by squares and the Feynman-Hellmann method by triangles. Results from calculations which
analyse more than one lattice data set within the Feynman-Hellmann approach [168, 173–
181] are shown for comparison (pentagons) along with those from recent analyses of π-N
scattering [153–155, 182] (circles).

the result for ⟨N |s̄s|N⟩ given in this work to a value for σs, we multiply by the appropriate
FLAG average for ms given in Eq. (35). This gives our average for four flavours.

Nf = 2 + 1 + 1 : σs = 41.0(8.8) MeV Ref. [156]. (399)

For Nf = 2 + 1 we perform a weighted average of BMW 11A (FH), MILC 12C (hybrid),
Junnarkar 13 (FH), BMW 15 (FH) and χQCD 15A (direct). MILC 09D [157] also passes the
FLAG selection rules, however, this calculation is superseded by MILC 12C. As for Eq. (399),
the strangeness scalar matrix element determined in the latter study is multiplied by the three
flavour FLAG average for ms given in Eq. (33). There are correlations between the MILC 12C
and Junnarkar 13 results as there is some overlap between the sets of Asqtad ensembles used
in both cases. To be conservative we take the statistical errors for these two studies to be
100% correlated. The global average is

Nf = 2 + 1 : σs = 52.9(7.0) MeV Refs. [44, 156, 162, 163, 166]. (400)

Given that all of the Nf = 2 studies have at least one red tag we are not able to give an
average in this case.

All the results for σπN and σs are displayed in Figs. 44 and 45 along with the averages given
above. Note that where fTs is quoted in Tabs. 66 and 67, we multiply by the experimental
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Figure 45: Lattice results and FLAG averages for σs for the Nf = 2, 2 + 1, and 2 + 1 + 1
flavour calculations. Determinations via the direct approach are indicated by squares, the
Feynman-Hellmann method by triangles and the hybrid approach by circles. Results from
calculations which analyse more than one lattice data set within the Feynman-Hellmann
approach [174, 175, 177, 178, 181] are shown for comparison (pentagons).

proton mass in order to include the results in the figures. Those results which pass the
FLAG criteria, shown in green, are consistent within one standard deviation with the averages
for each Nf , and considering the size of the uncertainties in the averages no significant Nf -
dependence is observed. However, there is some fluctuation in the central values, in particular,
when taking the lattice results as a whole into account, and we caution the reader that the
averages may change as new results become available.

Also shown for comparison in the figures are determinations from the FH method which
utilize more than one lattice data set [168, 173–181] as well as results for σπN obtained from
recent analyses of π-N scattering [153–155, 182]. There is some tension, at the level of three
to four standard deviations, between the lattice average for Nf = 2 + 1 and Hoferichter et
al. [155], who quote a precision similar to that of the average.

Finally we remark that, by exploiting the heavy-quark limit, the light- and strange-quark
sigma terms can be used to estimate σq for the charm, bottom and top quarks [143–145]. The
resulting estimate for the charm quark, see, e.g., the RQCD 16 Nf = 2 analysis of Ref. [23]
that reports fTc = 0.075(4) or σc = 70(4) MeV, is consistent with the direct determinations
of ETM 16A [27] for Nf = 2 of σc = 79(21)(128 ) MeV and χQCD 13A [43] for Nf = 2 + 1 of
σc = 94(31) MeV. MILC in MILC 12C [156] find ⟨N |c̄c|N⟩ = 0.056(27) in the MS scheme at
a scale of 2 GeV for Nf = 2+1+1 via the hybrid method. Considering the large uncertainty,
this is consistent with the other results once multiplied by the charm quark mass.
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Spin-independent scattering of WIMP candidates is governed by scalar 
matrix elements

Lattice QCD nucleon scalar matrix elements 
light quark strange quark

Light quark: competitive with phenomenology 
Note: tension with extraction using Roy–Steiner equations [Hoferichter arXiv:1506.04142] 

Strange quark: much more precise than phenomenology

Dark matter direct detection



Dark matter direct detection

Phiala Shanahan, MIT

Determine interaction cross-section (with nucleus)  
for a given dark matter model 

• Born approximation – interacts with a single 
nucleon 

• Interacts non-trivially with multiple nucleons 

Second term may be significant! 

poorly known!

� ⇠ |A hN |DM |Ni + ↵ hNN |DM |NNi + . . . |2

known from LQCD

� ⇠ |A hN |DM |Ni|2

Direct detection experiments use nuclear targets e.g., Xenon
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[NPLQCD PRL120 (2018), 152002] 

• Lattice QCD calculation with mπ~800 MeV shows 10% nuclear effects 
in 3He           potentially very significant effects in e.g., Xenon 

• Same calculation gives axial and tensor nuclear effects around ~1%

Spin-independent scattering of WIMP candidates is governed by scalar 
matrix elements

Dark matter direct detection

Older work: [NPLQCD PRD89 (2014) 074505]  



• What about larger (phenomenologically-relevant) nuclei? 

• Nuclear effective field theory: 

• 1-body currents are dominant 

• 2-body currents are sub-leading  
but non-negligible 

• Determine one body contributions  
from single nucleon 

• Determine few-body contributions  
from A=2,3,4...  

• Match EFT and many body methods  
to LQCD to make predictions for  
larger nuclei

Phiala Shanahan, MIT

Larger nuclei

Detmold and Savage, Nucl.Phys.A743 
170-193(2004).

Electroweak matrix elements in the 
two-nucleon sector from lattice QCD

Beane et al(NPLQCD), 
Phys.Rev.Lett.109 172001(2012).

Hyperon-Nucleon Interactions and the 
Composition of Dense Nuclear Matter 
from QCD

Beane et al(NPLQCD), Phys.Rev.D.
87 034506(2013).

Light nuclei and hypernuclei from QCD 
in the limit of SU(3) flavor symmetry 

Beane et al(NPLQCD), Phys.Rev.C.
88 024003(2013).

Nucleon-nucleon scattering parameters 
in the limit of SU(3) flavor symmetry

Beane et al(NPLQCD), Phys.Rev.D 
96 114510(2017).

Baryon-baryon scattering and spin-
flavor symmetry from lattice QCD

SEE PHIALA’S TALK NEXT FOR 
COLLABORATION’S GOOD PROGRESS 

IN MATRIX ELEMENT STUDIES OF 
LIGHT NUCLEI

Beane et al(NPLQCD), Phys.Rev. 
D92 114512 (2015).

Nucleon-nucleon scattering at 
m_pi=450MeV from lattice QCD

LQCD INPUT FOR NUCLEI: 
MATCHING PROGRAM

Effective Field Theory for Lattice 
Nuclei

Barnea at al, Phys.Rev.Lett.114  
052501 (2015).

Bansal et al, arXiv:
1712.10246v1[nucl-th].

Pionless EFT for atomic nuclei and 
lattice nuclei:

Ground-State Properties of 4He and 16O Extrapolated from Lattice QCD with Pionless EFT:

Contessi et al, arXiv:1701.06516.

Predictions Beyond the LQCD calculations 
First Realization of the Dream !!

12

Effective Field Theory for Lattice Nuclei 

N. Barnea et al, Phys.Rev.Lett. 114 (2015) no.5, 052501 
Ground-State Properties of 4He and 16 O Extrapolated from Lattice QCD with Pionless EFT 

L. Contessi et al,  e-Print: arXiv:1701.06516

Predictions Beyond the LQCD calculations 
First Realization of the Dream !!

12

Effective Field Theory for Lattice Nuclei 

N. Barnea et al, Phys.Rev.Lett. 114 (2015) no.5, 052501 
Ground-State Properties of 4He and 16 O Extrapolated from Lattice QCD with Pionless EFT 

L. Contessi et al,  e-Print: arXiv:1701.06516

Nf = 3, m⇡ = 0.806 GeV, a = 0.145(2) fm

Lorenzo Contessi’s PhD thesis

QCD input Few-body EFT interactions

Many-body calculations of nuclei and hypernuclei
Many-body calculations of nuclei and hypernuclei

[Barnea et al., PRL 2015]



First calculation of spectrum 
of light nuclei in 2013 
 

Phiala Shanahan, MIT

Proton-proton fusion 
and tritium β-decay  
[PRL 119, 062002 (2017)] 

Double β-decay      
[PRL 119, 062003 (2017), PRD 96, 054505 (2017)] 

Gluon structure of light 
nuclei       
[PRD 96 094512 (2017)] 

Scalar, axial, tensor MEs       
[PRL 120 152002 (2018)] 

‘Exotic’ Glue in the Nucleus

‘Exotic’ Glue
Contributions to gluon

observables that are not from

nucleon degrees of freedom.

Exotic glue operator:

operator in nucleon = 0

operator in nucleus 6= 0

Phiala Shanahan (MIT) Exotic Glue in the Nucleus September 13, 2016 3 / 15

Recent highlights
Nuclei with A<5 

QCD with unphysical  
quark masses       
mπ~800 MeV, mN~1,600 MeV 

mπ~450 MeV, mN~1,200 MeV 

NPLQCD effort in lattice QCD for nuclei



• Precision lattice QCD results for simple systems including hadrons 
• FLAG lattice averaging: first inclusion of hadron structure in 2019 

• Many more quantities will have fully-controlled systematic 
uncertainties by 2021 

• Beginning of reliable lattice QCD results for nuclear matrix elements

Phiala Shanahan, MIT

R. Van de Water Lattice QCD for precision particle physics

QCD is everywhere

muon-nucleus 
cross sections 

neutrino-nucleus 
cross-sections Parton distribution functions

dark-matter-nucleus 
cross sections 

hadronic vacuum 
polarization &

light-by-light scattering
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Reliable theoretical predictions are needed on same time scale as 
measurements with commensurate uncertainties
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Summary and outlook
Lattice QCD (+QED) is providing essential Standard Model 
input for high-energy and nuclear physics experiments





Parton distribution functions

Phiala Shanahan, MIT

Parton distribution 
functions
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t
<latexit sha1_base64="IUfqruUJcTP6IxYpQfSnZnNTsvw=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPw0wUTG4BLx4TMAskQ+jpVJI2PT1Dd48QhnyBFw+KePWTvPk3dhbB9UHB470qquqFieDaeN67s7K6tr6xmdvKb+/s7u0XDg6bOk4VwwaLRazaIdUouMSG4UZgO1FIo1BgKxxfzfzWHSrNY3ljJgkGER1KPuCMGivVTa9Q9NxSpeydV8hv4rveHEVYotYrvHX7MUsjlIYJqnXH9xITZFQZzgRO891UY0LZmA6xY6mkEeogmx86JadW6ZNBrGxJQ+bq14mMRlpPotB2RtSM9E9vJv7ldVIzKAcZl0lqULLFokEqiInJ7GvS5wqZERNLKFPc3krYiCrKjM0mb0P4/JT8T5ol1/dcv35RrJaXceTgGE7gDHy4hCpcQw0awADhHh7hybl1Hpxn52XRuuIsZ47gG5zXD2PBjUs=</latexit><latexit sha1_base64="IUfqruUJcTP6IxYpQfSnZnNTsvw=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPw0wUTG4BLx4TMAskQ+jpVJI2PT1Dd48QhnyBFw+KePWTvPk3dhbB9UHB470qquqFieDaeN67s7K6tr6xmdvKb+/s7u0XDg6bOk4VwwaLRazaIdUouMSG4UZgO1FIo1BgKxxfzfzWHSrNY3ljJgkGER1KPuCMGivVTa9Q9NxSpeydV8hv4rveHEVYotYrvHX7MUsjlIYJqnXH9xITZFQZzgRO891UY0LZmA6xY6mkEeogmx86JadW6ZNBrGxJQ+bq14mMRlpPotB2RtSM9E9vJv7ldVIzKAcZl0lqULLFokEqiInJ7GvS5wqZERNLKFPc3krYiCrKjM0mb0P4/JT8T5ol1/dcv35RrJaXceTgGE7gDHy4hCpcQw0awADhHh7hybl1Hpxn52XRuuIsZ47gG5zXD2PBjUs=</latexit><latexit sha1_base64="IUfqruUJcTP6IxYpQfSnZnNTsvw=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPw0wUTG4BLx4TMAskQ+jpVJI2PT1Dd48QhnyBFw+KePWTvPk3dhbB9UHB470qquqFieDaeN67s7K6tr6xmdvKb+/s7u0XDg6bOk4VwwaLRazaIdUouMSG4UZgO1FIo1BgKxxfzfzWHSrNY3ljJgkGER1KPuCMGivVTa9Q9NxSpeydV8hv4rveHEVYotYrvHX7MUsjlIYJqnXH9xITZFQZzgRO891UY0LZmA6xY6mkEeogmx86JadW6ZNBrGxJQ+bq14mMRlpPotB2RtSM9E9vJv7ldVIzKAcZl0lqULLFokEqiInJ7GvS5wqZERNLKFPc3krYiCrKjM0mb0P4/JT8T5ol1/dcv35RrJaXceTgGE7gDHy4hCpcQw0awADhHh7hybl1Hpxn52XRuuIsZ47gG5zXD2PBjUs=</latexit><latexit sha1_base64="IUfqruUJcTP6IxYpQfSnZnNTsvw=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPw0wUTG4BLx4TMAskQ+jpVJI2PT1Dd48QhnyBFw+KePWTvPk3dhbB9UHB470qquqFieDaeN67s7K6tr6xmdvKb+/s7u0XDg6bOk4VwwaLRazaIdUouMSG4UZgO1FIo1BgKxxfzfzWHSrNY3ljJgkGER1KPuCMGivVTa9Q9NxSpeydV8hv4rveHEVYotYrvHX7MUsjlIYJqnXH9xITZFQZzgRO891UY0LZmA6xY6mkEeogmx86JadW6ZNBrGxJQ+bq14mMRlpPotB2RtSM9E9vJv7ldVIzKAcZl0lqULLFokEqiInJ7GvS5wqZERNLKFPc3krYiCrKjM0mb0P4/JT8T5ol1/dcv35RrJaXceTgGE7gDHy4hCpcQw0awADhHh7hybl1Hpxn52XRuuIsZ47gG5zXD2PBjUs=</latexit>

z
<latexit sha1_base64="VZu2S9FMNTrMBiKptPbFce4qhK8=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GmaiYHILePGYgFkgGUJPpyZp07PQ3SPEIV/gxYMiXv0kb/6NnUVwfVDweK+Kqnp+IrjSjvNu5VZW19Y38puFre2d3b3i/kFLxalk2GSxiGXHpwoFj7CpuRbYSSTS0BfY9seXM799i1LxOLrWkwS9kA4jHnBGtZEad/1iybHL1YpzViW/iWs7c5RgiXq/+NYbxCwNMdJMUKW6rpNoL6NScyZwWuilChPKxnSIXUMjGqLysvmhU3JilAEJYmkq0mSufp3IaKjUJPRNZ0j1SP30ZuJfXjfVQcXLeJSkGiO2WBSkguiYzL4mAy6RaTExhDLJza2EjaikTJtsCiaEz0/J/6RVtl3HdhvnpVplGUcejuAYTsGFC6jBFdShCQwQ7uERnqwb68F6tl4WrTlrOXMI32C9fgBs2Y1R</latexit><latexit sha1_base64="VZu2S9FMNTrMBiKptPbFce4qhK8=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GmaiYHILePGYgFkgGUJPpyZp07PQ3SPEIV/gxYMiXv0kb/6NnUVwfVDweK+Kqnp+IrjSjvNu5VZW19Y38puFre2d3b3i/kFLxalk2GSxiGXHpwoFj7CpuRbYSSTS0BfY9seXM799i1LxOLrWkwS9kA4jHnBGtZEad/1iybHL1YpzViW/iWs7c5RgiXq/+NYbxCwNMdJMUKW6rpNoL6NScyZwWuilChPKxnSIXUMjGqLysvmhU3JilAEJYmkq0mSufp3IaKjUJPRNZ0j1SP30ZuJfXjfVQcXLeJSkGiO2WBSkguiYzL4mAy6RaTExhDLJza2EjaikTJtsCiaEz0/J/6RVtl3HdhvnpVplGUcejuAYTsGFC6jBFdShCQwQ7uERnqwb68F6tl4WrTlrOXMI32C9fgBs2Y1R</latexit><latexit sha1_base64="VZu2S9FMNTrMBiKptPbFce4qhK8=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GmaiYHILePGYgFkgGUJPpyZp07PQ3SPEIV/gxYMiXv0kb/6NnUVwfVDweK+Kqnp+IrjSjvNu5VZW19Y38puFre2d3b3i/kFLxalk2GSxiGXHpwoFj7CpuRbYSSTS0BfY9seXM799i1LxOLrWkwS9kA4jHnBGtZEad/1iybHL1YpzViW/iWs7c5RgiXq/+NYbxCwNMdJMUKW6rpNoL6NScyZwWuilChPKxnSIXUMjGqLysvmhU3JilAEJYmkq0mSufp3IaKjUJPRNZ0j1SP30ZuJfXjfVQcXLeJSkGiO2WBSkguiYzL4mAy6RaTExhDLJza2EjaikTJtsCiaEz0/J/6RVtl3HdhvnpVplGUcejuAYTsGFC6jBFdShCQwQ7uERnqwb68F6tl4WrTlrOXMI32C9fgBs2Y1R</latexit><latexit sha1_base64="VZu2S9FMNTrMBiKptPbFce4qhK8=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GmaiYHILePGYgFkgGUJPpyZp07PQ3SPEIV/gxYMiXv0kb/6NnUVwfVDweK+Kqnp+IrjSjvNu5VZW19Y38puFre2d3b3i/kFLxalk2GSxiGXHpwoFj7CpuRbYSSTS0BfY9seXM799i1LxOLrWkwS9kA4jHnBGtZEad/1iybHL1YpzViW/iWs7c5RgiXq/+NYbxCwNMdJMUKW6rpNoL6NScyZwWuilChPKxnSIXUMjGqLysvmhU3JilAEJYmkq0mSufp3IaKjUJPRNZ0j1SP30ZuJfXjfVQcXLeJSkGiO2WBSkguiYzL4mAy6RaTExhDLJza2EjaikTJtsCiaEz0/J/6RVtl3HdhvnpVplGUcejuAYTsGFC6jBFdShCQwQ7uERnqwb68F6tl4WrTlrOXMI32C9fgBs2Y1R</latexit>

