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What do the next 10 years have in store?
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How do theorists keep up with precision 
of LHC experiments?
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• Examples of state-of-the-art 
methods and results

• Outlook

• Motivation



We are entering an era of precision LHC 
measurements
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New effort to produce theoretical predictions at the 
level of precision of upcoming data is needed.

MATCH - ETN

1. Excellence

1.1 Quality, innovative aspects and credibility of the research programme

1.1.1 Introduction, objectives and overview of the research programme.

The quest to understand the constituents and forces of Nature has led physicists to build the Standard Model of 
particle physics, now celebrating its jubilee.  It has a long record of success in quantitatively describing the visible 
world, from the shortest accessible distances to processes at astrophysical scales.  Most famously, this includes a 
prediction of the anomalous magnetic moment of the electron so precise that its measurement is now one way of 
defining the electromagnetic coupling α, a fundamental parameter of Nature.  Another famous result, which forms 
the cornerstone for modern collider physics, is the description of the strong nuclear binding forces using quantum 
chromodynamics  (QCD).  The discovery of  asymptotic  freedom has  shown that  these  complicated phenomena 
become simple, and weakly coupled, at the very high energies explored by modern particle accelerators.

The illumination offered by the Standard Model is nonetheless limited.  It does not incorporate gravity.  It does not 
teach us whether its three forces can be unified.  It is silent about dark matter, which comprises five times as much 
mass in the universe as visible matter.  It does not explain why visible matter dominates over antimatter, nor of 
observed neutrino  masses  or  mixings.   The puzzles  about  the  very  largest  scales  and the  composition  of  the 
universe, as well as the quest for further unification, have roots in new physics at the very smallest scales.  To probe 
these scales, we must seek experimental information from current and future particle colliders.

High-energy particle colliders have been extremely powerful and successful tools, furnishing copious data that 
have yielded discoveries of new particles and precision measurements of fundamental interaction parameters.  The 
energy  frontier  is  currently  at  the  CERN’s  Large  Hadron  Collider  (LHC),  which  today  hosts  the  dominant 
infrastructure in particle physics not only in Europe but worldwide.  The celebrated 2012 discovery of the Higgs 
boson was made there by the scientific teams of the two general-purpose detectors, ATLAS and CMS.  The LHC 
has just come to the end of its second run.  With the end of this run, the current era of broad searches is drawing to 
a close.  

A  new  era  of  precision 
measurements  is  dawning, 
with  the  start  of  Run  3  in 
2021.   Precision 
measurements  at  the  LHC 
will  require  precision 
theoretical predictions if  the 
scientific  community  is  to 
fully  exploit  the  machine’s 
potential, as well as the work 
of its thousands of experienced experimenters, early-stage researchers, and technicians.  Precision measurements of 
fundamental interaction parameters, manifested through
• the relative decay rates of the Higgs boson into different particle types;
• the mass of the top quark;
• the variation of the QCD interaction strength at different scales,
will offer us a guide to new physics that lies beyond the Standard Model.  Deviations from the latter will suggest 
resolutions to the puzzles about which the Model is silent; agreement will constrain possible resolutions.  A new 
effort to produce theoretical predictions at the level of precision needed for upcoming data is thus most 
timely.  This effort will also lay the groundwork for a theoretical program to accompany LHC experiments through 
its planned schedule over the next decade and a half.

The tools and methods for computing these predictions are expressed in the language of relativistic quantum field 
theory,  combining the postulates of  Einstein’s special  relativity with those of  quantum mechanics.   As in any 
quantum theory,  a  confrontation with  experimental  data  can only take place through experimentally-measured 
observable  quantities.   For  particle  collisions,  these  quantities  are  scattering  probabilities  or  differential  cross 
sections.  Computing these observables for a wide variety of measurable particle-production processes is the 
core scientific goal of this Innovative Training Network proposal.
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• Precision measurements of fundamental parameters of Nature

• Guide to new physics beyond Standard Model



Proton collisions and factorization
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Parton Distribution Functions

Cross-section of partons (e.g. quarks and gluons)