y
<latexit sha1_base64="AG782ImLYWLMS7XvknBM2YYcu6s=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPw0wUTG4BLx4TMAskQ+jp1CRteha6e4RhyBd48aCIVz/Jm39jZxFcHxQ83quiqp6fCK6047xbK6tr6xubha3i9s7u3n7p4LCt4lQybLFYxLLrU4WCR9jSXAvsJhJp6Avs+JOrmd+5Q6l4HN3oLEEvpKOIB5xRbaRmNiiVHbtSqzrnNfKbuLYzRxmWaAxKb/1hzNIQI80EVarnOon2cio1ZwKnxX6qMKFsQkfYMzSiISovnx86JadGGZIglqYiTebq14mchkploW86Q6rH6qc3E//yeqkOql7OoyTVGLHFoiAVRMdk9jUZcolMi8wQyiQ3txI2ppIybbIpmhA+PyX/k3bFdh3bbV6U69VlHAU4hhM4AxcuoQ7X0IAWMEC4h0d4sm6tB+vZelm0rljLmSP4Buv1A2tVjVA=</latexit><latexit sha1_base64="AG782ImLYWLMS7XvknBM2YYcu6s=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPw0wUTG4BLx4TMAskQ+jp1CRteha6e4RhyBd48aCIVz/Jm39jZxFcHxQ83quiqp6fCK6047xbK6tr6xubha3i9s7u3n7p4LCt4lQybLFYxLLrU4WCR9jSXAvsJhJp6Avs+JOrmd+5Q6l4HN3oLEEvpKOIB5xRbaRmNiiVHbtSqzrnNfKbuLYzRxmWaAxKb/1hzNIQI80EVarnOon2cio1ZwKnxX6qMKFsQkfYMzSiISovnx86JadGGZIglqYiTebq14mchkploW86Q6rH6qc3E//yeqkOql7OoyTVGLHFoiAVRMdk9jUZcolMi8wQyiQ3txI2ppIybbIpmhA+PyX/k3bFdh3bbV6U69VlHAU4hhM4AxcuoQ7X0IAWMEC4h0d4sm6tB+vZelm0rljLmSP4Buv1A2tVjVA=</latexit><latexit sha1_base64="AG782ImLYWLMS7XvknBM2YYcu6s=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPw0wUTG4BLx4TMAskQ+jp1CRteha6e4RhyBd48aCIVz/Jm39jZxFcHxQ83quiqp6fCK6047xbK6tr6xubha3i9s7u3n7p4LCt4lQybLFYxLLrU4WCR9jSXAvsJhJp6Avs+JOrmd+5Q6l4HN3oLEEvpKOIB5xRbaRmNiiVHbtSqzrnNfKbuLYzRxmWaAxKb/1hzNIQI80EVarnOon2cio1ZwKnxX6qMKFsQkfYMzSiISovnx86JadGGZIglqYiTebq14mchkploW86Q6rH6qc3E//yeqkOql7OoyTVGLHFoiAVRMdk9jUZcolMi8wQyiQ3txI2ppIybbIpmhA+PyX/k3bFdh3bbV6U69VlHAU4hhM4AxcuoQ7X0IAWMEC4h0d4sm6tB+vZelm0rljLmSP4Buv1A2tVjVA=</latexit><latexit sha1_base64="AG782ImLYWLMS7XvknBM2YYcu6s=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPw0wUTG4BLx4TMAskQ+jp1CRteha6e4RhyBd48aCIVz/Jm39jZxFcHxQ83quiqp6fCK6047xbK6tr6xubha3i9s7u3n7p4LCt4lQybLFYxLLrU4WCR9jSXAvsJhJp6Avs+JOrmd+5Q6l4HN3oLEEvpKOIB5xRbaRmNiiVHbtSqzrnNfKbuLYzRxmWaAxKb/1hzNIQI80EVarnOon2cio1ZwKnxX6qMKFsQkfYMzSiISovnx86JadGGZIglqYiTebq14mchkploW86Q6rH6qc3E//yeqkOql7OoyTVGLHFoiAVRMdk9jUZcolMi8wQyiQ3txI2ppIybbIpmhA+PyX/k3bFdh3bbV6U69VlHAU4hhM4AxcuoQ7X0IAWMEC4h0d4sm6tB+vZelm0rljLmSP4Buv1A2tVjVA=</latexit>

t
<latexit sha1_base64="IUfqruUJcTP6IxYpQfSnZnNTsvw=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPw0wUTG4BLx4TMAskQ+jpVJI2PT1Dd48QhnyBFw+KePWTvPk3dhbB9UHB470qquqFieDaeN67s7K6tr6xmdvKb+/s7u0XDg6bOk4VwwaLRazaIdUouMSG4UZgO1FIo1BgKxxfzfzWHSrNY3ljJgkGER1KPuCMGivVTa9Q9NxSpeydV8hv4rveHEVYotYrvHX7MUsjlIYJqnXH9xITZFQZzgRO891UY0LZmA6xY6mkEeogmx86JadW6ZNBrGxJQ+bq14mMRlpPotB2RtSM9E9vJv7ldVIzKAcZl0lqULLFokEqiInJ7GvS5wqZERNLKFPc3krYiCrKjM0mb0P4/JT8T5ol1/dcv35RrJaXceTgGE7gDHy4hCpcQw0awADhHh7hybl1Hpxn52XRuuIsZ47gG5zXD2PBjUs=</latexit><latexit sha1_base64="IUfqruUJcTP6IxYpQfSnZnNTsvw=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPw0wUTG4BLx4TMAskQ+jpVJI2PT1Dd48QhnyBFw+KePWTvPk3dhbB9UHB470qquqFieDaeN67s7K6tr6xmdvKb+/s7u0XDg6bOk4VwwaLRazaIdUouMSG4UZgO1FIo1BgKxxfzfzWHSrNY3ljJgkGER1KPuCMGivVTa9Q9NxSpeydV8hv4rveHEVYotYrvHX7MUsjlIYJqnXH9xITZFQZzgRO891UY0LZmA6xY6mkEeogmx86JadW6ZNBrGxJQ+bq14mMRlpPotB2RtSM9E9vJv7ldVIzKAcZl0lqULLFokEqiInJ7GvS5wqZERNLKFPc3krYiCrKjM0mb0P4/JT8T5ol1/dcv35RrJaXceTgGE7gDHy4hCpcQw0awADhHh7hybl1Hpxn52XRuuIsZ47gG5zXD2PBjUs=</latexit><latexit sha1_base64="IUfqruUJcTP6IxYpQfSnZnNTsvw=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPw0wUTG4BLx4TMAskQ+jpVJI2PT1Dd48QhnyBFw+KePWTvPk3dhbB9UHB470qquqFieDaeN67s7K6tr6xmdvKb+/s7u0XDg6bOk4VwwaLRazaIdUouMSG4UZgO1FIo1BgKxxfzfzWHSrNY3ljJgkGER1KPuCMGivVTa9Q9NxSpeydV8hv4rveHEVYotYrvHX7MUsjlIYJqnXH9xITZFQZzgRO891UY0LZmA6xY6mkEeogmx86JadW6ZNBrGxJQ+bq14mMRlpPotB2RtSM9E9vJv7ldVIzKAcZl0lqULLFokEqiInJ7GvS5wqZERNLKFPc3krYiCrKjM0mb0P4/JT8T5ol1/dcv35RrJaXceTgGE7gDHy4hCpcQw0awADhHh7hybl1Hpxn52XRuuIsZ47gG5zXD2PBjUs=</latexit><latexit sha1_base64="IUfqruUJcTP6IxYpQfSnZnNTsvw=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPw0wUTG4BLx4TMAskQ+jpVJI2PT1Dd48QhnyBFw+KePWTvPk3dhbB9UHB470qquqFieDaeN67s7K6tr6xmdvKb+/s7u0XDg6bOk4VwwaLRazaIdUouMSG4UZgO1FIo1BgKxxfzfzWHSrNY3ljJgkGER1KPuCMGivVTa9Q9NxSpeydV8hv4rveHEVYotYrvHX7MUsjlIYJqnXH9xITZFQZzgRO891UY0LZmA6xY6mkEeogmx86JadW6ZNBrGxJQ+bq14mMRlpPotB2RtSM9E9vJv7ldVIzKAcZl0lqULLFokEqiInJ7GvS5wqZERNLKFPc3krYiCrKjM0mb0P4/JT8T5ol1/dcv35RrJaXceTgGE7gDHy4hCpcQw0awADhHh7hybl1Hpxn52XRuuIsZ47gG5zXD2PBjUs=</latexit>

z
<latexit sha1_base64="VZu2S9FMNTrMBiKptPbFce4qhK8=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GmaiYHILePGYgFkgGUJPpyZp07PQ3SPEIV/gxYMiXv0kb/6NnUVwfVDweK+Kqnp+IrjSjvNu5VZW19Y38puFre2d3b3i/kFLxalk2GSxiGXHpwoFj7CpuRbYSSTS0BfY9seXM799i1LxOLrWkwS9kA4jHnBGtZEad/1iybHL1YpzViW/iWs7c5RgiXq/+NYbxCwNMdJMUKW6rpNoL6NScyZwWuilChPKxnSIXUMjGqLysvmhU3JilAEJYmkq0mSufp3IaKjUJPRNZ0j1SP30ZuJfXjfVQcXLeJSkGiO2WBSkguiYzL4mAy6RaTExhDLJza2EjaikTJtsCiaEz0/J/6RVtl3HdhvnpVplGUcejuAYTsGFC6jBFdShCQwQ7uERnqwb68F6tl4WrTlrOXMI32C9fgBs2Y1R</latexit><latexit sha1_base64="VZu2S9FMNTrMBiKptPbFce4qhK8=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GmaiYHILePGYgFkgGUJPpyZp07PQ3SPEIV/gxYMiXv0kb/6NnUVwfVDweK+Kqnp+IrjSjvNu5VZW19Y38puFre2d3b3i/kFLxalk2GSxiGXHpwoFj7CpuRbYSSTS0BfY9seXM799i1LxOLrWkwS9kA4jHnBGtZEad/1iybHL1YpzViW/iWs7c5RgiXq/+NYbxCwNMdJMUKW6rpNoL6NScyZwWuilChPKxnSIXUMjGqLysvmhU3JilAEJYmkq0mSufp3IaKjUJPRNZ0j1SP30ZuJfXjfVQcXLeJSkGiO2WBSkguiYzL4mAy6RaTExhDLJza2EjaikTJtsCiaEz0/J/6RVtl3HdhvnpVplGUcejuAYTsGFC6jBFdShCQwQ7uERnqwb68F6tl4WrTlrOXMI32C9fgBs2Y1R</latexit><latexit sha1_base64="VZu2S9FMNTrMBiKptPbFce4qhK8=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GmaiYHILePGYgFkgGUJPpyZp07PQ3SPEIV/gxYMiXv0kb/6NnUVwfVDweK+Kqnp+IrjSjvNu5VZW19Y38puFre2d3b3i/kFLxalk2GSxiGXHpwoFj7CpuRbYSSTS0BfY9seXM799i1LxOLrWkwS9kA4jHnBGtZEad/1iybHL1YpzViW/iWs7c5RgiXq/+NYbxCwNMdJMUKW6rpNoL6NScyZwWuilChPKxnSIXUMjGqLysvmhU3JilAEJYmkq0mSufp3IaKjUJPRNZ0j1SP30ZuJfXjfVQcXLeJSkGiO2WBSkguiYzL4mAy6RaTExhDLJza2EjaikTJtsCiaEz0/J/6RVtl3HdhvnpVplGUcejuAYTsGFC6jBFdShCQwQ7uERnqwb68F6tl4WrTlrOXMI32C9fgBs2Y1R</latexit><latexit sha1_base64="VZu2S9FMNTrMBiKptPbFce4qhK8=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GmaiYHILePGYgFkgGUJPpyZp07PQ3SPEIV/gxYMiXv0kb/6NnUVwfVDweK+Kqnp+IrjSjvNu5VZW19Y38puFre2d3b3i/kFLxalk2GSxiGXHpwoFj7CpuRbYSSTS0BfY9seXM799i1LxOLrWkwS9kA4jHnBGtZEad/1iybHL1YpzViW/iWs7c5RgiXq/+NYbxCwNMdJMUKW6rpNoL6NScyZwWuilChPKxnSIXUMjGqLysvmhU3JilAEJYmkq0mSufp3IaKjUJPRNZ0j1SP30ZuJfXjfVQcXLeJSkGiO2WBSkguiYzL4mAy6RaTExhDLJza2EjaikTJtsCiaEz0/J/6RVtl3HdhvnpVplGUcejuAYTsGFC6jBFdShCQwQ7uERnqwb68F6tl4WrTlrOXMI32C9fgBs2Y1R</latexit>

y
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• Non-local light-cone correlations 

• Encode non-perturbative physicsf(x, µ2)
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• Correlations at light-like separation not directly 
accessible in Euclidean-space calculations 

• Operator Product Expansion relates Mellin 
moments of PDFs to local operators 

f(x) =
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hh| fDµ1 . . . Dµn f |hi ⇠ hxnihf =
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x-dependence of PDFs

Phiala Shanahan, MIT

Parton distribution 
functions
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<latexit sha1_base64="IUfqruUJcTP6IxYpQfSnZnNTsvw=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPw0wUTG4BLx4TMAskQ+jpVJI2PT1Dd48QhnyBFw+KePWTvPk3dhbB9UHB470qquqFieDaeN67s7K6tr6xmdvKb+/s7u0XDg6bOk4VwwaLRazaIdUouMSG4UZgO1FIo1BgKxxfzfzWHSrNY3ljJgkGER1KPuCMGivVTa9Q9NxSpeydV8hv4rveHEVYotYrvHX7MUsjlIYJqnXH9xITZFQZzgRO891UY0LZmA6xY6mkEeogmx86JadW6ZNBrGxJQ+bq14mMRlpPotB2RtSM9E9vJv7ldVIzKAcZl0lqULLFokEqiInJ7GvS5wqZERNLKFPc3krYiCrKjM0mb0P4/JT8T5ol1/dcv35RrJaXceTgGE7gDHy4hCpcQw0awADhHh7hybl1Hpxn52XRuuIsZ47gG5zXD2PBjUs=</latexit><latexit sha1_base64="IUfqruUJcTP6IxYpQfSnZnNTsvw=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPw0wUTG4BLx4TMAskQ+jpVJI2PT1Dd48QhnyBFw+KePWTvPk3dhbB9UHB470qquqFieDaeN67s7K6tr6xmdvKb+/s7u0XDg6bOk4VwwaLRazaIdUouMSG4UZgO1FIo1BgKxxfzfzWHSrNY3ljJgkGER1KPuCMGivVTa9Q9NxSpeydV8hv4rveHEVYotYrvHX7MUsjlIYJqnXH9xITZFQZzgRO891UY0LZmA6xY6mkEeogmx86JadW6ZNBrGxJQ+bq14mMRlpPotB2RtSM9E9vJv7ldVIzKAcZl0lqULLFokEqiInJ7GvS5wqZERNLKFPc3krYiCrKjM0mb0P4/JT8T5ol1/dcv35RrJaXceTgGE7gDHy4hCpcQw0awADhHh7hybl1Hpxn52XRuuIsZ47gG5zXD2PBjUs=</latexit><latexit sha1_base64="IUfqruUJcTP6IxYpQfSnZnNTsvw=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPw0wUTG4BLx4TMAskQ+jpVJI2PT1Dd48QhnyBFw+KePWTvPk3dhbB9UHB470qquqFieDaeN67s7K6tr6xmdvKb+/s7u0XDg6bOk4VwwaLRazaIdUouMSG4UZgO1FIo1BgKxxfzfzWHSrNY3ljJgkGER1KPuCMGivVTa9Q9NxSpeydV8hv4rveHEVYotYrvHX7MUsjlIYJqnXH9xITZFQZzgRO891UY0LZmA6xY6mkEeogmx86JadW6ZNBrGxJQ+bq14mMRlpPotB2RtSM9E9vJv7ldVIzKAcZl0lqULLFokEqiInJ7GvS5wqZERNLKFPc3krYiCrKjM0mb0P4/JT8T5ol1/dcv35RrJaXceTgGE7gDHy4hCpcQw0awADhHh7hybl1Hpxn52XRuuIsZ47gG5zXD2PBjUs=</latexit><latexit sha1_base64="IUfqruUJcTP6IxYpQfSnZnNTsvw=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPw0wUTG4BLx4TMAskQ+jpVJI2PT1Dd48QhnyBFw+KePWTvPk3dhbB9UHB470qquqFieDaeN67s7K6tr6xmdvKb+/s7u0XDg6bOk4VwwaLRazaIdUouMSG4UZgO1FIo1BgKxxfzfzWHSrNY3ljJgkGER1KPuCMGivVTa9Q9NxSpeydV8hv4rveHEVYotYrvHX7MUsjlIYJqnXH9xITZFQZzgRO891UY0LZmA6xY6mkEeogmx86JadW6ZNBrGxJQ+bq14mMRlpPotB2RtSM9E9vJv7ldVIzKAcZl0lqULLFokEqiInJ7GvS5wqZERNLKFPc3krYiCrKjM0mb0P4/JT8T5ol1/dcv35RrJaXceTgGE7gDHy4hCpcQw0awADhHh7hybl1Hpxn52XRuuIsZ47gG5zXD2PBjUs=</latexit>

z
<latexit sha1_base64="VZu2S9FMNTrMBiKptPbFce4qhK8=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GmaiYHILePGYgFkgGUJPpyZp07PQ3SPEIV/gxYMiXv0kb/6NnUVwfVDweK+Kqnp+IrjSjvNu5VZW19Y38puFre2d3b3i/kFLxalk2GSxiGXHpwoFj7CpuRbYSSTS0BfY9seXM799i1LxOLrWkwS9kA4jHnBGtZEad/1iybHL1YpzViW/iWs7c5RgiXq/+NYbxCwNMdJMUKW6rpNoL6NScyZwWuilChPKxnSIXUMjGqLysvmhU3JilAEJYmkq0mSufp3IaKjUJPRNZ0j1SP30ZuJfXjfVQcXLeJSkGiO2WBSkguiYzL4mAy6RaTExhDLJza2EjaikTJtsCiaEz0/J/6RVtl3HdhvnpVplGUcejuAYTsGFC6jBFdShCQwQ7uERnqwb68F6tl4WrTlrOXMI32C9fgBs2Y1R</latexit><latexit sha1_base64="VZu2S9FMNTrMBiKptPbFce4qhK8=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GmaiYHILePGYgFkgGUJPpyZp07PQ3SPEIV/gxYMiXv0kb/6NnUVwfVDweK+Kqnp+IrjSjvNu5VZW19Y38puFre2d3b3i/kFLxalk2GSxiGXHpwoFj7CpuRbYSSTS0BfY9seXM799i1LxOLrWkwS9kA4jHnBGtZEad/1iybHL1YpzViW/iWs7c5RgiXq/+NYbxCwNMdJMUKW6rpNoL6NScyZwWuilChPKxnSIXUMjGqLysvmhU3JilAEJYmkq0mSufp3IaKjUJPRNZ0j1SP30ZuJfXjfVQcXLeJSkGiO2WBSkguiYzL4mAy6RaTExhDLJza2EjaikTJtsCiaEz0/J/6RVtl3HdhvnpVplGUcejuAYTsGFC6jBFdShCQwQ7uERnqwb68F6tl4WrTlrOXMI32C9fgBs2Y1R</latexit><latexit sha1_base64="VZu2S9FMNTrMBiKptPbFce4qhK8=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GmaiYHILePGYgFkgGUJPpyZp07PQ3SPEIV/gxYMiXv0kb/6NnUVwfVDweK+Kqnp+IrjSjvNu5VZW19Y38puFre2d3b3i/kFLxalk2GSxiGXHpwoFj7CpuRbYSSTS0BfY9seXM799i1LxOLrWkwS9kA4jHnBGtZEad/1iybHL1YpzViW/iWs7c5RgiXq/+NYbxCwNMdJMUKW6rpNoL6NScyZwWuilChPKxnSIXUMjGqLysvmhU3JilAEJYmkq0mSufp3IaKjUJPRNZ0j1SP30ZuJfXjfVQcXLeJSkGiO2WBSkguiYzL4mAy6RaTExhDLJza2EjaikTJtsCiaEz0/J/6RVtl3HdhvnpVplGUcejuAYTsGFC6jBFdShCQwQ7uERnqwb68F6tl4WrTlrOXMI32C9fgBs2Y1R</latexit><latexit sha1_base64="VZu2S9FMNTrMBiKptPbFce4qhK8=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GmaiYHILePGYgFkgGUJPpyZp07PQ3SPEIV/gxYMiXv0kb/6NnUVwfVDweK+Kqnp+IrjSjvNu5VZW19Y38puFre2d3b3i/kFLxalk2GSxiGXHpwoFj7CpuRbYSSTS0BfY9seXM799i1LxOLrWkwS9kA4jHnBGtZEad/1iybHL1YpzViW/iWs7c5RgiXq/+NYbxCwNMdJMUKW6rpNoL6NScyZwWuilChPKxnSIXUMjGqLysvmhU3JilAEJYmkq0mSufp3IaKjUJPRNZ0j1SP30ZuJfXjfVQcXLeJSkGiO2WBSkguiYzL4mAy6RaTExhDLJza2EjaikTJtsCiaEz0/J/6RVtl3HdhvnpVplGUcejuAYTsGFC6jBFdShCQwQ7uERnqwb68F6tl4WrTlrOXMI32C9fgBs2Y1R</latexit>