• computable in perturbation theory

• non-perturbative

• methods for scattering amplitudes

QCD factorisation
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i,j
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0
dx1 dx2 fi(x1) fj(x2) d�̂(i j ! X)
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Parton Distribution Functions
non-perturbative; 

describe structure of the proton

Partonic cross section
computable in perturbation theory 

as collisions between quarks and gluons

d�̂ ⇠
Z
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= scattering amplitude

• describe structure of proton



Scattering amplitudes
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Feynman diagrams

Cross sections related 
to square of amplitudes

• perturbative expansion 
~ number of loops

• each diagram translates 
into an analytic formula

Explosions of Complexity
✦While ultimately correct, the Feynman expansion 

renders all but the simplest predictions—
those involving the fewest particles, at the
lowest orders of perturbation—

computationally intractable 
or theoretically inscrutable

634 Scientific American, May 2012 Illustration by Kenn Brown and Chris Wren, Mondolithic Studios

QUA N T U M  P H YS I CS

LOOPS,
TREES 
AND THE 
SEARCH 
FOR NEW 
PHYSICS
Maybe unifying the forces of nature isn’t quite 
as hard as physicists thought it would be 

By Zvi Bern, Lance J. Dixon and David A. Kosower

© 2012 Scientific American[Bern, Dixon, Kosower, Scientific American (2012)]
38 Scientific American, May 2012

derground rider is usually better off taking a fairly simple route.
Two decades later physicists extended Feynman’s technique to 

the strong subnuclear force. By analogy with QED, the theory of 
the strong force is known as quantum chromodynamics (QCD). 
QCD is also governed by a coupling, but as the word “strong” sug-
gests, its value is higher than that of the electromagnetic cou-
pling. On the face of it, a larger coupling increases the number of 
complicated diagrams that theorists must include in their calcu-

lations—like an Underground rider who is willing to take very cir-
cuitous routes, making it hard to predict what he or she will do. 
Fortunately, at very short distances, including the distances rele-
vant for collisions at the LHC, the coupling diminishes in value 
and, for the very simplest collisions, theorists can again get away 
with considering only uncomplicated Feynman diagrams.

For messy collisions, though, the full complexity of the 
Feynman technique comes rushing in. Feynman diagrams are 

classified by the number of external lines and 
the number of closed loops they have [see box 
at left]. Loops represent one of the quintessen-
tial features of quantum theory: virtual parti-
cles. Though not directly observable, virtual 
particles have a measurable effect on the 
strength of forces. They obey all the usual laws 
of nature, such as the conservation of energy 
and of momentum, with one caveat: their 
mass can differ from that of the corresponding 
“real” (that is, directly observed) particles. 
Loops represent their ephemeral life cycle: 
they pop into existence, move a short distance, 
then vanish again. Their mass determines 
their life expectancy: the heavier they are, the 
shorter they live. 

The simplest Feynman diagrams ignore vir-
tual particles; they have no closed loops and are 
called tree diagrams. In quantum electrody-
namics, the simplest diagram of all shows two 
electrons repelling each other by exchanging a 
photon. Progressively more complicated dia-
grams add loops one by one. Physicists refer to 
this additive procedure as “perturbative,” mean-
ing that we start with some approximate esti-
mate (represented by the tree diagrams) and 
gradually perturb it by adding refinements (the 
loops). For instance, as the photon travels be-
tween the two electrons, it can spontaneously 
split into a virtual electron and virtual antielec-
tron, which live a short while before annihilat-
ing each other, producing a photon. The photon 
resumes the journey the original photon had 
been taking. In the next level of complexity, the 
electron and antielectron might themselves 
split temporarily. With increasing numbers of 
virtual particles, the diagrams describe quan-
tum effects with increasing precision.