y
<latexit sha1_base64="AG782ImLYWLMS7XvknBM2YYcu6s=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPw0wUTG4BLx4TMAskQ+jp1CRteha6e4RhyBd48aCIVz/Jm39jZxFcHxQ83quiqp6fCK6047xbK6tr6xubha3i9s7u3n7p4LCt4lQybLFYxLLrU4WCR9jSXAvsJhJp6Avs+JOrmd+5Q6l4HN3oLEEvpKOIB5xRbaRmNiiVHbtSqzrnNfKbuLYzRxmWaAxKb/1hzNIQI80EVarnOon2cio1ZwKnxX6qMKFsQkfYMzSiISovnx86JadGGZIglqYiTebq14mchkploW86Q6rH6qc3E//yeqkOql7OoyTVGLHFoiAVRMdk9jUZcolMi8wQyiQ3txI2ppIybbIpmhA+PyX/k3bFdh3bbV6U69VlHAU4hhM4AxcuoQ7X0IAWMEC4h0d4sm6tB+vZelm0rljLmSP4Buv1A2tVjVA=</latexit><latexit sha1_base64="AG782ImLYWLMS7XvknBM2YYcu6s=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPw0wUTG4BLx4TMAskQ+jp1CRteha6e4RhyBd48aCIVz/Jm39jZxFcHxQ83quiqp6fCK6047xbK6tr6xubha3i9s7u3n7p4LCt4lQybLFYxLLrU4WCR9jSXAvsJhJp6Avs+JOrmd+5Q6l4HN3oLEEvpKOIB5xRbaRmNiiVHbtSqzrnNfKbuLYzRxmWaAxKb/1hzNIQI80EVarnOon2cio1ZwKnxX6qMKFsQkfYMzSiISovnx86JadGGZIglqYiTebq14mchkploW86Q6rH6qc3E//yeqkOql7OoyTVGLHFoiAVRMdk9jUZcolMi8wQyiQ3txI2ppIybbIpmhA+PyX/k3bFdh3bbV6U69VlHAU4hhM4AxcuoQ7X0IAWMEC4h0d4sm6tB+vZelm0rljLmSP4Buv1A2tVjVA=</latexit><latexit sha1_base64="AG782ImLYWLMS7XvknBM2YYcu6s=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPw0wUTG4BLx4TMAskQ+jp1CRteha6e4RhyBd48aCIVz/Jm39jZxFcHxQ83quiqp6fCK6047xbK6tr6xubha3i9s7u3n7p4LCt4lQybLFYxLLrU4WCR9jSXAvsJhJp6Avs+JOrmd+5Q6l4HN3oLEEvpKOIB5xRbaRmNiiVHbtSqzrnNfKbuLYzRxmWaAxKb/1hzNIQI80EVarnOon2cio1ZwKnxX6qMKFsQkfYMzSiISovnx86JadGGZIglqYiTebq14mchkploW86Q6rH6qc3E//yeqkOql7OoyTVGLHFoiAVRMdk9jUZcolMi8wQyiQ3txI2ppIybbIpmhA+PyX/k3bFdh3bbV6U69VlHAU4hhM4AxcuoQ7X0IAWMEC4h0d4sm6tB+vZelm0rljLmSP4Buv1A2tVjVA=</latexit><latexit sha1_base64="AG782ImLYWLMS7XvknBM2YYcu6s=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPw0wUTG4BLx4TMAskQ+jp1CRteha6e4RhyBd48aCIVz/Jm39jZxFcHxQ83quiqp6fCK6047xbK6tr6xubha3i9s7u3n7p4LCt4lQybLFYxLLrU4WCR9jSXAvsJhJp6Avs+JOrmd+5Q6l4HN3oLEEvpKOIB5xRbaRmNiiVHbtSqzrnNfKbuLYzRxmWaAxKb/1hzNIQI80EVarnOon2cio1ZwKnxX6qMKFsQkfYMzSiISovnx86JadGGZIglqYiTebq14mchkploW86Q6rH6qc3E//yeqkOql7OoyTVGLHFoiAVRMdk9jUZcolMi8wQyiQ3txI2ppIybbIpmhA+PyX/k3bFdh3bbV6U69VlHAU4hhM4AxcuoQ7X0IAWMEC4h0d4sm6tB+vZelm0rljLmSP4Buv1A2tVjVA=</latexit>

• Non-local light-cone correlations 

• Encode non-perturbative physicsf(x, µ2)
<latexit sha1_base64="rMnEJWvR6lLO+MOQkxAK067D9bg=">AAAB8XicdVDJSgNBEK1xjXGLevTSGIQIMsxEweQW8OIxglkwGUNPpydp0t0zdPeIIeQvvHhQxKt/482/sbMIrg8KHu9VUVUvTDjTxvPenYXFpeWV1cxadn1jc2s7t7Nb13GqCK2RmMeqGWJNOZO0ZpjhtJkoikXIaSMcnE/8xi1VmsXyygwTGgjckyxiBBsrXUeFu+O2SG+KR51c3nOL5ZJ3Uka/ie96U+Rhjmon99buxiQVVBrCsdYt30tMMMLKMMLpONtONU0wGeAebVkqsaA6GE0vHqNDq3RRFCtb0qCp+nVihIXWQxHaToFNX//0JuJfXis1USkYMZmkhkoyWxSlHJkYTd5HXaYoMXxoCSaK2VsR6WOFibEhZW0In5+i/0m96Pqe61+e5iuleRwZ2IcDKIAPZ1CBC6hCDQhIuIdHeHK08+A8Oy+z1gVnPrMH3+C8fgDZn5Ba</latexit><latexit sha1_base64="rMnEJWvR6lLO+MOQkxAK067D9bg=">AAAB8XicdVDJSgNBEK1xjXGLevTSGIQIMsxEweQW8OIxglkwGUNPpydp0t0zdPeIIeQvvHhQxKt/482/sbMIrg8KHu9VUVUvTDjTxvPenYXFpeWV1cxadn1jc2s7t7Nb13GqCK2RmMeqGWJNOZO0ZpjhtJkoikXIaSMcnE/8xi1VmsXyygwTGgjckyxiBBsrXUeFu+O2SG+KR51c3nOL5ZJ3Uka/ie96U+Rhjmon99buxiQVVBrCsdYt30tMMMLKMMLpONtONU0wGeAebVkqsaA6GE0vHqNDq3RRFCtb0qCp+nVihIXWQxHaToFNX//0JuJfXis1USkYMZmkhkoyWxSlHJkYTd5HXaYoMXxoCSaK2VsR6WOFibEhZW0In5+i/0m96Pqe61+e5iuleRwZ2IcDKIAPZ1CBC6hCDQhIuIdHeHK08+A8Oy+z1gVnPrMH3+C8fgDZn5Ba</latexit><latexit sha1_base64="rMnEJWvR6lLO+MOQkxAK067D9bg=">AAAB8XicdVDJSgNBEK1xjXGLevTSGIQIMsxEweQW8OIxglkwGUNPpydp0t0zdPeIIeQvvHhQxKt/482/sbMIrg8KHu9VUVUvTDjTxvPenYXFpeWV1cxadn1jc2s7t7Nb13GqCK2RmMeqGWJNOZO0ZpjhtJkoikXIaSMcnE/8xi1VmsXyygwTGgjckyxiBBsrXUeFu+O2SG+KR51c3nOL5ZJ3Uka/ie96U+Rhjmon99buxiQVVBrCsdYt30tMMMLKMMLpONtONU0wGeAebVkqsaA6GE0vHqNDq3RRFCtb0qCp+nVihIXWQxHaToFNX//0JuJfXis1USkYMZmkhkoyWxSlHJkYTd5HXaYoMXxoCSaK2VsR6WOFibEhZW0In5+i/0m96Pqe61+e5iuleRwZ2IcDKIAPZ1CBC6hCDQhIuIdHeHK08+A8Oy+z1gVnPrMH3+C8fgDZn5Ba</latexit><latexit sha1_base64="rMnEJWvR6lLO+MOQkxAK067D9bg=">AAAB8XicdVDJSgNBEK1xjXGLevTSGIQIMsxEweQW8OIxglkwGUNPpydp0t0zdPeIIeQvvHhQxKt/482/sbMIrg8KHu9VUVUvTDjTxvPenYXFpeWV1cxadn1jc2s7t7Nb13GqCK2RmMeqGWJNOZO0ZpjhtJkoikXIaSMcnE/8xi1VmsXyygwTGgjckyxiBBsrXUeFu+O2SG+KR51c3nOL5ZJ3Uka/ie96U+Rhjmon99buxiQVVBrCsdYt30tMMMLKMMLpONtONU0wGeAebVkqsaA6GE0vHqNDq3RRFCtb0qCp+nVihIXWQxHaToFNX//0JuJfXis1USkYMZmkhkoyWxSlHJkYTd5HXaYoMXxoCSaK2VsR6WOFibEhZW0In5+i/0m96Pqe61+e5iuleRwZ2IcDKIAPZ1CBC6hCDQhIuIdHeHK08+A8Oy+z1gVnPrMH3+C8fgDZn5Ba</latexit>

• Access x-dependence in Euclidean calculation by relating spacelike 
non-local operator matrix elements to lightlike

 
<latexit sha1_base64="zHOSPey+6axQpKC8mgNfcMOk4yk=">AAAB63icdVDLSgNBEOyNrxhfUY9eBoPgadmNgskt6MVjBPOAZAmzk9lkyMzsMjMrhCW/4MWDIl79IW/+jbNJBJ8FDUVVN91dYcKZNp737hRWVtfWN4qbpa3tnd298v5BW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wcpX7nTuqNIvlrZkmNBB4JFnECDa51E80G5Qrnlut17yzOvpNfNebowJLNAflt/4wJqmg0hCOte75XmKCDCvDCKezUj/VNMFkgke0Z6nEguogm986QydWGaIoVrakQXP160SGhdZTEdpOgc1Y//Ry8S+vl5qoFmRMJqmhkiwWRSlHJkb542jIFCWGTy3BRDF7KyJjrDAxNp6SDeHzU/Q/aVdd33P9m/NK43IZRxGO4BhOwYcLaMA1NKEFBMZwD4/w5AjnwXl2XhatBWc5cwjf4Lx+AKrKjqc=</latexit><latexit sha1_base64="zHOSPey+6axQpKC8mgNfcMOk4yk=">AAAB63icdVDLSgNBEOyNrxhfUY9eBoPgadmNgskt6MVjBPOAZAmzk9lkyMzsMjMrhCW/4MWDIl79IW/+jbNJBJ8FDUVVN91dYcKZNp737hRWVtfWN4qbpa3tnd298v5BW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wcpX7nTuqNIvlrZkmNBB4JFnECDa51E80G5Qrnlut17yzOvpNfNebowJLNAflt/4wJqmg0hCOte75XmKCDCvDCKezUj/VNMFkgke0Z6nEguogm986QydWGaIoVrakQXP160SGhdZTEdpOgc1Y//Ry8S+vl5qoFmRMJqmhkiwWRSlHJkb542jIFCWGTy3BRDF7KyJjrDAxNp6SDeHzU/Q/aVdd33P9m/NK43IZRxGO4BhOwYcLaMA1NKEFBMZwD4/w5AjnwXl2XhatBWc5cwjf4Lx+AKrKjqc=</latexit><latexit sha1_base64="zHOSPey+6axQpKC8mgNfcMOk4yk=">AAAB63icdVDLSgNBEOyNrxhfUY9eBoPgadmNgskt6MVjBPOAZAmzk9lkyMzsMjMrhCW/4MWDIl79IW/+jbNJBJ8FDUVVN91dYcKZNp737hRWVtfWN4qbpa3tnd298v5BW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wcpX7nTuqNIvlrZkmNBB4JFnECDa51E80G5Qrnlut17yzOvpNfNebowJLNAflt/4wJqmg0hCOte75XmKCDCvDCKezUj/VNMFkgke0Z6nEguogm986QydWGaIoVrakQXP160SGhdZTEdpOgc1Y//Ry8S+vl5qoFmRMJqmhkiwWRSlHJkb542jIFCWGTy3BRDF7KyJjrDAxNp6SDeHzU/Q/aVdd33P9m/NK43IZRxGO4BhOwYcLaMA1NKEFBMZwD4/w5AjnwXl2XhatBWc5cwjf4Lx+AKrKjqc=</latexit><latexit sha1_base64="zHOSPey+6axQpKC8mgNfcMOk4yk=">AAAB63icdVDLSgNBEOyNrxhfUY9eBoPgadmNgskt6MVjBPOAZAmzk9lkyMzsMjMrhCW/4MWDIl79IW/+jbNJBJ8FDUVVN91dYcKZNp737hRWVtfWN4qbpa3tnd298v5BW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wcpX7nTuqNIvlrZkmNBB4JFnECDa51E80G5Qrnlut17yzOvpNfNebowJLNAflt/4wJqmg0hCOte75XmKCDCvDCKezUj/VNMFkgke0Z6nEguogm986QydWGaIoVrakQXP160SGhdZTEdpOgc1Y//Ry8S+vl5qoFmRMJqmhkiwWRSlHJkb542jIFCWGTy3BRDF7KyJjrDAxNp6SDeHzU/Q/aVdd33P9m/NK43IZRxGO4BhOwYcLaMA1NKEFBMZwD4/w5AjnwXl2XhatBWc5cwjf4Lx+AKrKjqc=</latexit>

 
<latexit sha1_base64="/SAByWTdISC7+F+FeRy6eXpX11A=">AAAB+HicdVDLSsNAFL2pr1ofjbp0M1gEVyGpgu2u6MZlBfuANpTJdNIOnUzCzESooV/ixoUibv0Ud/6Nk7aCzwMDh3Pu4d45QcKZ0q77bhVWVtfWN4qbpa3tnd2yvbffVnEqCW2RmMeyG2BFORO0pZnmtJtIiqOA004wucz9zi2VisXiRk8T6kd4JFjICNZGGtjlfmzsPJ31E8VmA7viOtV6zT2to9/Ec9w5KrBEc2C/9YcxSSMqNOFYqZ7nJtrPsNSMcDor9VNFE0wmeER7hgocUeVn88Nn6NgoQxTG0jyh0Vz9mshwpNQ0CsxkhPVY/fRy8S+vl+qw5mdMJKmmgiwWhSlHOkZ5C2jIJCWaTw3BRDJzKyJjLDHRpquSKeHzp+h/0q46nut412eVxsWyjiIcwhGcgAfn0IAraEILCKRwD4/wZN1ZD9az9bIYLVjLzAF8g/X6AQnyk/4=</latexit><latexit sha1_base64="/SAByWTdISC7+F+FeRy6eXpX11A=">AAAB+HicdVDLSsNAFL2pr1ofjbp0M1gEVyGpgu2u6MZlBfuANpTJdNIOnUzCzESooV/ixoUibv0Ud/6Nk7aCzwMDh3Pu4d45QcKZ0q77bhVWVtfWN4qbpa3tnd2yvbffVnEqCW2RmMeyG2BFORO0pZnmtJtIiqOA004wucz9zi2VisXiRk8T6kd4JFjICNZGGtjlfmzsPJ31E8VmA7viOtV6zT2to9/Ec9w5KrBEc2C/9YcxSSMqNOFYqZ7nJtrPsNSMcDor9VNFE0wmeER7hgocUeVn88Nn6NgoQxTG0jyh0Vz9mshwpNQ0CsxkhPVY/fRy8S+vl+qw5mdMJKmmgiwWhSlHOkZ5C2jIJCWaTw3BRDJzKyJjLDHRpquSKeHzp+h/0q46nut412eVxsWyjiIcwhGcgAfn0IAraEILCKRwD4/wZN1ZD9az9bIYLVjLzAF8g/X6AQnyk/4=</latexit><latexit sha1_base64="/SAByWTdISC7+F+FeRy6eXpX11A=">AAAB+HicdVDLSsNAFL2pr1ofjbp0M1gEVyGpgu2u6MZlBfuANpTJdNIOnUzCzESooV/ixoUibv0Ud/6Nk7aCzwMDh3Pu4d45QcKZ0q77bhVWVtfWN4qbpa3tnd2yvbffVnEqCW2RmMeyG2BFORO0pZnmtJtIiqOA004wucz9zi2VisXiRk8T6kd4JFjICNZGGtjlfmzsPJ31E8VmA7viOtV6zT2to9/Ec9w5KrBEc2C/9YcxSSMqNOFYqZ7nJtrPsNSMcDor9VNFE0wmeER7hgocUeVn88Nn6NgoQxTG0jyh0Vz9mshwpNQ0CsxkhPVY/fRy8S+vl+qw5mdMJKmmgiwWhSlHOkZ5C2jIJCWaTw3BRDJzKyJjLDHRpquSKeHzp+h/0q46nut412eVxsWyjiIcwhGcgAfn0IAraEILCKRwD4/wZN1ZD9az9bIYLVjLzAF8g/X6AQnyk/4=</latexit><latexit sha1_base64="/SAByWTdISC7+F+FeRy6eXpX11A=">AAAB+HicdVDLSsNAFL2pr1ofjbp0M1gEVyGpgu2u6MZlBfuANpTJdNIOnUzCzESooV/ixoUibv0Ud/6Nk7aCzwMDh3Pu4d45QcKZ0q77bhVWVtfWN4qbpa3tnd2yvbffVnEqCW2RmMeyG2BFORO0pZnmtJtIiqOA004wucz9zi2VisXiRk8T6kd4JFjICNZGGtjlfmzsPJ31E8VmA7viOtV6zT2to9/Ec9w5KrBEc2C/9YcxSSMqNOFYqZ7nJtrPsNSMcDor9VNFE0wmeER7hgocUeVn88Nn6NgoQxTG0jyh0Vz9mshwpNQ0CsxkhPVY/fRy8S+vl+qw5mdMJKmmgiwWhSlHOkZ5C2jIJCWaTw3BRDJzKyJjLDHRpquSKeHzp+h/0q46nut412eVxsWyjiIcwhGcgAfn0IAraEILCKRwD4/wZN1ZD9az9bIYLVjLzAF8g/X6AQnyk/4=</latexit>

t
<latexit sha1_base64="IUfqruUJcTP6IxYpQfSnZnNTsvw=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPw0wUTG4BLx4TMAskQ+jpVJI2PT1Dd48QhnyBFw+KePWTvPk3dhbB9UHB470qquqFieDaeN67s7K6tr6xmdvKb+/s7u0XDg6bOk4VwwaLRazaIdUouMSG4UZgO1FIo1BgKxxfzfzWHSrNY3ljJgkGER1KPuCMGivVTa9Q9NxSpeydV8hv4rveHEVYotYrvHX7MUsjlIYJqnXH9xITZFQZzgRO891UY0LZmA6xY6mkEeogmx86JadW6ZNBrGxJQ+bq14mMRlpPotB2RtSM9E9vJv7ldVIzKAcZl0lqULLFokEqiInJ7GvS5wqZERNLKFPc3krYiCrKjM0mb0P4/JT8T5ol1/dcv35RrJaXceTgGE7gDHy4hCpcQw0awADhHh7hybl1Hpxn52XRuuIsZ47gG5zXD2PBjUs=</latexit><latexit sha1_base64="IUfqruUJcTP6IxYpQfSnZnNTsvw=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPw0wUTG4BLx4TMAskQ+jpVJI2PT1Dd48QhnyBFw+KePWTvPk3dhbB9UHB470qquqFieDaeN67s7K6tr6xmdvKb+/s7u0XDg6bOk4VwwaLRazaIdUouMSG4UZgO1FIo1BgKxxfzfzWHSrNY3ljJgkGER1KPuCMGivVTa9Q9NxSpeydV8hv4rveHEVYotYrvHX7MUsjlIYJqnXH9xITZFQZzgRO891UY0LZmA6xY6mkEeogmx86JadW6ZNBrGxJQ+bq14mMRlpPotB2RtSM9E9vJv7ldVIzKAcZl0lqULLFokEqiInJ7GvS5wqZERNLKFPc3krYiCrKjM0mb0P4/JT8T5ol1/dcv35RrJaXceTgGE7gDHy4hCpcQw0awADhHh7hybl1Hpxn52XRuuIsZ47gG5zXD2PBjUs=</latexit><latexit sha1_base64="IUfqruUJcTP6IxYpQfSnZnNTsvw=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPw0wUTG4BLx4TMAskQ+jpVJI2PT1Dd48QhnyBFw+KePWTvPk3dhbB9UHB470qquqFieDaeN67s7K6tr6xmdvKb+/s7u0XDg6bOk4VwwaLRazaIdUouMSG4UZgO1FIo1BgKxxfzfzWHSrNY3ljJgkGER1KPuCMGivVTa9Q9NxSpeydV8hv4rveHEVYotYrvHX7MUsjlIYJqnXH9xITZFQZzgRO891UY0LZmA6xY6mkEeogmx86JadW6ZNBrGxJQ+bq14mMRlpPotB2RtSM9E9vJv7ldVIzKAcZl0lqULLFokEqiInJ7GvS5wqZERNLKFPc3krYiCrKjM0mb0P4/JT8T5ol1/dcv35RrJaXceTgGE7gDHy4hCpcQw0awADhHh7hybl1Hpxn52XRuuIsZ47gG5zXD2PBjUs=</latexit><latexit sha1_base64="IUfqruUJcTP6IxYpQfSnZnNTsvw=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPw0wUTG4BLx4TMAskQ+jpVJI2PT1Dd48QhnyBFw+KePWTvPk3dhbB9UHB470qquqFieDaeN67s7K6tr6xmdvKb+/s7u0XDg6bOk4VwwaLRazaIdUouMSG4UZgO1FIo1BgKxxfzfzWHSrNY3ljJgkGER1KPuCMGivVTa9Q9NxSpeydV8hv4rveHEVYotYrvHX7MUsjlIYJqnXH9xITZFQZzgRO891UY0LZmA6xY6mkEeogmx86JadW6ZNBrGxJQ+bq14mMRlpPotB2RtSM9E9vJv7ldVIzKAcZl0lqULLFokEqiInJ7GvS5wqZERNLKFPc3krYiCrKjM0mb0P4/JT8T5ol1/dcv35RrJaXceTgGE7gDHy4hCpcQw0awADhHh7hybl1Hpxn52XRuuIsZ47gG5zXD2PBjUs=</latexit>

z
<latexit sha1_base64="VZu2S9FMNTrMBiKptPbFce4qhK8=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GmaiYHILePGYgFkgGUJPpyZp07PQ3SPEIV/gxYMiXv0kb/6NnUVwfVDweK+Kqnp+IrjSjvNu5VZW19Y38puFre2d3b3i/kFLxalk2GSxiGXHpwoFj7CpuRbYSSTS0BfY9seXM799i1LxOLrWkwS9kA4jHnBGtZEad/1iybHL1YpzViW/iWs7c5RgiXq/+NYbxCwNMdJMUKW6rpNoL6NScyZwWuilChPKxnSIXUMjGqLysvmhU3JilAEJYmkq0mSufp3IaKjUJPRNZ0j1SP30ZuJfXjfVQcXLeJSkGiO2WBSkguiYzL4mAy6RaTExhDLJza2EjaikTJtsCiaEz0/J/6RVtl3HdhvnpVplGUcejuAYTsGFC6jBFdShCQwQ7uERnqwb68F6tl4WrTlrOXMI32C9fgBs2Y1R</latexit><latexit sha1_base64="VZu2S9FMNTrMBiKptPbFce4qhK8=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GmaiYHILePGYgFkgGUJPpyZp07PQ3SPEIV/gxYMiXv0kb/6NnUVwfVDweK+Kqnp+IrjSjvNu5VZW19Y38puFre2d3b3i/kFLxalk2GSxiGXHpwoFj7CpuRbYSSTS0BfY9seXM799i1LxOLrWkwS9kA4jHnBGtZEad/1iybHL1YpzViW/iWs7c5RgiXq/+NYbxCwNMdJMUKW6rpNoL6NScyZwWuilChPKxnSIXUMjGqLysvmhU3JilAEJYmkq0mSufp3IaKjUJPRNZ0j1SP30ZuJfXjfVQcXLeJSkGiO2WBSkguiYzL4mAy6RaTExhDLJza2EjaikTJtsCiaEz0/J/6RVtl3HdhvnpVplGUcejuAYTsGFC6jBFdShCQwQ7uERnqwb68F6tl4WrTlrOXMI32C9fgBs2Y1R</latexit><latexit sha1_base64="VZu2S9FMNTrMBiKptPbFce4qhK8=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GmaiYHILePGYgFkgGUJPpyZp07PQ3SPEIV/gxYMiXv0kb/6NnUVwfVDweK+Kqnp+IrjSjvNu5VZW19Y38puFre2d3b3i/kFLxalk2GSxiGXHpwoFj7CpuRbYSSTS0BfY9seXM799i1LxOLrWkwS9kA4jHnBGtZEad/1iybHL1YpzViW/iWs7c5RgiXq/+NYbxCwNMdJMUKW6rpNoL6NScyZwWuilChPKxnSIXUMjGqLysvmhU3JilAEJYmkq0mSufp3IaKjUJPRNZ0j1SP30ZuJfXjfVQcXLeJSkGiO2WBSkguiYzL4mAy6RaTExhDLJza2EjaikTJtsCiaEz0/J/6RVtl3HdhvnpVplGUcejuAYTsGFC6jBFdShCQwQ7uERnqwb68F6tl4WrTlrOXMI32C9fgBs2Y1R</latexit><latexit sha1_base64="VZu2S9FMNTrMBiKptPbFce4qhK8=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GmaiYHILePGYgFkgGUJPpyZp07PQ3SPEIV/gxYMiXv0kb/6NnUVwfVDweK+Kqnp+IrjSjvNu5VZW19Y38puFre2d3b3i/kFLxalk2GSxiGXHpwoFj7CpuRbYSSTS0BfY9seXM799i1LxOLrWkwS9kA4jHnBGtZEad/1iybHL1YpzViW/iWs7c5RgiXq/+NYbxCwNMdJMUKW6rpNoL6NScyZwWuilChPKxnSIXUMjGqLysvmhU3JilAEJYmkq0mSufp3IaKjUJPRNZ0j1SP30ZuJfXjfVQcXLeJSkGiO2WBSkguiYzL4mAy6RaTExhDLJza2EjaikTJtsCiaEz0/J/6RVtl3HdhvnpVplGUcejuAYTsGFC6jBFdShCQwQ7uERnqwb68F6tl4WrTlrOXMI32C9fgBs2Y1R</latexit>

y
<latexit sha1_base64="AG782ImLYWLMS7XvknBM2YYcu6s=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPw0wUTG4BLx4TMAskQ+jp1CRteha6e4RhyBd48aCIVz/Jm39jZxFcHxQ83quiqp6fCK6047xbK6tr6xubha3i9s7u3n7p4LCt4lQybLFYxLLrU4WCR9jSXAvsJhJp6Avs+JOrmd+5Q6l4HN3oLEEvpKOIB5xRbaRmNiiVHbtSqzrnNfKbuLYzRxmWaAxKb/1hzNIQI80EVarnOon2cio1ZwKnxX6qMKFsQkfYMzSiISovnx86JadGGZIglqYiTebq14mchkploW86Q6rH6qc3E//yeqkOql7OoyTVGLHFoiAVRMdk9jUZcolMi8wQyiQ3txI2ppIybbIpmhA+PyX/k3bFdh3bbV6U69VlHAU4hhM4AxcuoQ7X0IAWMEC4h0d4sm6tB+vZelm0rljLmSP4Buv1A2tVjVA=</latexit><latexit sha1_base64="AG782ImLYWLMS7XvknBM2YYcu6s=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPw0wUTG4BLx4TMAskQ+jp1CRteha6e4RhyBd48aCIVz/Jm39jZxFcHxQ83quiqp6fCK6047xbK6tr6xubha3i9s7u3n7p4LCt4lQybLFYxLLrU4WCR9jSXAvsJhJp6Avs+JOrmd+5Q6l4HN3oLEEvpKOIB5xRbaRmNiiVHbtSqzrnNfKbuLYzRxmWaAxKb/1hzNIQI80EVarnOon2cio1ZwKnxX6qMKFsQkfYMzSiISovnx86JadGGZIglqYiTebq14mchkploW86Q6rH6qc3E//yeqkOql7OoyTVGLHFoiAVRMdk9jUZcolMi8wQyiQ3txI2ppIybbIpmhA+PyX/k3bFdh3bbV6U69VlHAU4hhM4AxcuoQ7X0IAWMEC4h0d4sm6tB+vZelm0rljLmSP4Buv1A2tVjVA=</latexit><latexit sha1_base64="AG782ImLYWLMS7XvknBM2YYcu6s=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPw0wUTG4BLx4TMAskQ+jp1CRteha6e4RhyBd48aCIVz/Jm39jZxFcHxQ83quiqp6fCK6047xbK6tr6xubha3i9s7u3n7p4LCt4lQybLFYxLLrU4WCR9jSXAvsJhJp6Avs+JOrmd+5Q6l4HN3oLEEvpKOIB5xRbaRmNiiVHbtSqzrnNfKbuLYzRxmWaAxKb/1hzNIQI80EVarnOon2cio1ZwKnxX6qMKFsQkfYMzSiISovnx86JadGGZIglqYiTebq14mchkploW86Q6rH6qc3E//yeqkOql7OoyTVGLHFoiAVRMdk9jUZcolMi8wQyiQ3txI2ppIybbIpmhA+PyX/k3bFdh3bbV6U69VlHAU4hhM4AxcuoQ7X0IAWMEC4h0d4sm6tB+vZelm0rljLmSP4Buv1A2tVjVA=</latexit><latexit sha1_base64="AG782ImLYWLMS7XvknBM2YYcu6s=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPw0wUTG4BLx4TMAskQ+jp1CRteha6e4RhyBd48aCIVz/Jm39jZxFcHxQ83quiqp6fCK6047xbK6tr6xubha3i9s7u3n7p4LCt4lQybLFYxLLrU4WCR9jSXAvsJhJp6Avs+JOrmd+5Q6l4HN3oLEEvpKOIB5xRbaRmNiiVHbtSqzrnNfKbuLYzRxmWaAxKb/1hzNIQI80EVarnOon2cio1ZwKnxX6qMKFsQkfYMzSiISovnx86JadGGZIglqYiTebq14mchkploW86Q6rH6qc3E//yeqkOql7OoyTVGLHFoiAVRMdk9jUZcolMi8wQyiQ3txI2ppIybbIpmhA+PyX/k3bFdh3bbV6U69VlHAU4hhM4AxcuoQ7X0IAWMEC4h0d4sm6tB+vZelm0rljLmSP4Buv1A2tVjVA=</latexit>

 
<latexit sha1_base64="zHOSPey+6axQpKC8mgNfcMOk4yk=">AAAB63icdVDLSgNBEOyNrxhfUY9eBoPgadmNgskt6MVjBPOAZAmzk9lkyMzsMjMrhCW/4MWDIl79IW/+jbNJBJ8FDUVVN91dYcKZNp737hRWVtfWN4qbpa3tnd298v5BW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wcpX7nTuqNIvlrZkmNBB4JFnECDa51E80G5Qrnlut17yzOvpNfNebowJLNAflt/4wJqmg0hCOte75XmKCDCvDCKezUj/VNMFkgke0Z6nEguogm986QydWGaIoVrakQXP160SGhdZTEdpOgc1Y//Ry8S+vl5qoFmRMJqmhkiwWRSlHJkb542jIFCWGTy3BRDF7KyJjrDAxNp6SDeHzU/Q/aVdd33P9m/NK43IZRxGO4BhOwYcLaMA1NKEFBMZwD4/w5AjnwXl2XhatBWc5cwjf4Lx+AKrKjqc=</latexit><latexit sha1_base64="zHOSPey+6axQpKC8mgNfcMOk4yk=">AAAB63icdVDLSgNBEOyNrxhfUY9eBoPgadmNgskt6MVjBPOAZAmzk9lkyMzsMjMrhCW/4MWDIl79IW/+jbNJBJ8FDUVVN91dYcKZNp737hRWVtfWN4qbpa3tnd298v5BW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wcpX7nTuqNIvlrZkmNBB4JFnECDa51E80G5Qrnlut17yzOvpNfNebowJLNAflt/4wJqmg0hCOte75XmKCDCvDCKezUj/VNMFkgke0Z6nEguogm986QydWGaIoVrakQXP160SGhdZTEdpOgc1Y//Ry8S+vl5qoFmRMJqmhkiwWRSlHJkb542jIFCWGTy3BRDF7KyJjrDAxNp6SDeHzU/Q/aVdd33P9m/NK43IZRxGO4BhOwYcLaMA1NKEFBMZwD4/w5AjnwXl2XhatBWc5cwjf4Lx+AKrKjqc=</latexit><latexit sha1_base64="zHOSPey+6axQpKC8mgNfcMOk4yk=">AAAB63icdVDLSgNBEOyNrxhfUY9eBoPgadmNgskt6MVjBPOAZAmzk9lkyMzsMjMrhCW/4MWDIl79IW/+jbNJBJ8FDUVVN91dYcKZNp737hRWVtfWN4qbpa3tnd298v5BW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wcpX7nTuqNIvlrZkmNBB4JFnECDa51E80G5Qrnlut17yzOvpNfNebowJLNAflt/4wJqmg0hCOte75XmKCDCvDCKezUj/VNMFkgke0Z6nEguogm986QydWGaIoVrakQXP160SGhdZTEdpOgc1Y//Ry8S+vl5qoFmRMJqmhkiwWRSlHJkb542jIFCWGTy3BRDF7KyJjrDAxNp6SDeHzU/Q/aVdd33P9m/NK43IZRxGO4BhOwYcLaMA1NKEFBMZwD4/w5AjnwXl2XhatBWc5cwjf4Lx+AKrKjqc=</latexit><latexit sha1_base64="zHOSPey+6axQpKC8mgNfcMOk4yk=">AAAB63icdVDLSgNBEOyNrxhfUY9eBoPgadmNgskt6MVjBPOAZAmzk9lkyMzsMjMrhCW/4MWDIl79IW/+jbNJBJ8FDUVVN91dYcKZNp737hRWVtfWN4qbpa3tnd298v5BW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wcpX7nTuqNIvlrZkmNBB4JFnECDa51E80G5Qrnlut17yzOvpNfNebowJLNAflt/4wJqmg0hCOte75XmKCDCvDCKezUj/VNMFkgke0Z6nEguogm986QydWGaIoVrakQXP160SGhdZTEdpOgc1Y//Ry8S+vl5qoFmRMJqmhkiwWRSlHJkb542jIFCWGTy3BRDF7KyJjrDAxNp6SDeHzU/Q/aVdd33P9m/NK43IZRxGO4BhOwYcLaMA1NKEFBMZwD4/w5AjnwXl2XhatBWc5cwjf4Lx+AKrKjqc=</latexit>