Even tree diagrams can be challenging. In 
the case of QCD, if you were brave enough to 
consider a collision involving two incoming and 
eight outgoing gluons, you would need to write 
down 10 million tree diagrams and calculate a 
probability for each. An approach called recur-
sion, pioneered in the 1980s by Frits Berends of 
Leiden University in the Nether lands and Wal-
ter Giele, now at Fermilab, tamed the problem 
for tree diagrams but had no obvious extension 
to loops. Worse, closed loops make the workload 
overwhelming. Even a single loop causes an ex-
plosion in both the number of diagrams and the 

W H Y  F E Y N M A N  D I AG R A M S  D R I V E  P H Y S I C I S T S  M A D

Too Many to Keep Track Of 
Each Feynman diagram Çß̧ þ�lxä�D³��³îø�î�þx�ÿDā�î¸�þ�äøD§�ąx�̧ ³x�Ç¸ää�U§x�ÿDā�î�Dî�
ÇDßî�`§xä�­���î��³îxßD`îÍ�5�x�îß̧ øU§x��ä�î�Dî�î�xßx�Dßx�̀ ¸ø³î§xää�̧ î�xß�ÿDāäj�î¸ Í̧� 
A quark-quark interaction might produce more than one gluon or involve more than 
one virtual-particle loop, or both. The calculations quickly become unmanageable.

Zero loops One loop

One 
gluon

Two 
gluons

Three 
gluons

© 2012 Scientific AmericanScientific American (2012) 
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For Many QCD Processes, Next-to-Leading 
Order is Insufficient

E.g. strong coupling from 3-jet/2-jet ratio:
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(exp) (PDF) (theory)

Large theoretical uncertainty!

Next-to-Next-to-Leading Order (NNLO), i.e. 
two loop theory predictions needed.

[CMS Collaboration, Eur.Phys.J. C73 (2013) no.10, 2604]



Challenges for future perturbative calculations
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Dramatic recent progress, ‘NNLO revolution’

Most 2 to 2 standard model processes available

e.g. top pair, dijet, V+V’, production



Challenges for future perturbative calculations
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Bigger computers help, but novel ideas are better! 

Dramatic recent progress, ‘NNLO revolution’

(cf. Les Houches theory wishlist)

Challenges force us to understand better QFT!

Most 2 to 2 standard model processes available

e.g. top pair, dijet, V+V’, production

Many processes with 3 and more final states needed 



Hidden Structures in Quantum Field Theory 
The QCD Lagrangian is deceptively (?) simple:

johannes m. henn 12

Research interests
Hidden structures in gauge theory and applications to collider physics

Our current understanding of Nature is based on the Standard Model
of elementary particle physics. Its cornerstone is quantum chromody-
namics (QCD), the theory of strong interactions that hold atoms to-
gether. Mathematically, it is described by a Yang-Mills theory, which
is based on non-Abelian gauge invariance.

LQCD =Ȳ(igµDµ � m)Y � 1
4

Fµn Fµn .

The Lagrangian of QCD. Despite its
simplicity, it gives rise to complicated
phenomena. Its massless tree-level
scattering amplitudes have a hidden
Yangian symmetry. It is a generalization
of the hidden symmetry of the hydro-
gen atom, i.e. the conservation of the
Runge-Lenz vector. The same symmetry
is also present in certain integrable
systems in solid state physics.

It is therefore paramount to have a good understanding of gauge
theory. Recently it has become apparent that Yang-Mills theory has
hidden structures that had been overlooked for several decades. The
tip of the iceberg of these structures was the discovery of a new,
infinite-dimensional Yangian symmetry underlying scattering am-
plitudes.1 The latter has allowed numerous further developments. 1 J. M. Drummond, J. M. Henn, J. Plefka,

JHEP 0905 (2009) 046.Symmetry principles have always been very important in physics,
and the unexpected existence of this infinite-dimensional symmetry
underlying scattering amplitudes is a strong hint for further discover-
ies in this direction.

Scattering amplitudes are fundamental objects because they enter
theoretical predictions for collider experiments. For example, the
experimental data gathered at the Large Hadron Collider (LHC) in
Geneva, where particles are collided at high energies, allows to test
these theoretical predictions, measure particle properties to high
precision, and search for new physics beyond the standard model.

A simulated event at the LHC. Pertur-
bative QCD calculations are required
to disentangle new phenomena from
established physics.

An important concept in particle physics is supersymmetry, a sym-
metry between bosons and fermions. It is both an attractive mathe-
matical concept, as well as a concrete possibility for physics beyond
the standard model. For example, a possible theory for dark matter
relies on supersymmetry. On the mathematical side, the AdS/CFT
correspondence provides us with dual string theory descriptions for
four-dimensional supersymmetric gauge theories, suggesting that the
latter have even nicer properties than anticipated.