 
<latexit sha1_base64="/SAByWTdISC7+F+FeRy6eXpX11A=">AAAB+HicdVDLSsNAFL2pr1ofjbp0M1gEVyGpgu2u6MZlBfuANpTJdNIOnUzCzESooV/ixoUibv0Ud/6Nk7aCzwMDh3Pu4d45QcKZ0q77bhVWVtfWN4qbpa3tnd2yvbffVnEqCW2RmMeyG2BFORO0pZnmtJtIiqOA004wucz9zi2VisXiRk8T6kd4JFjICNZGGtjlfmzsPJ31E8VmA7viOtV6zT2to9/Ec9w5KrBEc2C/9YcxSSMqNOFYqZ7nJtrPsNSMcDor9VNFE0wmeER7hgocUeVn88Nn6NgoQxTG0jyh0Vz9mshwpNQ0CsxkhPVY/fRy8S+vl+qw5mdMJKmmgiwWhSlHOkZ5C2jIJCWaTw3BRDJzKyJjLDHRpquSKeHzp+h/0q46nut412eVxsWyjiIcwhGcgAfn0IAraEILCKRwD4/wZN1ZD9az9bIYLVjLzAF8g/X6AQnyk/4=</latexit><latexit sha1_base64="/SAByWTdISC7+F+FeRy6eXpX11A=">AAAB+HicdVDLSsNAFL2pr1ofjbp0M1gEVyGpgu2u6MZlBfuANpTJdNIOnUzCzESooV/ixoUibv0Ud/6Nk7aCzwMDh3Pu4d45QcKZ0q77bhVWVtfWN4qbpa3tnd2yvbffVnEqCW2RmMeyG2BFORO0pZnmtJtIiqOA004wucz9zi2VisXiRk8T6kd4JFjICNZGGtjlfmzsPJ31E8VmA7viOtV6zT2to9/Ec9w5KrBEc2C/9YcxSSMqNOFYqZ7nJtrPsNSMcDor9VNFE0wmeER7hgocUeVn88Nn6NgoQxTG0jyh0Vz9mshwpNQ0CsxkhPVY/fRy8S+vl+qw5mdMJKmmgiwWhSlHOkZ5C2jIJCWaTw3BRDJzKyJjLDHRpquSKeHzp+h/0q46nut412eVxsWyjiIcwhGcgAfn0IAraEILCKRwD4/wZN1ZD9az9bIYLVjLzAF8g/X6AQnyk/4=</latexit><latexit sha1_base64="/SAByWTdISC7+F+FeRy6eXpX11A=">AAAB+HicdVDLSsNAFL2pr1ofjbp0M1gEVyGpgu2u6MZlBfuANpTJdNIOnUzCzESooV/ixoUibv0Ud/6Nk7aCzwMDh3Pu4d45QcKZ0q77bhVWVtfWN4qbpa3tnd2yvbffVnEqCW2RmMeyG2BFORO0pZnmtJtIiqOA004wucz9zi2VisXiRk8T6kd4JFjICNZGGtjlfmzsPJ31E8VmA7viOtV6zT2to9/Ec9w5KrBEc2C/9YcxSSMqNOFYqZ7nJtrPsNSMcDor9VNFE0wmeER7hgocUeVn88Nn6NgoQxTG0jyh0Vz9mshwpNQ0CsxkhPVY/fRy8S+vl+qw5mdMJKmmgiwWhSlHOkZ5C2jIJCWaTw3BRDJzKyJjLDHRpquSKeHzp+h/0q46nut412eVxsWyjiIcwhGcgAfn0IAraEILCKRwD4/wZN1ZD9az9bIYLVjLzAF8g/X6AQnyk/4=</latexit><latexit sha1_base64="/SAByWTdISC7+F+FeRy6eXpX11A=">AAAB+HicdVDLSsNAFL2pr1ofjbp0M1gEVyGpgu2u6MZlBfuANpTJdNIOnUzCzESooV/ixoUibv0Ud/6Nk7aCzwMDh3Pu4d45QcKZ0q77bhVWVtfWN4qbpa3tnd2yvbffVnEqCW2RmMeyG2BFORO0pZnmtJtIiqOA004wucz9zi2VisXiRk8T6kd4JFjICNZGGtjlfmzsPJ31E8VmA7viOtV6zT2to9/Ec9w5KrBEc2C/9YcxSSMqNOFYqZ7nJtrPsNSMcDor9VNFE0wmeER7hgocUeVn88Nn6NgoQxTG0jyh0Vz9mshwpNQ0CsxkhPVY/fRy8S+vl+qw5mdMJKmmgiwWhSlHOkZ5C2jIJCWaTw3BRDJzKyJjLDHRpquSKeHzp+h/0q46nut412eVxsWyjiIcwhGcgAfn0IAraEILCKRwD4/wZN1ZD9az9bIYLVjLzAF8g/X6AQnyk/4=</latexit>

t
<latexit sha1_base64="IUfqruUJcTP6IxYpQfSnZnNTsvw=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPw0wUTG4BLx4TMAskQ+jpVJI2PT1Dd48QhnyBFw+KePWTvPk3dhbB9UHB470qquqFieDaeN67s7K6tr6xmdvKb+/s7u0XDg6bOk4VwwaLRazaIdUouMSG4UZgO1FIo1BgKxxfzfzWHSrNY3ljJgkGER1KPuCMGivVTa9Q9NxSpeydV8hv4rveHEVYotYrvHX7MUsjlIYJqnXH9xITZFQZzgRO891UY0LZmA6xY6mkEeogmx86JadW6ZNBrGxJQ+bq14mMRlpPotB2RtSM9E9vJv7ldVIzKAcZl0lqULLFokEqiInJ7GvS5wqZERNLKFPc3krYiCrKjM0mb0P4/JT8T5ol1/dcv35RrJaXceTgGE7gDHy4hCpcQw0awADhHh7hybl1Hpxn52XRuuIsZ47gG5zXD2PBjUs=</latexit><latexit sha1_base64="IUfqruUJcTP6IxYpQfSnZnNTsvw=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPw0wUTG4BLx4TMAskQ+jpVJI2PT1Dd48QhnyBFw+KePWTvPk3dhbB9UHB470qquqFieDaeN67s7K6tr6xmdvKb+/s7u0XDg6bOk4VwwaLRazaIdUouMSG4UZgO1FIo1BgKxxfzfzWHSrNY3ljJgkGER1KPuCMGivVTa9Q9NxSpeydV8hv4rveHEVYotYrvHX7MUsjlIYJqnXH9xITZFQZzgRO891UY0LZmA6xY6mkEeogmx86JadW6ZNBrGxJQ+bq14mMRlpPotB2RtSM9E9vJv7ldVIzKAcZl0lqULLFokEqiInJ7GvS5wqZERNLKFPc3krYiCrKjM0mb0P4/JT8T5ol1/dcv35RrJaXceTgGE7gDHy4hCpcQw0awADhHh7hybl1Hpxn52XRuuIsZ47gG5zXD2PBjUs=</latexit><latexit sha1_base64="IUfqruUJcTP6IxYpQfSnZnNTsvw=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPw0wUTG4BLx4TMAskQ+jpVJI2PT1Dd48QhnyBFw+KePWTvPk3dhbB9UHB470qquqFieDaeN67s7K6tr6xmdvKb+/s7u0XDg6bOk4VwwaLRazaIdUouMSG4UZgO1FIo1BgKxxfzfzWHSrNY3ljJgkGER1KPuCMGivVTa9Q9NxSpeydV8hv4rveHEVYotYrvHX7MUsjlIYJqnXH9xITZFQZzgRO891UY0LZmA6xY6mkEeogmx86JadW6ZNBrGxJQ+bq14mMRlpPotB2RtSM9E9vJv7ldVIzKAcZl0lqULLFokEqiInJ7GvS5wqZERNLKFPc3krYiCrKjM0mb0P4/JT8T5ol1/dcv35RrJaXceTgGE7gDHy4hCpcQw0awADhHh7hybl1Hpxn52XRuuIsZ47gG5zXD2PBjUs=</latexit><latexit sha1_base64="IUfqruUJcTP6IxYpQfSnZnNTsvw=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPw0wUTG4BLx4TMAskQ+jpVJI2PT1Dd48QhnyBFw+KePWTvPk3dhbB9UHB470qquqFieDaeN67s7K6tr6xmdvKb+/s7u0XDg6bOk4VwwaLRazaIdUouMSG4UZgO1FIo1BgKxxfzfzWHSrNY3ljJgkGER1KPuCMGivVTa9Q9NxSpeydV8hv4rveHEVYotYrvHX7MUsjlIYJqnXH9xITZFQZzgRO891UY0LZmA6xY6mkEeogmx86JadW6ZNBrGxJQ+bq14mMRlpPotB2RtSM9E9vJv7ldVIzKAcZl0lqULLFokEqiInJ7GvS5wqZERNLKFPc3krYiCrKjM0mb0P4/JT8T5ol1/dcv35RrJaXceTgGE7gDHy4hCpcQw0awADhHh7hybl1Hpxn52XRuuIsZ47gG5zXD2PBjUs=</latexit>

z
<latexit sha1_base64="VZu2S9FMNTrMBiKptPbFce4qhK8=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GmaiYHILePGYgFkgGUJPpyZp07PQ3SPEIV/gxYMiXv0kb/6NnUVwfVDweK+Kqnp+IrjSjvNu5VZW19Y38puFre2d3b3i/kFLxalk2GSxiGXHpwoFj7CpuRbYSSTS0BfY9seXM799i1LxOLrWkwS9kA4jHnBGtZEad/1iybHL1YpzViW/iWs7c5RgiXq/+NYbxCwNMdJMUKW6rpNoL6NScyZwWuilChPKxnSIXUMjGqLysvmhU3JilAEJYmkq0mSufp3IaKjUJPRNZ0j1SP30ZuJfXjfVQcXLeJSkGiO2WBSkguiYzL4mAy6RaTExhDLJza2EjaikTJtsCiaEz0/J/6RVtl3HdhvnpVplGUcejuAYTsGFC6jBFdShCQwQ7uERnqwb68F6tl4WrTlrOXMI32C9fgBs2Y1R</latexit><latexit sha1_base64="VZu2S9FMNTrMBiKptPbFce4qhK8=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GmaiYHILePGYgFkgGUJPpyZp07PQ3SPEIV/gxYMiXv0kb/6NnUVwfVDweK+Kqnp+IrjSjvNu5VZW19Y38puFre2d3b3i/kFLxalk2GSxiGXHpwoFj7CpuRbYSSTS0BfY9seXM799i1LxOLrWkwS9kA4jHnBGtZEad/1iybHL1YpzViW/iWs7c5RgiXq/+NYbxCwNMdJMUKW6rpNoL6NScyZwWuilChPKxnSIXUMjGqLysvmhU3JilAEJYmkq0mSufp3IaKjUJPRNZ0j1SP30ZuJfXjfVQcXLeJSkGiO2WBSkguiYzL4mAy6RaTExhDLJza2EjaikTJtsCiaEz0/J/6RVtl3HdhvnpVplGUcejuAYTsGFC6jBFdShCQwQ7uERnqwb68F6tl4WrTlrOXMI32C9fgBs2Y1R</latexit><latexit sha1_base64="VZu2S9FMNTrMBiKptPbFce4qhK8=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GmaiYHILePGYgFkgGUJPpyZp07PQ3SPEIV/gxYMiXv0kb/6NnUVwfVDweK+Kqnp+IrjSjvNu5VZW19Y38puFre2d3b3i/kFLxalk2GSxiGXHpwoFj7CpuRbYSSTS0BfY9seXM799i1LxOLrWkwS9kA4jHnBGtZEad/1iybHL1YpzViW/iWs7c5RgiXq/+NYbxCwNMdJMUKW6rpNoL6NScyZwWuilChPKxnSIXUMjGqLysvmhU3JilAEJYmkq0mSufp3IaKjUJPRNZ0j1SP30ZuJfXjfVQcXLeJSkGiO2WBSkguiYzL4mAy6RaTExhDLJza2EjaikTJtsCiaEz0/J/6RVtl3HdhvnpVplGUcejuAYTsGFC6jBFdShCQwQ7uERnqwb68F6tl4WrTlrOXMI32C9fgBs2Y1R</latexit><latexit sha1_base64="VZu2S9FMNTrMBiKptPbFce4qhK8=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GmaiYHILePGYgFkgGUJPpyZp07PQ3SPEIV/gxYMiXv0kb/6NnUVwfVDweK+Kqnp+IrjSjvNu5VZW19Y38puFre2d3b3i/kFLxalk2GSxiGXHpwoFj7CpuRbYSSTS0BfY9seXM799i1LxOLrWkwS9kA4jHnBGtZEad/1iybHL1YpzViW/iWs7c5RgiXq/+NYbxCwNMdJMUKW6rpNoL6NScyZwWuilChPKxnSIXUMjGqLysvmhU3JilAEJYmkq0mSufp3IaKjUJPRNZ0j1SP30ZuJfXjfVQcXLeJSkGiO2WBSkguiYzL4mAy6RaTExhDLJza2EjaikTJtsCiaEz0/J/6RVtl3HdhvnpVplGUcejuAYTsGFC6jBFdShCQwQ7uERnqwb68F6tl4WrTlrOXMI32C9fgBs2Y1R</latexit>

Spacelike MEs Lightcone MEs

Large boost 
momentum

Perturbative 
matching



x-dependence of PDFs

Phiala Shanahan, MIT

Parton distribution 
functions

• Non-local light-cone correlations 

• Encode non-perturbative physicsf(x, µ2)
<latexit sha1_base64="rMnEJWvR6lLO+MOQkxAK067D9bg=">AAAB8XicdVDJSgNBEK1xjXGLevTSGIQIMsxEweQW8OIxglkwGUNPpydp0t0zdPeIIeQvvHhQxKt/482/sbMIrg8KHu9VUVUvTDjTxvPenYXFpeWV1cxadn1jc2s7t7Nb13GqCK2RmMeqGWJNOZO0ZpjhtJkoikXIaSMcnE/8xi1VmsXyygwTGgjckyxiBBsrXUeFu+O2SG+KR51c3nOL5ZJ3Uka/ie96U+Rhjmon99buxiQVVBrCsdYt30tMMMLKMMLpONtONU0wGeAebVkqsaA6GE0vHqNDq3RRFCtb0qCp+nVihIXWQxHaToFNX//0JuJfXis1USkYMZmkhkoyWxSlHJkYTd5HXaYoMXxoCSaK2VsR6WOFibEhZW0In5+i/0m96Pqe61+e5iuleRwZ2IcDKIAPZ1CBC6hCDQhIuIdHeHK08+A8Oy+z1gVnPrMH3+C8fgDZn5Ba</latexit><latexit sha1_base64="rMnEJWvR6lLO+MOQkxAK067D9bg=">AAAB8XicdVDJSgNBEK1xjXGLevTSGIQIMsxEweQW8OIxglkwGUNPpydp0t0zdPeIIeQvvHhQxKt/482/sbMIrg8KHu9VUVUvTDjTxvPenYXFpeWV1cxadn1jc2s7t7Nb13GqCK2RmMeqGWJNOZO0ZpjhtJkoikXIaSMcnE/8xi1VmsXyygwTGgjckyxiBBsrXUeFu+O2SG+KR51c3nOL5ZJ3Uka/ie96U+Rhjmon99buxiQVVBrCsdYt30tMMMLKMMLpONtONU0wGeAebVkqsaA6GE0vHqNDq3RRFCtb0qCp+nVihIXWQxHaToFNX//0JuJfXis1USkYMZmkhkoyWxSlHJkYTd5HXaYoMXxoCSaK2VsR6WOFibEhZW0In5+i/0m96Pqe61+e5iuleRwZ2IcDKIAPZ1CBC6hCDQhIuIdHeHK08+A8Oy+z1gVnPrMH3+C8fgDZn5Ba</latexit><latexit sha1_base64="rMnEJWvR6lLO+MOQkxAK067D9bg=">AAAB8XicdVDJSgNBEK1xjXGLevTSGIQIMsxEweQW8OIxglkwGUNPpydp0t0zdPeIIeQvvHhQxKt/482/sbMIrg8KHu9VUVUvTDjTxvPenYXFpeWV1cxadn1jc2s7t7Nb13GqCK2RmMeqGWJNOZO0ZpjhtJkoikXIaSMcnE/8xi1VmsXyygwTGgjckyxiBBsrXUeFu+O2SG+KR51c3nOL5ZJ3Uka/ie96U+Rhjmon99buxiQVVBrCsdYt30tMMMLKMMLpONtONU0wGeAebVkqsaA6GE0vHqNDq3RRFCtb0qCp+nVihIXWQxHaToFNX//0JuJfXis1USkYMZmkhkoyWxSlHJkYTd5HXaYoMXxoCSaK2VsR6WOFibEhZW0In5+i/0m96Pqe61+e5iuleRwZ2IcDKIAPZ1CBC6hCDQhIuIdHeHK08+A8Oy+z1gVnPrMH3+C8fgDZn5Ba</latexit><latexit sha1_base64="rMnEJWvR6lLO+MOQkxAK067D9bg=">AAAB8XicdVDJSgNBEK1xjXGLevTSGIQIMsxEweQW8OIxglkwGUNPpydp0t0zdPeIIeQvvHhQxKt/482/sbMIrg8KHu9VUVUvTDjTxvPenYXFpeWV1cxadn1jc2s7t7Nb13GqCK2RmMeqGWJNOZO0ZpjhtJkoikXIaSMcnE/8xi1VmsXyygwTGgjckyxiBBsrXUeFu+O2SG+KR51c3nOL5ZJ3Uka/ie96U+Rhjmon99buxiQVVBrCsdYt30tMMMLKMMLpONtONU0wGeAebVkqsaA6GE0vHqNDq3RRFCtb0qCp+nVihIXWQxHaToFNX//0JuJfXis1USkYMZmkhkoyWxSlHJkYTd5HXaYoMXxoCSaK2VsR6WOFibEhZW0In5+i/0m96Pqe61+e5iuleRwZ2IcDKIAPZ1CBC6hCDQhIuIdHeHK08+A8Oy+z1gVnPrMH3+C8fgDZn5Ba</latexit>

• Access x-dependence in Euclidean calculation by relating spacelike 
non-local operator matrix elements to lightlike

• Quasi-PDFs [Ji, PRL 110 (2013) 262002] 

• Pseudo-PDFs [Radyushkin, PRD 96 (2017) 034025] 

• Factorisable matrix elements 
[Ma & Qiu, PRL 120 (2018) 022003] 

• (Heavy quark) Compton tensor 
[Braun & Müller, EPJ C55 (2008) 349; Chambers et al., 
PRL 118 (2017) 242001, Detmold & Lin, PRD 73 (2006) 
014501, Liu & Dong, PRL 72 (1994) 1790]

 
<latexit sha1_base64="zHOSPey+6axQpKC8mgNfcMOk4yk=">AAAB63icdVDLSgNBEOyNrxhfUY9eBoPgadmNgskt6MVjBPOAZAmzk9lkyMzsMjMrhCW/4MWDIl79IW/+jbNJBJ8FDUVVN91dYcKZNp737hRWVtfWN4qbpa3tnd298v5BW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wcpX7nTuqNIvlrZkmNBB4JFnECDa51E80G5Qrnlut17yzOvpNfNebowJLNAflt/4wJqmg0hCOte75XmKCDCvDCKezUj/VNMFkgke0Z6nEguogm986QydWGaIoVrakQXP160SGhdZTEdpOgc1Y//Ry8S+vl5qoFmRMJqmhkiwWRSlHJkb542jIFCWGTy3BRDF7KyJjrDAxNp6SDeHzU/Q/aVdd33P9m/NK43IZRxGO4BhOwYcLaMA1NKEFBMZwD4/w5AjnwXl2XhatBWc5cwjf4Lx+AKrKjqc=</latexit><latexit sha1_base64="zHOSPey+6axQpKC8mgNfcMOk4yk=">AAAB63icdVDLSgNBEOyNrxhfUY9eBoPgadmNgskt6MVjBPOAZAmzk9lkyMzsMjMrhCW/4MWDIl79IW/+jbNJBJ8FDUVVN91dYcKZNp737hRWVtfWN4qbpa3tnd298v5BW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wcpX7nTuqNIvlrZkmNBB4JFnECDa51E80G5Qrnlut17yzOvpNfNebowJLNAflt/4wJqmg0hCOte75XmKCDCvDCKezUj/VNMFkgke0Z6nEguogm986QydWGaIoVrakQXP160SGhdZTEdpOgc1Y//Ry8S+vl5qoFmRMJqmhkiwWRSlHJkb542jIFCWGTy3BRDF7KyJjrDAxNp6SDeHzU/Q/aVdd33P9m/NK43IZRxGO4BhOwYcLaMA1NKEFBMZwD4/w5AjnwXl2XhatBWc5cwjf4Lx+AKrKjqc=</latexit><latexit sha1_base64="zHOSPey+6axQpKC8mgNfcMOk4yk=">AAAB63icdVDLSgNBEOyNrxhfUY9eBoPgadmNgskt6MVjBPOAZAmzk9lkyMzsMjMrhCW/4MWDIl79IW/+jbNJBJ8FDUVVN91dYcKZNp737hRWVtfWN4qbpa3tnd298v5BW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wcpX7nTuqNIvlrZkmNBB4JFnECDa51E80G5Qrnlut17yzOvpNfNebowJLNAflt/4wJqmg0hCOte75XmKCDCvDCKezUj/VNMFkgke0Z6nEguogm986QydWGaIoVrakQXP160SGhdZTEdpOgc1Y//Ry8S+vl5qoFmRMJqmhkiwWRSlHJkb542jIFCWGTy3BRDF7KyJjrDAxNp6SDeHzU/Q/aVdd33P9m/NK43IZRxGO4BhOwYcLaMA1NKEFBMZwD4/w5AjnwXl2XhatBWc5cwjf4Lx+AKrKjqc=</latexit><latexit sha1_base64="zHOSPey+6axQpKC8mgNfcMOk4yk=">AAAB63icdVDLSgNBEOyNrxhfUY9eBoPgadmNgskt6MVjBPOAZAmzk9lkyMzsMjMrhCW/4MWDIl79IW/+jbNJBJ8FDUVVN91dYcKZNp737hRWVtfWN4qbpa3tnd298v5BW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wcpX7nTuqNIvlrZkmNBB4JFnECDa51E80G5Qrnlut17yzOvpNfNebowJLNAflt/4wJqmg0hCOte75XmKCDCvDCKezUj/VNMFkgke0Z6nEguogm986QydWGaIoVrakQXP160SGhdZTEdpOgc1Y//Ry8S+vl5qoFmRMJqmhkiwWRSlHJkb542jIFCWGTy3BRDF7KyJjrDAxNp6SDeHzU/Q/aVdd33P9m/NK43IZRxGO4BhOwYcLaMA1NKEFBMZwD4/w5AjnwXl2XhatBWc5cwjf4Lx+AKrKjqc=</latexit>