Studying Yang-Mills theories with varying amount of supersym-
metry allows one to understand better the structure of gauge theo-
ries. Perturbative calculations, e.g. for scattering amplitudes, require
similar methods, and often insights gleaned from the (easier) super-
symmetric case lead to applications in QCD as well. An example is
the analytic formula for massless tree-level scattering amplitudes
in QCD 2, which is being used in phenomenological predictions 2 L. J. Dixon, J. M. Henn, J. Plefka,

T. Schuster, JHEP 1101 (2011) 035.for cross-sections. This formula was obtained by first solving the
supersymmetric case 3, which in turn was facilitated by the afore- 3 J. D. Drummond, J. M. Henn,

JHEP 0904 (2009) 018 .

…yet, working out cross sections is very complicated

Final results are often simple: e.g. closed formulas for scattering 
of n gluons at tree level
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An important concept in particle physics is supersymmetry, a sym-
metry between bosons and fermions. It is both an attractive mathe-
matical concept, as well as a concrete possibility for physics beyond
the standard model. For example, a possible theory for dark matter
relies on supersymmetry. On the mathematical side, the AdS/CFT
correspondence provides us with dual string theory descriptions for
four-dimensional supersymmetric gauge theories, suggesting that the
latter have even nicer properties than anticipated.

Studying Yang-Mills theories with varying amount of supersym-
metry allows one to understand better the structure of gauge theo-
ries. Perturbative calculations, e.g. for scattering amplitudes, require
similar methods, and often insights gleaned from the (easier) super-
symmetric case lead to applications in QCD as well. An example is
the analytic formula for massless tree-level scattering amplitudes
in QCD 2, which is being used in phenomenological predictions 2 L. J. Dixon, J. M. Henn, J. Plefka,

T. Schuster, JHEP 1101 (2011) 035.for cross-sections. This formula was obtained by first solving the
supersymmetric case 3, which in turn was facilitated by the afore- 3 J. D. Drummond, J. M. Henn,
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Symmetry explains simplicity:

…yet, working out cross sections is very complicated

Final results are often simple: e.g. closed formulas for scattering 
of n gluons at tree level

• Yang-Mills theory has hidden 
Laplace-Runge-Lenz symmetry!

• The same symmetry is responsible for stability of planetary 
orbits, and simplicity of spectrum of hydrogen!



Ideal laboratory: ‘N=4 super Yang-Mills is  
the Hydrogen atom of QFT’

Many new methods that inspired QCD advances

N=4 SYM

QCD

[picture from Lance Dixon, talk at EPS HEP11]



Ideal laboratory: ‘N=4 super Yang-Mills is  
the Hydrogen atom of QFT’

Many new methods that inspired QCD advances

N=4 SYM

QCD

[picture from Lance Dixon, talk at EPS HEP11]

generalized 

unitarity

on-shell recursion relations

Symbol and coproduct

Canonical 

differential equations

BCJ relations

Scattering equations

Amplituhedron

Structure of infrared divergences
Leading singularities

Twistor space



Numerical vs analytical methods

Numerical

 14

Analytical

+Very versatile, applies to 
large classes of integrals

- Slow, large computing 
resources required

- Cancellations only 
numerically

- Each Feynman integral is 
different, might need new 
methods

+Exact calculations, 
analytic limits

+Fast evaluation



Example: Two-loop calculation of HH 
production with full top quark dependence
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Feynman integrals 
evaluated numerically 
with SecDec

g

g

t

H

H

graphics by S.Jones

[SecDec: Borowka, Heinrich, Kerner, Schlenk, Zirke ’15; +Jahn ’17,’19]



Invariant mass of Higgs boson pair
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Heavy top approximation is not good                  
beyond top quark pair production threshold
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New: full 
NLO result

[Borowka, Greiner, 
Heinrich, Jones, Kerner, 
Schlenk, Schuber, Zirke ’16]

40 - 50% 
difference



Challenges for multi-particle calculations

• many different scales

 17

Algebraic complexity

• huge algebraic expressions O(GigaByte), very hard 
to handle for computer algebra

Complexity of special functions

• complicated special functions of many variables
• multi-dimensional Feynman integrals



Challenges for multi-particle calculations

• many different scales
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Algebraic complexity

• huge algebraic expressions O(GigaByte), very hard 
to handle for computer algebra

Complexity of special functions

• Multi varied functions of many variables

Finite field and rational reconstruction techniques

Better understanding of how to perform integration.
Special functions from canonical differential equations.