 
<latexit sha1_base64="/SAByWTdISC7+F+FeRy6eXpX11A=">AAAB+HicdVDLSsNAFL2pr1ofjbp0M1gEVyGpgu2u6MZlBfuANpTJdNIOnUzCzESooV/ixoUibv0Ud/6Nk7aCzwMDh3Pu4d45QcKZ0q77bhVWVtfWN4qbpa3tnd2yvbffVnEqCW2RmMeyG2BFORO0pZnmtJtIiqOA004wucz9zi2VisXiRk8T6kd4JFjICNZGGtjlfmzsPJ31E8VmA7viOtV6zT2to9/Ec9w5KrBEc2C/9YcxSSMqNOFYqZ7nJtrPsNSMcDor9VNFE0wmeER7hgocUeVn88Nn6NgoQxTG0jyh0Vz9mshwpNQ0CsxkhPVY/fRy8S+vl+qw5mdMJKmmgiwWhSlHOkZ5C2jIJCWaTw3BRDJzKyJjLDHRpquSKeHzp+h/0q46nut412eVxsWyjiIcwhGcgAfn0IAraEILCKRwD4/wZN1ZD9az9bIYLVjLzAF8g/X6AQnyk/4=</latexit><latexit sha1_base64="/SAByWTdISC7+F+FeRy6eXpX11A=">AAAB+HicdVDLSsNAFL2pr1ofjbp0M1gEVyGpgu2u6MZlBfuANpTJdNIOnUzCzESooV/ixoUibv0Ud/6Nk7aCzwMDh3Pu4d45QcKZ0q77bhVWVtfWN4qbpa3tnd2yvbffVnEqCW2RmMeyG2BFORO0pZnmtJtIiqOA004wucz9zi2VisXiRk8T6kd4JFjICNZGGtjlfmzsPJ31E8VmA7viOtV6zT2to9/Ec9w5KrBEc2C/9YcxSSMqNOFYqZ7nJtrPsNSMcDor9VNFE0wmeER7hgocUeVn88Nn6NgoQxTG0jyh0Vz9mshwpNQ0CsxkhPVY/fRy8S+vl+qw5mdMJKmmgiwWhSlHOkZ5C2jIJCWaTw3BRDJzKyJjLDHRpquSKeHzp+h/0q46nut412eVxsWyjiIcwhGcgAfn0IAraEILCKRwD4/wZN1ZD9az9bIYLVjLzAF8g/X6AQnyk/4=</latexit><latexit sha1_base64="/SAByWTdISC7+F+FeRy6eXpX11A=">AAAB+HicdVDLSsNAFL2pr1ofjbp0M1gEVyGpgu2u6MZlBfuANpTJdNIOnUzCzESooV/ixoUibv0Ud/6Nk7aCzwMDh3Pu4d45QcKZ0q77bhVWVtfWN4qbpa3tnd2yvbffVnEqCW2RmMeyG2BFORO0pZnmtJtIiqOA004wucz9zi2VisXiRk8T6kd4JFjICNZGGtjlfmzsPJ31E8VmA7viOtV6zT2to9/Ec9w5KrBEc2C/9YcxSSMqNOFYqZ7nJtrPsNSMcDor9VNFE0wmeER7hgocUeVn88Nn6NgoQxTG0jyh0Vz9mshwpNQ0CsxkhPVY/fRy8S+vl+qw5mdMJKmmgiwWhSlHOkZ5C2jIJCWaTw3BRDJzKyJjLDHRpquSKeHzp+h/0q46nut412eVxsWyjiIcwhGcgAfn0IAraEILCKRwD4/wZN1ZD9az9bIYLVjLzAF8g/X6AQnyk/4=</latexit><latexit sha1_base64="/SAByWTdISC7+F+FeRy6eXpX11A=">AAAB+HicdVDLSsNAFL2pr1ofjbp0M1gEVyGpgu2u6MZlBfuANpTJdNIOnUzCzESooV/ixoUibv0Ud/6Nk7aCzwMDh3Pu4d45QcKZ0q77bhVWVtfWN4qbpa3tnd2yvbffVnEqCW2RmMeyG2BFORO0pZnmtJtIiqOA004wucz9zi2VisXiRk8T6kd4JFjICNZGGtjlfmzsPJ31E8VmA7viOtV6zT2to9/Ec9w5KrBEc2C/9YcxSSMqNOFYqZ7nJtrPsNSMcDor9VNFE0wmeER7hgocUeVn88Nn6NgoQxTG0jyh0Vz9mshwpNQ0CsxkhPVY/fRy8S+vl+qw5mdMJKmmgiwWhSlHOkZ5C2jIJCWaTw3BRDJzKyJjLDHRpquSKeHzp+h/0q46nut412eVxsWyjiIcwhGcgAfn0IAraEILCKRwD4/wZN1ZD9az9bIYLVjLzAF8g/X6AQnyk/4=</latexit>

t
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" two-state fit analysis 
" matching from RI to MS scheme
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    with various techniques 
 
 

" matching from  
    MS to MS scheme 
 
 

" altered matching  
    for particle number 
    conservation 
  
" transversity PDFs  
    particularly interesting 
    due to poor estimates 
    from global fits 

" Future calculations (fine lattices, large  
    volumes  2-loop matching, controlled  
    systematics) can predict sea quark  
    flavor asymmetry
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[ETM Collaboration (2018)]

[LP3 Collaboration (2018)]

Nucleon (u-d) PDFs [quasi-PDF approach] 
State-of-the-art 2018-2019

Spin-Independent Spin-Dependent Transversity
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• Gluon quasi-PDFs [Z. Y. Fan, et al., PRL 121, no. 24 (2018) 242001] 

• Pion quasi-PDFs [J. Chen, et al., arXiv:1804.01483] 

• Quasi-GPDs of nucleon and pion, matching to GPDs available 
[Bhattacharya, Cocuzza and Metz, PLB 788 (2019) 453, Chen, Lin and Zhang, arXiv: 1904.12376, Y.-S. Liu et al., 
arXiv:1902.00307]  

• Nucleon pseudo-PDFs [Orginos et al., PRD96 (2017)] 

x-dependence of PDFs

[LP3 Collaboration (2018)]
Pion (u-u) PDF

_

[Orginos et al., 
PRD96 (2017)]

Nucleon (u-d) PDF  
[pseudo-PDF approach] 

Also first results in 2017-2019 for

(Drell-Yan)
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Generalised Parton Distributions
• Quark GPDs: constraints from JLab, HERA, COMPASS, by DVCS, 

DVMP, future improvements from JLab 12GeV, EIC 

• Gluon GPDs: almost unknown from experiment, future constraints 
central goal of EIC 

• Moments of GPDs: Generalised Form Factors (GFFs) 
e.g., 
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The distributions of pressure and shear forces inside the proton are investigated using Lattice

Quantum Chromodynamics (LQCD) calculations of the energy momentum tensor, allowing the

first model-independent determination of these aspects of proton structure. This is achieved by

combining recent LQCD results for the gluon contributions to the energy momentum tensor with

earlier calculations of the quark contributions. The utility of LQCD calculations in exploring, and

supplementing, the assumptions in the recent extraction of the pressure distribution in the proton

from deeply virtual Compton scattering in Ref. [1] is also discussed. Based on this study, the target

kinematics for experiments aiming to determine the pressure and shear distributions with greater

precision at a future Electron Ion Collider are defined.

Many of the most fundamental aspects of hadron
structure are encoded in form factors that describe the
hadron’s interactions with the electromagnetic, weak,
and gravitational forces. In the forward limit, the elec-
tromagnetic form factors reduce to properties such as the
electric charge and magnetic moment of a hadron, weak
form factors to the axial charge and induced pseudoscalar
coupling, while the gravitational form factors describe
the hadron’s mass, spin, and D-term. Unlike the mass,
spin and electromagnetic and weak form factors of the
proton, which are well-known, the quark D-term form
factor, Dq(t) (where t is the squared momentum trans-
fer), has only recently been measured for the first time [1],
while the gluon term Dg(t) has never been measured.
These functions, which parameterise the spatial-spatial
components of the energy momentum tensor (EMT), de-
scribe the internal dynamics of the system through the
pressure and shear distributions inside the proton [2].
While the quark and gluon contributions to the pressure
are not individually well-defined because they depend on
the non-conserved components of the EMT and are scale-
and scheme-dependent, the sum of all quark and gluon
contributions to the pressure is a measurable quantity
and, as such, is of fundamental interest as one of the few
remaining aspects of proton structure about which very
little is known.

Recently, the pressure distribution in the proton was
extracted for the first time from deeply virtual Compton
scattering (DVCS) experiments at the Thomas Je↵erson
National Accelerator Facility (JLab) [1] over a limited
kinematic range. The result is remarkable; it indicates
that the internal pressure in a proton is approximately
1035 pascals, exceeding the estimated pressure in the in-
terior of a neutron star. However, since DVCS is almost
insensitive to gluons, this determination necessarily re-
lies on several assumptions about the gluon contributions
that are important to investigate. In particular, the anal-
ysis presented in Ref. [1] (referred to henceforth as BEG)
assumes that Dg(t) = Dq(t) as there is no information
on the gluon D-term from experiment. Since DVCS ac-
cesses the charge-squared weighted combination of quark
flavours, BEG also necessarily assumes that the isovec-

tor quark contributions to the Dq(t) form factor vanish,
i.e., Du(t) = Dd(t). Additionally, the calculation of the
pressure distribution from the isoscalar D-term form fac-
tor involves an integral over all t (see Eq. (4), below)
and thus requires an assumption of a functional form for
the t-dependence of the form factor. The tripole form
assumed for Dq(t) in BEG introduces significant model-
dependence.

In this letter, the first determination of the QCD
pressure distribution inside the proton is presented
based on lattice Quantum Chromodynamics (LQCD)
studies at larger-than-physical values of the light quark
masses. The utility of LQCD calculations in augmenting
the experimental extraction of the pressure in BEG
is also explored. While the calculations provide some
support to the assumptions made in the pioneering
work of BEG, they also indicate deficiencies that must
be remedied before a completely model-independent
determination of the pressure and shear distributions is
possible from experiment. Based on these studies, the
kinematics of future experiments at the EIC or other
facilities that will be needed to achieve this are discussed.

The EMT and D-term form factors: The pres-
sure and shear distributions in the proton are constructed
from the D-term form factors Dq,g(t), which are defined
from the nucleon matrix elements of the traceless, sym-
metric energy-momentum tensor. Precisely, the matrix
elements of the gluon component of the EMT,

hp0, s0|Ga
↵{µG

a↵
⌫} |p, si = ū0Fµ⌫ [Ag, Bg, Dg]u (1)

= ū0
h
Ag �{µP⌫} +Bg

i P{µ�⌫}⇢�
⇢

2MN
+Dg

�{µ�⌫}

4MN

i
u ,

depend on three generalised form factors (GFFs), Ag(t),
Bg(t) and Dg(t), that are functions of the momentum
transfer t = �2 with �µ = p0µ � pµ. In Eq. (1), Ga

µ⌫
is the gluon field strength tensor, braces denote sym-
metrisation and trace-subtraction of the enclosed indices,
Pµ = (pµ+ p0µ)/2, the spinors are expressed as u = us(p)
and u0 = us0(p0), and MN is the proton mass. An exactly
analogous decomposition exists for matrix elements of the

Leading twist nucleon gluon GPDs: 
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contributions to the pressure is a measurable quantity
and, as such, is of fundamental interest as one of the few
remaining aspects of proton structure about which very
little is known.

Recently, the pressure distribution in the proton was
extracted for the first time from deeply virtual Compton
scattering (DVCS) experiments at the Thomas Je↵erson
National Accelerator Facility (JLab) [1] over a limited
kinematic range. The result is remarkable; it indicates
that the internal pressure in a proton is approximately
1035 pascals, exceeding the estimated pressure in the in-
terior of a neutron star. However, since DVCS is almost
insensitive to gluons, this determination necessarily re-
lies on several assumptions about the gluon contributions
that are important to investigate. In particular, the anal-
ysis presented in Ref. [1] (referred to henceforth as BEG)
assumes that Dg(t) = Dq(t) as there is no information
on the gluon D-term from experiment. Since DVCS ac-
cesses the charge-squared weighted combination of quark
flavours, BEG also necessarily assumes that the isovec-

tor quark contributions to the Dq(t) form factor vanish,
i.e., Du(t) = Dd(t). Additionally, the calculation of the
pressure distribution from the isoscalar D-term form fac-
tor involves an integral over all t (see Eq. (4), below)
and thus requires an assumption of a functional form for
the t-dependence of the form factor. The tripole form
assumed for Dq(t) in BEG introduces significant model-
dependence.

In this letter, the first determination of the QCD
pressure distribution inside the proton is presented
based on lattice Quantum Chromodynamics (LQCD)
studies at larger-than-physical values of the light quark
masses. The utility of LQCD calculations in augmenting
the experimental extraction of the pressure in BEG
is also explored. While the calculations provide some
support to the assumptions made in the pioneering
work of BEG, they also indicate deficiencies that must
be remedied before a completely model-independent
determination of the pressure and shear distributions is
possible from experiment. Based on these studies, the
kinematics of future experiments at the EIC or other
facilities that will be needed to achieve this are discussed.

The EMT and D-term form factors: The pres-
sure and shear distributions in the proton are constructed
from the D-term form factors Dq,g(t), which are defined
from the nucleon matrix elements of the traceless, sym-
metric energy-momentum tensor. Precisely, the matrix
elements of the gluon component of the EMT,

hp0, s0|Ga
↵{µG

a↵
⌫} |p, si = ū0Fµ⌫ [Ag, Bg, Dg]u (1)

= ū0
h
Ag �{µP⌫} +Bg

i P{µ�⌫}⇢�
⇢

2MN
+Dg

�{µ�⌫}

4MN

i
u ,

depend on three generalised form factors (GFFs), Ag(t),
Bg(t) and Dg(t), that are functions of the momentum
transfer t = �2 with �µ = p0µ � pµ. In Eq. (1), Ga

µ⌫
is the gluon field strength tensor, braces denote sym-
metrisation and trace-subtraction of the enclosed indices,
Pµ = (pµ+ p0µ)/2, the spinors are expressed as u = us(p)
and u0 = us0(p0), and MN is the proton mass. An exactly
analogous decomposition exists for matrix elements of the

GPDs(Bjorken x, skewness, mom transfer)

n2 = 0
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3

where (again, following the conventions of Ref. [5])

Fµ⌫ [Ag, Bg, Dg] = Ag(t) �{µP⌫} +Bg(t)
i P{µ�⌫}⇢�

⇢

2MN
+Dg(t)

�{µ�⌫}

4MN
. (5)

An exactly analogous decomposition exists for matrix elements of the quark contribution of flavour q to the traceless
part of the EMT:

hp0, s0| q�{µi
$

D⌫} q|p, si = Ū(p0, s0)Fµ⌫ [Aq, Bq, Dq]U(p, s). (6)

For each q = {u, d, . . . }, the GFFs are related to the lowest Mellin moments of the relevant unpolarised GPDs defined
in Eq. (1):

Z
1

�1

dx xHq(x, ⇠, t) = Aq(t) + ⇠2Dq(t) ,

Z
1

�1

dx xEq(x, ⇠, t) = Bq(t)� ⇠2Dq(t) , (7)

and similarly the gluon GFFs are related to the GPDs defined in Eq. (2):
Z

1

0

dx Hg(x, ⇠, t) = Ag(t) + ⇠2Dg(t) ,

Z
1

0

dx Eg(x, ⇠, t) = Bg(t)� ⇠2Dg(t) . (8)

Since the quark and gluon pieces of the EMT are not separately conserved, the individual form factors Aa(t), Ba(t)
and Da(t) are scale- and scheme-dependent, although the total form factors A(t), B(t), D(t), where X(t) ⌘

P
a Xa(t)

with a = {u, d, . . . , g}, are renormalisation-scale invariant. The GFFs Aa(t) encode the distribution of the nucleon’s
momentum among its constituents (and momentum conservation implies A(0) = 1), while the angular momentum
distributions are described by Ja(t) = 1

2
(Aa(t) + Ba(t)) (and total spin constrains J(0) = 1

2
). The Da(t) terms

encode the shear forces acting on the quarks and gluons in the nucleon while their sum D(t) determines the pressure
distribution [7–9].

B. Pion

The spin-independent pion GPDs are defined by pion matrix elements of the lowest-twist light-ray quark and gluon
operators:

Z
1

�1

d�

2⇡
ei�xhp0| ̄q(�

�

2
n)�µU[��

2 n,�2 n] q(
�

2
n)|pi = 2PµH(⇡)

q (x, ⇠, t) + . . . (9)

for q = {u, d, . . .}, and
Z

1

�1

d�

2⇡
ei�xhp0|G{µ↵

a (�
�

2
n)


U

(A)

[��
2 n,�2 n]

�

ab

G ⌫}
b↵ (

�

2
n)|pi = P {µP ⌫}H(⇡)

g (x, ⇠, t) + . . . , (10)

where the notation is as in Eqs. (1) and (2). A covariant normalisation of pion states has been used: hp0| pi =
2p0 (2⇡)3�(3)(p0

� p). The lowest moments of these GPDs are related to the pion matrix elements of the quark and

gluon pieces of the traceless EMT, which are described by two scalar GFFs for each flavour a, labelled A(⇡)
a (t) and

D(⇡)
a (t). Precisely,

hp 0
|Ga

{µ↵G
a↵
⌫}|pi = 2P{µP⌫} A

(⇡)
g (t) +

1

2
�{µ�⌫} D

(⇡)
g (t) ⌘ Kµ⌫ [A

(⇡)
g , D(⇡)

g ] , (11)

and similarly for the quark operators,

hp 0
| q�{µi

$

D⌫} q|pi = Kµ⌫ [A
(⇡)
q , D(⇡)

q ] . (12)

Just as for the nucleon, the GFFs which describe pion matrix elements of the EMT correspond to the quark and
gluon gravitational form factors of the pion, and can be expressed as Mellin moments of the pion GPDs:

Z
1

�1

dx xH(⇡)
q (x, ⇠, t) = A(⇡)

q (t) + ⇠2D(⇡)
q (t) ,

Z
1

0

dxH(⇡)
g (x, ⇠, t) = A(⇡)

g (t) + ⇠2D(⇡)
g (t) . (13)

The forward limit A(⇡)
a (0) encodes the light-cone momentum fraction of the pion carried by parton a. The GFFs

D(⇡)
a (t) are related to the pressure and shear distributions in the pion [7–9].
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Large boost + 
perturbative matching

Midterm Review, Part Part II: Theory - I. Stewart �14

TMD Definitions

fq(x,�bT , µ, �) = lim
��0,��0

Zuv(�, µ, �)Bq(x,�bT , �, �, �)
�

Sq(bT , �, �)

collinear  
region

soft  
region

Reminder (& notation) of TMDPDFs

Definition of TMDPDFs

Motivation: TMD factorization theorem (example: pp ! Z ! l
+
l
�)

�(~qT ) = H(Q,µ)

Z
d2~bT e

i~qT ·~bT f
TMD
q/a (xa,

~bT , µ, ⇣a) f
TMD
q/b (xb,

~bT , µ, ⇣b) + O

⇣
qT

Q

⌘2

I H(Q ⇠ mZ , µ): Hard function (virtual corrections)

Quark TMDPDF: [Collins ’11; Echevarria, Idilbi, Scimemi ’11; Chiu, Jain, Neill, Rothstein ’12, ...]

f
TMD
q (x,~bT , µ, ⇣) = Zuv(µ, ⇣, ✏) lim

⌘!0
Bq(x,~bT , ✏, ⌘, ⇣)

p
Sq(bT , ✏, ⌘)

S0
q(bT , ✏, ⌘)

I Bq: Beam function (collinear matrix element)
I Sq, S

0
q : Soft contributions

I ⌘: Regulates rapidity divergences
I ⇣: Collins-Soper scale [Collins, Soper’81]

Definitions of ⌘ and hence of Bq and Sq

are scheme dependent,
but fTMD

q is scheme independent
l

p p

l

+

-

Soft

Beam
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� :  regulates UV divergences

� :  regulates rapidity divergences
� �

0

dk+

k+

Towards quasi-TMDPDFs from Lattice QCD

Constructing the quasi beam function

Beam function: (light-cone correlator)

Bq(x,~bT , . . . ) =

Z
db+

4⇡
e
� i

2b
+
(xP�

)

D
p(P )

���q̄(bµ)W (0,~0T )

(b+,~bT )

�
�

2
q(0)

���p(P )
E

Quasi beam function: (equal-time correlator)

B̃q(x,~bT , . . . ) =

Z
dbz

2⇡
e
ibz

(xP z
)

D
p(P )

���q̄(bµ)W (0,~0T )

(bz,~bT )

�
3

2
q(0)

���p(P )
E

Wilson line path:
I Finite lattice size requires to truncate at length L

I Bare operators related by Lorentz boost
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Towards quasi-TMDPDFs from Lattice QCD

Constructing the quasi soft function

Soft function: (light-cone correlator)

S
q(bT ) = h0

��[S†
nSTSn̄](~bT )[S

†
n̄S

†
TSn](~0T )

��0i

Quasi soft function: (equal-time correlator)

S̃
q(bT ) = h0

��[S†
ẑSTS�ẑ](~bT )[S

†
�ẑSTSẑ](~0T )

��0i

Wilson line path:
I Finite lattice size requires to truncate at length L

I Bare operators not related by Lorentz boost (more on this later)
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Wilson Lines
Bq = �p|OB |p�

OB :

staple shaped

Sq = �0|OS |0�

OS :

Midterm Review, Part Part II: Theory - I. Stewart �33

Quasi-TMDs

Towards quasi-TMDPDFs from Lattice QCD

Bent soft function

Recall soft and quasi soft function:
S

q(bT ) = h0
��[S†

nSTSn̄](~bT )[S
†
n̄S

†
TSn](~0T )

��0i

S̃
q(bT ) = h0

��[S†
ẑSTS�ẑ](~bT )[S

†
�ẑSTSẑ](~0T )

��0i

S
q(bT ) and S̃

q(bT ) not related through Lorentz boost
Define “bent” soft function to remove boost-violating diagrams at NLO:

S̃
q
bent

(bT ) = h0
��[S†

ẑSTS�n̄? ](~bT )[S
†
�n̄?STSẑ](~0T )

��0i

Compare Wilson line paths:

S̃
q(bT ) = b?

x

z

L

y

L

$
b?

x

-z

L

y

L

= S̃
q
bent

(bT )

Yields a perturbative matching relation at NLO
I Proof beyond NLO required
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Towards quasi-TMDPDFs from Lattice QCD

Constructing the quasi soft function

Soft function: (light-cone correlator)

S
q(bT ) = h0

��[S†
nSTSn̄](~bT )[S

†
n̄S

†
TSn](~0T )

��0i

Quasi soft function: (equal-time correlator)

S̃
q(bT ) = h0

��[S†
ẑSTS�ẑ](~bT )[S

†
�ẑSTSẑ](~0T )

��0i

Wilson line path:
I Finite lattice size requires to truncate at length L

I Bare operators not related by Lorentz boost (more on this later)
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Towards quasi-TMDPDFs from Lattice QCD

Constructing the quasi beam function

Beam function: (light-cone correlator)

Bq(x,~bT , . . . ) =

Z
db+

4⇡
e
� i

2b
+
(xP�

)

D
p(P )

���q̄(bµ)W (0,~0T )

(b+,~bT )

�
�

2
q(0)

���p(P )
E

Quasi beam function: (equal-time correlator)

B̃q(x,~bT , . . . ) =

Z
dbz

2⇡
e
ibz

(xP z
)

D
p(P )

���q̄(bµ)W (0,~0T )

(bz,~bT )

�
3

2
q(0)

���p(P )
E

Wilson line path:
I Finite lattice size requires to truncate at length L

I Bare operators related by Lorentz boost
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Towards quasi-TMDPDFs from Lattice QCD

Constructing the quasi beam function

Beam function: (light-cone correlator)

Bq(x,~bT , . . . ) =

Z
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Quasi beam function: (equal-time correlator)

B̃q(x,~bT , . . . ) =

Z
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���q̄(bµ)W (0,~0T )
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Wilson line path:
I Finite lattice size requires to truncate at length L

I Bare operators related by Lorentz boost
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[49] Ji, Jin, Yuan, Zhang, Zhao, 1801.05930
[38] Ebert, Stewart, Zhao, 1901.03685

f̃u-d(x,�bT , µ, P z) = CTMD
u-d (µ, xP z) exp

�
1
2
�q

� (µ, bT ) ln
(2xP z)2

�

�
fu-d(x,�bT , µ, �)

from  
Lattice QCD

perturbation 
theory

Collins-Soper 
kernel

desired 
TMDPDF

Status:  construction found which is confirmed at 1-loop

f̃q = B̃q

�
S̃q fq = Bq

�
Sq

Bq :

Sq :S̃q :

B̃q :Spatial staple 
calculable in 

LQCD

f̃u-d(x,~bT , µ, P
z) = CTMD

u-d (µ, xP z)exp


1

2
�⇣(µ, bT ) ln

(2xP z)2

⇣

�
fu-d(x,~bT , µ, ⇣)
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quasi-TMD 
from LQCD

perturbative 
matching

desired 
TMDPDF

Collins-Soper 
evolution kernel



• Most robust results for ratios of TMDPDFs:  
cancellation of renormalisation  
ambiguities and soft factors 

• e.g., Generalised Sivers shift  
(~ratio of Sivers TMD over  
unpolarised TMD) 

• Encouraging comparison with  
expt: global fit to HERMES, 
COMPASS, JLab 
Light cone: 

• First study of Generalized Transverse Momentum-Dependent 
Distributions (GTMDs) to obtain quark orbital angular momentum 
(OAM) in proton [Engelhardt, PRD 95 (2017), USQCD 1904.09512]  

• First results for x-dependence of TMDs [Engelhardt, Lattice 2018] 

Midterm Review, Part IV: Lattice QCD - M. Constantinou �25

TMDs from lattice QCD
[87] Yoon, Engelhardt, Gupta, Bhattacharya, Green, Musch, Negele, Pochinsky, Schaefer,Syritsyn, PRD 96 (2017) 094508 [arXiv:1706.03406] 

Correlator studied on the lattice  
" U : staple of gauge links  
" Φ[Γ] includes ultraviolet and soft divergences  
" η=0 can also be studied (straight Wilson line) 
" |η|#∞ :  gluon exchange in SIDIS and Drell-Yan  
" b : transverse to proton momentum P 
" different structures Γ give access to different quantities (e.g., Sivers ratio, Boer-Mulder 
    ratio, generalized tensor charge) 
Qualitative study of uncertainties  (lattice action, mixing, discretization effects)

Φ[Γ]
unsubtr.(b, P, S) ≡ ⟨P, S| ψ̄ (− b/2) Γ &[− b/2, b/2] ψ (b/2) |P, S⟩

Plot: 
Generalized Sivers shift (ratio of Sivers TMD over 
unpolarized TMD multiplied by nucleon mass) as a 
function of the Collins-Soper parameter:   
light cone:  

Encouraging comparison with experimental value 
from global fit to HERMES, COMPASS, JLab data

̂ζ ≡ u ⋅ P
|u| |P |̂ζ → ∞

⇣̂ ! 1
<latexit sha1_base64="UvygEOGqAMeN5UP3qonuZZ2J+qM=">AAACBnicdVDJSgNBEO1xjXGLehShMQiewkwQzDHgxWMEs0AmhJpOT9Kkp2forlHikJMXf8WLB0W8+g3e/Bs7i+D6oKjHe1V01wsSKQy67ruzsLi0vLKaW8uvb2xubRd2dhsmTjXjdRbLWLcCMFwKxesoUPJWojlEgeTNYHg28ZtXXBsRq0scJbwTQV+JUDBAK3ULB/4AMPNvOMLY16I/QNA6vqa+UCGOuoWiWyq7E9DfxCtNu1skc9S6hTe/F7M04gqZBGPanptgJwONgkk+zvup4QmwIfR521IFETedbHrGmB5ZpUfDWNtSSKfq140MImNGUWAnI8CB+elNxL+8dophpZMJlaTIFZs9FKaSYkwnmdCe0JyhHFkCTAv7V8oGoIGhTS5vQ/i8lP5PGuWS55a8i5NitTKPI0f2ySE5Jh45JVVyTmqkThi5JffkkTw5d86D8+y8zEYXnPnOHvkG5/UDdg6ZtQ==</latexit><latexit sha1_base64="UvygEOGqAMeN5UP3qonuZZ2J+qM=">AAACBnicdVDJSgNBEO1xjXGLehShMQiewkwQzDHgxWMEs0AmhJpOT9Kkp2forlHikJMXf8WLB0W8+g3e/Bs7i+D6oKjHe1V01wsSKQy67ruzsLi0vLKaW8uvb2xubRd2dhsmTjXjdRbLWLcCMFwKxesoUPJWojlEgeTNYHg28ZtXXBsRq0scJbwTQV+JUDBAK3ULB/4AMPNvOMLY16I/QNA6vqa+UCGOuoWiWyq7E9DfxCtNu1skc9S6hTe/F7M04gqZBGPanptgJwONgkk+zvup4QmwIfR521IFETedbHrGmB5ZpUfDWNtSSKfq140MImNGUWAnI8CB+elNxL+8dophpZMJlaTIFZs9FKaSYkwnmdCe0JyhHFkCTAv7V8oGoIGhTS5vQ/i8lP5PGuWS55a8i5NitTKPI0f2ySE5Jh45JVVyTmqkThi5JffkkTw5d86D8+y8zEYXnPnOHvkG5/UDdg6ZtQ==</latexit><latexit sha1_base64="UvygEOGqAMeN5UP3qonuZZ2J+qM=">AAACBnicdVDJSgNBEO1xjXGLehShMQiewkwQzDHgxWMEs0AmhJpOT9Kkp2forlHikJMXf8WLB0W8+g3e/Bs7i+D6oKjHe1V01wsSKQy67ruzsLi0vLKaW8uvb2xubRd2dhsmTjXjdRbLWLcCMFwKxesoUPJWojlEgeTNYHg28ZtXXBsRq0scJbwTQV+JUDBAK3ULB/4AMPNvOMLY16I/QNA6vqa+UCGOuoWiWyq7E9DfxCtNu1skc9S6hTe/F7M04gqZBGPanptgJwONgkk+zvup4QmwIfR521IFETedbHrGmB5ZpUfDWNtSSKfq140MImNGUWAnI8CB+elNxL+8dophpZMJlaTIFZs9FKaSYkwnmdCe0JyhHFkCTAv7V8oGoIGhTS5vQ/i8lP5PGuWS55a8i5NitTKPI0f2ySE5Jh45JVVyTmqkThi5JffkkTw5d86D8+y8zEYXnPnOHvkG5/UDdg6ZtQ==</latexit><latexit sha1_base64="UvygEOGqAMeN5UP3qonuZZ2J+qM=">AAACBnicdVDJSgNBEO1xjXGLehShMQiewkwQzDHgxWMEs0AmhJpOT9Kkp2forlHikJMXf8WLB0W8+g3e/Bs7i+D6oKjHe1V01wsSKQy67ruzsLi0vLKaW8uvb2xubRd2dhsmTjXjdRbLWLcCMFwKxesoUPJWojlEgeTNYHg28ZtXXBsRq0scJbwTQV+JUDBAK3ULB/4AMPNvOMLY16I/QNA6vqa+UCGOuoWiWyq7E9DfxCtNu1skc9S6hTe/F7M04gqZBGPanptgJwONgkk+zvup4QmwIfR521IFETedbHrGmB5ZpUfDWNtSSKfq140MImNGUWAnI8CB+elNxL+8dophpZMJlaTIFZs9FKaSYkwnmdCe0JyhHFkCTAv7V8oGoIGhTS5vQ/i8lP5PGuWS55a8i5NitTKPI0f2ySE5Jh45JVVyTmqkThi5JffkkTw5d86D8+y8zEYXnPnOHvkG5/UDdg6ZtQ==</latexit>

[Yoon et al., PRD 96 (2017)]  

Transverse Momentum Dependent PDFs

Phiala Shanahan, MIT



Phiala Shanahan, MIT

TMD Evolution

• Perturbative at short distances 

• Non-perturbative for  
Can be accessed via ratio of non-local MEs in LQCD [Ebert, Stewart, Zhao, PRD99 (2019)] 

µ, b�1
T � ⇤QCD
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Collins-Soper Evolution Kernel • Governs TMD evolution 

• Needed to match quasi-TMD to 
physical TMD

�q
⇣ (µ, bT ) = ⇣

d

d⇣
ln fq(x,~bT , µ, ⇣)
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• First calculation in progress 
[PES, Wagman, Zhao] 

• CS-kernel independent of 
state: study unphysically-heavy 
pion with no systematic bias 

• 5x statistics, 1.5x      range 
will constrain                 in non-
perturbative region

�q
⇣ (µ, bT )
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Nucleon axial charge

Phiala Shanahan, MIT

Complete calculations with controlled uncertainties from multiple 
collaborations in 2018

Red star: 

determined with high 
precision from nuclear 
beta decay 

gA = 1.2671

S. Aoki et al. FLAG Review 2019 1902.08191

Figure 40: Lattice results and FLAG averages for the isovector axial charge gu−d
A for Nf = 2,

2 + 1, and 2 + 1 + 1 flavour calculations.

quoted by the PDG. While the most recent lattice calculations reproduce the axial charge at
the level of a few percent or even better, the experimental result is more precise by an order
of magnitude.

10.3.2 Results for gu−d
S

Calculations of the isovector scalar charge have, in general, larger errors than the isovector
axial charge as can be seen from the compilation given in Tab. 63 and plotted in Fig. 41.
For comparison, Fig. 41 also shows a phenomenological result produced using the conserved
vector current (CVC) relation [126].

Only a single calculation, PNDME 18 [38], which supersedes PNDME 16 [34] and PNDME 13
[31], meets all the criteria for inclusion in the average.

This 2+1+1 flavour mixed-action calculation was performed using the MILC HISQ en-
sembles, with a clover valence action. The 11 ensembles used include three pion mass values,
Mπ ∼ 135, 225, 320 MeV, and four lattice spacings, a ∼ 0.06, 0.09, 0.12, 0.15 fm. Note that
four lattice spacings are required to meet the green star criteria, as this calculation is not
fully O(a) improved. Lattice size ranges between 3.3 ! MπL ! 5.5, and the set of ensembles
includes three different volumes at a fixed pion mass Mπ ∼ 225 MeV and lattice spacing
a ∼ 0.12 fm. Physical point extrapolations were performed simultaneously, keeping only the
leading order terms in the various expansion parameters. For the chiral extrapolation, these
are the terms proportional to M2

π , while the continuum extrapolation is performed using the
term proportional to a, because the action and operators are not fully O(a) improved. For the
finite volume extrapolation, the asymptotic limit of the χPT prediction, Eq. (377), is used.
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Inelastic region

Phiala Shanahan, MIT
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FIG. 9 Total neutrino and antineutrino per nucleon CC cross sections (for an isoscalar target) divided by neutrino energy and
plotted as a function of energy. Data are the same as in Figures 28, 11, and 12 with the inclusion of additional lower energy
CC inclusive data from N (Baker et al., 1982), ⇤ (Baranov et al., 1979), ⌅ (Ciampolillo et al., 1979), and ? (Nakajima et al.,
2011). Also shown are the various contributing processes that will be investigated in the remaining sections of this review.
These contributions include quasi-elastic scattering (dashed), resonance production (dot-dash), and deep inelastic scattering
(dotted). Example predictions for each are provided by the NUANCE generator (Casper, 2002). Note that the quasi-elastic
scattering data and predictions have been averaged over neutron and proton targets and hence have been divided by a factor
of two for the purposes of this plot.