[Schabinger, von Manteuffel ’15; Peraro ’16,’19]

[Henn, 2013]

• multi-dimensional Feynman integrals



Special functions appearing in Feynman integrals
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One-loop example: Higgs through gluon fusion

s = (p1 + p2)
2

Z
d4k

i⇡2

1

(m2
t � k2)(m2

t � (k + p1)2)(m2
t � (k � p2)2)

=

= � 1

2s
log2

 p
1� 4m2

t/s� 1p
1� 4m2

t/s+ 1

!

Multivalued function; two-particle threshold

More generally: Laurant series in D=4-2 ✏
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Special functions appearing in Feynman integrals
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One loop: logarithms and dilogarithm sufficient

log z =

Z z

1

dt

t
Li2(z) = �

Z z

0

dt

t
log(1� t)

<latexit sha1_base64="MwqJU6gW4xyt97aLWmsOImvSgrM="></latexit><latexit sha1_base64="MwqJU6gW4xyt97aLWmsOImvSgrM="></latexit><latexit sha1_base64="MwqJU6gW4xyt97aLWmsOImvSgrM="></latexit><latexit sha1_base64="MwqJU6gW4xyt97aLWmsOImvSgrM="></latexit>

Natural generalization: ‘Hyperlogarithms’ cover large 
classes of multi-loop Feynman integrals

At two loops, also new functions related 
to elliptic integrals

K(z) =

Z 1

0

dtp
(1� t2)(1� zt2)
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Ga1,...an(z) =

Z z

0

dt

t� a1
Ga2,...,an(t)

Multiple elliptic polylogarithms



Canonical differential equation method
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Feynman integrals satisfy n-th order partial 
differential equations (DE)

Special functions defined 
from ‘canonical’ DE

Equivalently, system of 1st order DE

Idea: (rational) loop integrand contains key information 
on special functions appearing after integration

Typically 
complicated

Very simple



Integrals involving multiple elliptic polylogarithms
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[Bloch, Vanhove; Duhr et al; Adams, Bogner, Chaubey, Schweitzer,  Weinzierl; Brödel, 
Duhr, Dulat, Marzucca, Tancredi, Penante; Hiddings, Maestri, Moriello … 
(2013-2019)]

Lots of progress, yet a lot still to be done!