D

• In inelastic regime, quark PDFs of the nucleon 
control scattering cross-section 

• In inelastic region, both resonances and DIS are 
important 

• Multi-meson channels may become important 

• Nuclear effects are different in νA vs. eA 
(MINERνA) 

• DIS structure functions accessible in LQCD 

• low moments of structure functions  
controlled 

• x-dependence difficult but promising

Mn =

Z 1

�1
xnf(x)dx, n / 4

ν

ν, l

N
X

charged-current cross-section⌫
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Matrix elements of the spin-independent gluon operator in nucleon + 
light nuclei [NPLQCD PRD96 094512 (2017)]                              
               first determination of gluon momentum fraction of nuclei 

• Present statistics: can’t distinguish from no-EMC effect scenario 

Gluon momentum fraction of nuclei

m𝞹 ~450 MeV m𝞹 ~800 MeV

Ratio of gluon momentum fraction in nucleus to nucleon
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[NPLQCD PRD96 094512 (2017)]
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Non-nucleonic glue in deuteron
Contributions to nuclear structure 
from gluons not associated with 
individual nucleons in nucleus

hp|O|pi = 0, hN,Z|O|N,Zi 6= 0

hp|O|pi = 0, hN,Z|O|N,Zi 6= 0

nucleon: 

nucleus:

• First moment of gluon transversity 
distribution in the deuteron  
[Jaffe, Manohar PLB223 (1989) 218] 

• First evidence for non-nucleonic gluon 
contributions to nuclear structure: LQCD 

with m
𝞹
 ~800 MeV [NPLQCD PRD96 (2017)]  

• Magnitude relative to momentum 
fraction as expected from large-Nc

Signal in LQCD data
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Nucleon electromagnetic form factors

Phiala Shanahan, MIT

State-of-the-art calculations have physical quark masses, large lattice 
volumes, and fine lattice spacings, but systematic uncertainties not yet 
controlled at a level comparable to flavour physics quantities

13

FIG. 20. Proton magnetic Sachs form factor as a function of
the momentum transfer. We show with squares the sum of
connected and disconnected contributions, with the plateau
result for ts = 14a = 1.3 fm for the connected and for ts =
10a = 0.9 fm for the disconnected. The band is a fit to the
dipole form. The black points show experimental data from
Ref. [29].

to the form [15]:

Gn
E(Q

2) =
⌧A

1 + ⌧B

1

(1 + Q2

⇤2 )2
(25)

with ⌧ = Q2/(2mN )2 and ⇤2 = 0.71 GeV2 and allow A
and B to vary. This Ansatz reproduces our data well.
We compare to a collection of experimental data from
Refs. [30–44]. For Gn

M (Q2), we agree with the experimen-
tal data for Q2 > 0.2 GeV2, however we underestimate
the magnetic moment by about 20%. Experimental data
for Gn

M (Q2) shown in Fig. 22 are taken from Refs. [45–
50].

We use Eq. (19) to obtain the radii using the dipole
fits. For the case of Gn

E(Q
2), the neutron electric radius is

obtained via: hr2Ei
n = �

3A
2m2

N
, where A is the parameter

of Eq. (25). In all cases we have combined connected and
disconnected. We obtain:

hr2Ei
p = 0.589(39)(33) fm2,

hr2M i
p = 0.506(51)(42) fm2, and

µp = 2.44(13)(14), (26)

for the proton, and:

hr2Ei
n = �0.038(34)(6) fm2,

hr2M i
n = 0.586(58)(75) fm2, and

µn = �1.58(9)(12), (27)

for the neutron, where as in the case of the isoscalar and
isovector, the first error is statistical and the second is a

FIG. 21. Neutron electric Sachs form factor as a function
of the momentum transfer. Triangles are from the sum of
connected and disconnected contributions, with the plateau
result for ts = 18a = 1.7 fm for the connected and for ts =
10a = 0.9 fm for the disconnected. The band is a fit to the
form of Eq. (25). Experimental data are shown with the black
points, obtained from Refs. [30–44].

systematic obtained when comparing the plateau method
to the two-state fit method as a measure of excited state
e↵ects.

IV. COMPARISON WITH OTHER RESULTS

A. Comparison of isovector and isoscalar form
factors

Recent lattice calculations for the electromagnetic
form factors of the nucleon include an analysis from the
Mainz group [51] using Nf = 2 clover fermions down to a
pion mass of 193 MeV, results from the PNDME collabo-
ration [52] using clover valence fermions on Nf = 2+1+1
HISQ sea quarks down to pion mass of ⇠220 MeV and
Nf = 2+1+1 results from the ETM collaboration down
to 213 MeV pion mass [53]. Simulations directly at the
physical point have only been possible recently. The
LHPC has published results in Ref. [54] using Nf = 2+1
HEX smeared clover fermions, which include an ensemble
with m⇡ =149 MeV. Preliminary results for electromag-
netic nucleon form factors at physical or near physical
pion masses have also been reported by the PNDME
collaboration in Ref. [55] using clover valence quarks
on HISQ sea quarks at a pion mass of 130 MeV and
by the RBC/UKQCD collaboration using Domain Wall
fermions at m⇡ = 172 MeV in Ref. [56].
In Fig. 23 we compare our results for Gu�d

E (Q2) from
the plateau method using ts = 18a = 1.7 fm to pub-
lished results. We show results from Ref. [54] extracted

20

FIG. 28. Comparison of results for Gp
E(Q

2) (upper panel)
and Gp

M (Q2) (lower panel) from ETMC and LHPC following
the notation of Fig. 26. Filled symbols are used for results
that include disconnected contributions and open symbols for
results without disconnected contributions. Black crosses are
experimental results from the A1 collaboration [1].

two lowest Q2 values. Unfortunately, LHPC results carry
large errors and in general are compatible both with our
values and the experimental ones prohibiting any definite
conclusions as to the nature of the discrepancy with the
experimental values. As discussed volume and residual
excited state e↵ects may lead to a slow convergence of
the lattice data that can account for the discrepancies
with the experimental values.

Results for the neutron electromagnetic form factors
are only provided by the ETMC for pion masses below
170 MeV. They are compared to the experimental val-
ues in Fig. 29. We observe that results for the electric
form factor extracted from the cB211.072.64 ensemble
that includes disconnected contributions are in agree-
ment with the experimental values. This is also true
for the cA2.09.48 ensemble that includes disconnected
contributions although they carry larger errors. For the
cA2.09.64 ensemble, where disconnected contributions
have not been included, underestimate the electric neu-
tron form factor. This clearly indicates the significance of
including disconnected contributions, especially for this
quantity, an observation consistent with the conclusion
reached also in Ref. [62]. For the magnetic form fac-
tor, results using the cB211.072.64 twisted mass ensem-
ble with disconnected contributions are closer to experi-
ment as to compared to the Nf = 2 ensembles, but there
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ing the Nf=2+1+1 results of this work (red circles), using the
Nf=2 results with m⇡L ' 4 of this work (blue squares), and
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triangles). Filled symbols are used for results that include dis-
connected contributions and open symbols for results without
disconnected contributions. Crosses are experimental results
taken from Refs. [4, 46–59] for the electric form factor and
from Refs. [63–68] for the magnetic form factor.

is still a discrepancy with the experiment for small Q2

values that needs to be further investigated.

In Fig. 30, we compare the lattice QCD values of the
isovector r.m.s radii

p
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u�d, and
p

hr2M iu�d finding
agreement among them. As expected by the less steep
fall-o↵ of the electric isovector form factor, lattice QCD
results are systematically lower than the experimental
values. We note that the ETMC results have errors that
are already the same as the di↵erence between the two
experimental determinations showing that the statistical
accuracy required can be achieved. A high-statistics ded-
icated study to better assess the remaining systematics
can thus yield valuable insights on the r.m.s. charge ra-
dius from a first principles calculation. In the case of
hr

2
M i

u�d the errors are larger and lattice QCD results
are both in good agreement among them and compatible
with the PDG value [70].

In Fig. 31 we show the corresponding quantities for
the proton. Only the ETMC results include disconnected
contributions, which, although small, have a systematic
e↵ect. We observe a similar behavior as for the isovector
case, namely smaller values for the electric and magnetic
r.m.s radii. LHPC results extracted using the summa-
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Long standing discrepancy between measured value and SM estimate for 
muon anomalous magnetic moment (~3σ) 
 

Sign of new physics? 

New experiments aiming at 4-fold uncertainty reduction (E989 @ Fermilab, E34 @ JPARC)               
          if no shift in central values, tension will be ~7σ with projected theory 
improvements by 2020 

Commensurate control of theory needed: Muon g-2 Theory Initiative formed 
https://indico.fnal.gov/event/13795/  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Figure 1. History of the precision of the measurements of aµ in the CERN III experiment [1]
and in E821, compared with the Standard Model prediction [2].

Parity violation in muon decay (µ± ! e± + ⌫ + ⌫̄) causes higher-energy positrons to
preferentially follow the muon spin direction in the muon rest frame for µ+ decay, and higher-
energy electrons to preferentially go opposite to the muon spin for µ� decay. In the laboratory
frame, the electron energy is greatest when the muon spin points forward, along the muon
momentum direction. The rate of high-energy electron events in calorimeters placed adjacent
to the muon storage ring is therefore modulated at the precession frequency !a.

The magnetic field is monitored using a nuclear magnetic resonance (NMR) technique,
observing the rate of spin precession of the free protons in a large collection of probes. A
“trolley” of NMR probes is driven around the muon storage region every few days. Variations
between trolley runs are monitored by fixed probes located just outside of it. The B field must
be averaged over the spatial distribution of muons. Careful shimming makes the magnetic field
as uniform as possible over the muon storage region to reduce the dependence on the muon
distribution.

The magnetic dipole moment of a particle is proportional The gyromagnetic ratio g of a
particle relates its magnetic dipole moment ~µ to its spin ~S by ~µ = g

�
e

2m

� ~S. . For a pointlike
Dirac particle, g = 2. The anomalous magnetic moment aµ = 1

2(g � 2) describes substructure
and coupling to virtual fields; while the nearly pointlike electron and muon have g ⇡ 2.002, the
proton has g ⇡ 5.586, a reflection of its internal structure. For the muon, it can be calculated
theoretically in the context of the Standard Model with very high precision. A comparison of
the experimental and theoretical values tests the Standard Model as a whole and is potentially
sensitive to extensions such as supersymmetry, which would generally contribute [3]

aµ(SUSY ) = sgn(µ)(130⇥ 10�11) tan�
✓
100 GeV

⇤

◆
.

Therefore, precise measurements of a low-energy system, with energy scales from MeV to GeV,
may show small e↵ects from interesting high-energy processes at nearly the TeV scale.

2. Status of experiment and theory
At Brookhaven National Laboratory (BNL), Experiment E821 at the Alternating Gradient
Synchrotron (AGS) measured aµ to a precision of 0.54 parts per million (ppm) [4], aµ;expt =
(116 592 089 ± 63) ⇥ 10�11. The Standard Model prediction [2] has a precision of 0.42 ppm,
aµ;SM = (116 591 834 ± 49) ⇥ 10�11. Consequently, a di↵erence of aµ;expt � aµ;SM = 255 ± 80
exists between the current experimental value and theoretical prediction. While this di↵erence
of 3.2 standard deviations is not yet a “discovery,” aµ is the only low-energy observable that

Theory

Muon g-2: status and challenges
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Measured value 

Breakdown of SM contributions  
(2 evaluations of HVP) 

 
 
 

Deviation 

 
Dominant uncertainties from hadronic 
corrections—calculable in lattice QCD  
 

2.3 Summary of the Standard-Model Value and Comparison with
Experiment

We determine the SM value using the new QED calculation from Aoyama [2]; the electroweak
from Ref. [3], the hadronic light-by-light contribution from the “Glasgow Consensus” [31];
and lowest-order hadronic contribution from Davier, et al., [20], or Hagiwara et al., [21], and
the higher-order hadronic contribution from Ref. [21]. A summary of these values is given
in Table 1.

Table 1: Summary of the Standard-Model contributions to the muon anomaly. Two val-
ues are quoted because of the two recent evaluations of the lowest-order hadronic vacuum
polarization.

Value (⇥ 10
�11

) units
QED (� + `) 116 584 718.951± 0.009± 0.019± 0.007± 0.077↵
HVP(lo) [20] 6 923± 42

HVP(lo) [21] 6 949± 43

HVP(ho) [21] �98.4± 0.7
HLbL 105± 26

EW 154± 1

Total SM [20] 116 591 802± 42H-LO ± 26H-HO ± 2other (±49tot)

Total SM [21] 116 591 828± 43H-LO ± 26H-HO ± 2other (±50tot)

This SM value is to be compared with the combined a+
µ

and a�
µ

values from E821 [6]
corrected for the revised value of � = µµ/µp from Ref [35],

aE821
µ

= (116 592 089± 63)⇥ 10�11 (0.54 ppm), (13)

which give a di↵erence of

�aµ(E821� SM) = (287± 80)⇥ 10�11 [20] (14)

= (261± 78)⇥ 10�11 [21] (15)

depending on which evaluation of the lowest-order hadronic contribution that is used [20, 21].
This comparison between the experimental values and the present Standard-Model value

is shown graphically in Fig. 7. The lowest-order hadronic evaluation of Ref. [28] using the
hidden local symmetry model results in a di↵erence between experiment and theory that
ranges between 4.1 to 4.7�.

This di↵erence of 3.3 to 3.6 standard deviations is tantalizing, but we emphasize that
whatever the final agreement between the measured and SM value turns out to be, it will have
significant implications on the interpretation of new phenomena that might be found at the
LHC and elsewhere. Because of the power of aµ to constrain, or point to, speculative models

contribution. Subsequently a numerical mistake was found. These authors are continuing this work, but the

calculation is still incomplete.
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[T. Blum et al., arXiv:1311.2198]

Standard Model muon g-2

Phiala Shanahan, MIT

QED (5 loop) [Aoyama et al. 2012]

Hadronic vacuum polarisation

Hadronic light-by-light

Electroweak (2 loop) [Czarnecki et al. 2006]
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Estimated from models 
including large-Nc, chiPT, 
vector meson dominance, etc.

Standard Model muon g-2

Phiala Shanahan, MIT

Since ICHEP2016: disconnected terms 
and lattice volume better controlled 
[PRL118(2016)022005, PRD96(2017)034515]

Dominant uncertainties in SM determination from hadronic corrections  
Both calculable (in principle) from lattice QCD

2018: First lattice QCD calculation 
with QED and isospin breaking  
[T. Blum et al., arXiv:1801.07224]



Hadronic Vacuum Polarisation 

Phiala Shanahan, MIT

Lattice data agrees quite well with the R-ratio data
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Combining lattice QCD and 
dispersion relations yields best 
current determination of HVP 
contribution  
[T. Blum et al., arXiv:1801.07224] 

Use “R-ratio” experimental data on 
σ(e+e-→hadrons) at short and long 
distances t, lattice QCD in 
intermediate t region 

Flavour breakdown: light~90%, 
strange~8% and charm~2%

2

with C(t) = 1
3

P
~x

P
j=0,1,2hJj(~x, t)Jj(0)i. With appro-

priate definition of wt, we can therefore write

aµ =
X

t

wtC(t) . (4)

The correlator C(t) is computed in lattice QCD+QED
with dynamical up, down, and strange quarks and non-
degenerate up and down quark masses. We compute the
missing contributions to aµ from bottom quarks and from
charm sea quarks in perturbative QCD [13] by integrating
the time-like region above 2 GeV and find them to be
smaller than 0.3 ⇥ 10�10.

We tune the bare up, down, and strange quark masses
mup, mdown, and mstrange such that the ⇡0, ⇡+, K0, and
K+ meson masses computed in our calculation agree with
the respective experimental measurements [14]. The lat-
tice spacing is determined by setting the ⌦� mass to
its experimental value. We perform the calculation as a
perturbation around an isospin-symmetric lattice QCD
computation [15, 16] with two degenerate light quarks
with mass mlight and a heavy quark with mass mheavy

tuned to produce a pion mass of 135.0 MeV and a kaon
mass of 495.7 MeV [17]. The correlator is expanded in
the fine-structure constant ↵ as well as �mup, down =
mup, down � mlight, and �mstrange = mstrange � mheavy.
We write

C(t) = C(0)(t) + ↵C(1)
QED(t) +

X

f

�mfC
(1)
�mf

(t)

+ O(↵2,↵�m,�m2) , (5)

where C(0)(t) is obtained in the lattice QCD calculation
at the isospin symmetric point and the expansion terms
define the QED and strong isospin-breaking (SIB) correc-
tions, respectively. We keep only the leading corrections
in ↵ and �mf which is su�cient for the desired precision.

We insert the photon-quark vertices perturbatively
with photons coupled to local lattice vector currents mul-
tiplied by the renormalization factor ZV [17]. We use
ZA ⇡ ZV for the charm [22] and QED corrections. The
SIB correction is computed by inserting scalar operators
in the respective quark lines. The procedure used for
e↵ective masses in such a perturbative expansion is ex-
plained in Ref. [18]. We use the finite-volume QEDL

prescription [19] and remove the universal 1/L and 1/L2

corrections to the masses [20] with spatial lattice size L.
The e↵ect of 1/L3 corrections is small compared to our
statistical uncertainties. We find �mup = �0.00050(1),
�mdown = 0.00050(1), and �mstrange = �0.0002(2) for
the 48I lattice ensemble described in Ref. [17]. The shift
of the ⌦� mass due to the QED correction is significantly
smaller than the lattice spacing uncertainty and its e↵ect
on C(t) is therefore not included separately.

Figure 1 shows the quark-connected and quark-
disconnected contributions to C(0). Similarly, Fig. 2
shows the relevant diagrams for the QED correction to

FIG. 1. Quark-connected (left) and quark-disconnected
(right) diagram for the calculation of aHVP LO

µ . We do not
draw gluons but consider each diagram to represent all orders
in QCD.
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FIG. 2. QED-correction diagrams with external pseudo-scalar
or vector operators.

the meson spectrum and the hadronic vacuum polariza-
tion. The external vertices are pseudo-scalar operators
for the former and vector operators for the latter. We
refer to diagrams S and V as the QED-connected and to
diagram F as the QED-disconnected contribution. We
note that only the parts of diagram F with additional
gluons exchanged between the two quark loops contribute
to aHVP LO

µ as otherwise an internal cut through a single
photon line is possible. For this reason, we subtract the
separate quantum-averages of quark loops in diagram F.
In the current calculation, we neglect diagrams T, D1,
D2, and D3. This approximation is estimated to yield an
O(10%) correction for isospin splittings [21] for which the
neglected diagrams are both SU(3) and 1/Nc suppressed.
For the hadronic vacuum polarization the contribution of
neglected diagrams is still 1/Nc suppressed and we adopt
a corresponding 30% uncertainty.

In Fig. 3, we show the SIB diagrams. In the calcu-
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FIG. 3. Strong isospin-breaking correction diagrams. The
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CONCLUSION

We have presented both a complete first-principles cal-
culation of the leading-order hadronic vacuum polariza-
tion contribution to the muon anomalous magnetic mo-
ment from lattice QCD+QED at physical pion mass as
well as a combination with R-ratio data. For the former
we find aHVP LO

µ = 715.4(16.3)(9.2) ⇥ 10�10, where the
first error is statistical and the second is systematic. For
the latter we find aHVP LO

µ = 692.5(1.4)(0.5)(0.7)(2.1) ⇥
10�10 with lattice statistical, lattice systematic, R-ratio
statistical, and R-ratio systematic errors given sepa-
rately. This is the currently most precise determination
of aHVP LO

µ corresponding to a 3.7� tension

aEXP
µ � aSM

µ = 27.4(2.7)(2.6)(6.3) ⇥ 10�10 . (7)

The presented combination of lattice and R-ratio data
also serves to provide additional non-trivial cross-checks
between lattice and R-ratio data. The precision of this
computation will be improved in future work including
simulations at smaller lattice spacings and at larger vol-
umes.
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Pure lattice

R-ratio

R-ratio + Lattice

Caution: All R-ratio determinations use local �2 inflation for experimental tension between BaBar and KLOE
input data. Tension between those two data-sets corresponds to a global shift of approximately 10 ⇥ 10�10 or
about 3⇥ the current error. Combined LQCD+R-ratio reduces the dependence on this by 50%. g-2 Theory
Initiative provides the platform to resolve this.

Further Lattice QCD progress indispensable for robust errors also for
HVP!
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