Top quark pair production

Higgs plus jet production, finite top quark mass

Appear e.g. in the following processes

Energy-energy correlators at NNLO

…

Typical for mixed QCD-electroweak corrections



Example: Five-particle processes

Major challenge:                
virtual two-loop amplitudes

• Determination of strong 
coupling constant

• tests of Standard Model

• search for new physics

 23

↵s
<latexit sha1_base64="6jkfvouFL6AUDpAxUUgpxOR17Rs=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPbUCbbTbt0swm7G6GE/gsvHhTx6r/x5r9x0+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVlLVoLGLVDVAzwSVrGW4E6yaKYRQI1gkmt7nfeWJK81g+mGnC/AhHkoecorHSYx9FMsZBpmeDas2tu3OQVeIVpAYFmoPqV38Y0zRi0lCBWvc8NzF+hspwKtis0k81S5BOcMR6lkqMmPaz+cUzcmaVIQljZUsaMld/T2QYaT2NAtsZoRnrZS8X//N6qQmv/YzLJDVM0sWiMBXExCR/nwy5YtSIqSVIFbe3EjpGhdTYkCo2BG/55VXSvqh7bt27v6w1boo4ynACp3AOHlxBA+6gCS2gIOEZXuHN0c6L8+58LFpLTjFzDH/gfP4A4aiRCg==</latexit><latexit sha1_base64="6jkfvouFL6AUDpAxUUgpxOR17Rs=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPbUCbbTbt0swm7G6GE/gsvHhTx6r/x5r9x0+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVlLVoLGLVDVAzwSVrGW4E6yaKYRQI1gkmt7nfeWJK81g+mGnC/AhHkoecorHSYx9FMsZBpmeDas2tu3OQVeIVpAYFmoPqV38Y0zRi0lCBWvc8NzF+hspwKtis0k81S5BOcMR6lkqMmPaz+cUzcmaVIQljZUsaMld/T2QYaT2NAtsZoRnrZS8X//N6qQmv/YzLJDVM0sWiMBXExCR/nwy5YtSIqSVIFbe3EjpGhdTYkCo2BG/55VXSvqh7bt27v6w1boo4ynACp3AOHlxBA+6gCS2gIOEZXuHN0c6L8+58LFpLTjFzDH/gfP4A4aiRCg==</latexit><latexit sha1_base64="6jkfvouFL6AUDpAxUUgpxOR17Rs=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPbUCbbTbt0swm7G6GE/gsvHhTx6r/x5r9x0+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVlLVoLGLVDVAzwSVrGW4E6yaKYRQI1gkmt7nfeWJK81g+mGnC/AhHkoecorHSYx9FMsZBpmeDas2tu3OQVeIVpAYFmoPqV38Y0zRi0lCBWvc8NzF+hspwKtis0k81S5BOcMR6lkqMmPaz+cUzcmaVIQljZUsaMld/T2QYaT2NAtsZoRnrZS8X//N6qQmv/YzLJDVM0sWiMBXExCR/nwy5YtSIqSVIFbe3EjpGhdTYkCo2BG/55VXSvqh7bt27v6w1boo4ynACp3AOHlxBA+6gCS2gIOEZXuHN0c6L8+58LFpLTjFzDH/gfP4A4aiRCg==</latexit><latexit sha1_base64="6jkfvouFL6AUDpAxUUgpxOR17Rs=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPbUCbbTbt0swm7G6GE/gsvHhTx6r/x5r9x0+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVlLVoLGLVDVAzwSVrGW4E6yaKYRQI1gkmt7nfeWJK81g+mGnC/AhHkoecorHSYx9FMsZBpmeDas2tu3OQVeIVpAYFmoPqV38Y0zRi0lCBWvc8NzF+hspwKtis0k81S5BOcMR6lkqMmPaz+cUzcmaVIQljZUsaMld/T2QYaT2NAtsZoRnrZS8X//N6qQmv/YzLJDVM0sWiMBXExCR/nwy5YtSIqSVIFbe3EjpGhdTYkCo2BG/55VXSvqh7bt27v6w1boo4ynACp3AOHlxBA+6gCS2gIOEZXuHN0c6L8+58LFpLTjFzDH/gfP4A4aiRCg==</latexit>

Multi-jet processes important for phenomenology             



Dramatic recent progress in two-loop 
five-particle amplitudes 

• All QCD amplitudes known analytically in the planar limit    
[Badger, Brønnum-Hansen, Hartanto, Peraro ’18;  Abreu, Dormans, Febres Cordero, Ita, 
Page ’18; Abreu, Dormans, Febres Cordero, Ita, Page, Sotnikov ’19]

• Full-color amplitude for special helicity configuration                    
[Badger, Chicherin, Gehrmann, Heinrich, Henn, Peraro, Wasser, Zhang, Zoia ’19]
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• Fist results for W+2 jets two-loop amplitude                    
[Badger, Brønnum-Hansen, Hartanto, Peraro, ’19]

 We know all integrals needed for 5-parton scattering!                      

Two-loop results for 2 to 3 scattering within reach

[Gehrmann, Henn, Lo Presti (2015); Papadoloulos, Tommasini, Wever (2016), Gehrmann, 
Henn, Wasser, Zhang, Zoia (2018)]

Giulia Zanderighi — EPS, July 2019 15

Five-particle 2-loop amplitudes

⇒ see talk by D. Chicherin



Conclusion
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• We are entering an era of precision physics, 
thanks to future LHC data

• Challenges for theorists: both conceptual and 
practical advances needed

• Opportunity to understand better 
quantum field theory


