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Standard methods 
• better precision for hadronic matrix elements 

- improved lattices 
- no EFT matching 
- isospin and QED corrections 

• extended q2 range 

New methods 
• multiple hadrons in initial and/or final state 

• inclusive decays

How can lattice QCD help reduce theory uncertainty?
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Standard methods

Continued improvement of “gold plated” quantities: 
          At most one hadron in initial and final state. 
          All hadrons are stable in QCD. 
          Factorizable non-QCD contributions.

Gold plated quantities include:

More mature calculations with better understood systematics — 
we know what to do to reduce errors, the standard methods …

[not

hB̄|Qi|Bi / f2
BB

(i)
B

<latexit sha1_base64="36KOOIOtbYa/Sm+HX/Q4NspRztg=">AAACIXicbVDLSsNAFJ3UV62vqEs3g0Wom5JUwS5L3LhswT6giWEynbRDJ5MwMxFK7K+48VfcuFCkO/FnnLZZaOuBuRzOuZc79wQJo1JZ1pdR2Njc2t4p7pb29g8Oj8zjk46MU4FJG8csFr0AScIoJ21FFSO9RBAUBYx0g/Ht3O8+EiFpzO/VJCFehIachhQjpSXfrLsM8SEj0A2QgA58gi2f6upAV+RGIuJExTD0nYcadHTNKvRy6ptlq2otANeJnZMyyNH0zZk7iHEaEa4wQ1L2bStRXoaEopiRaclNJUkQHqMh6WvKUUSkly0unMILrQxgGAv9uIIL9fdEhiIpJ1GgOyOkRnLVm4v/ef1UhXUvozxJFeF4uShMGdQHz+OCAyoIVmyiCcKC6r9CPEICYaVDLekQ7NWT10mnVrWvqrXWdbnh5HEUwRk4BxVggxvQAHegCdoAg2fwCt7Bh/FivBmfxmzZWjDymVPwB8b3D9WeoXM=</latexit>

h0|J5
µ|Bi / fB

<latexit sha1_base64="15d4Zc7yQ/z3awSc/4OhyWLDSkM=">AAACFHicbVDLSgMxFM34rPU16tJNsAiCUGaqostSN+Kqgn1AZxwyaaYNzSRDkhHK2I9w46+4caGIWxfu/BvTdhbaeiBwOOdebs4JE0aVdpxva2FxaXlltbBWXN/Y3Nq2d3abSqQSkwYWTMh2iBRhlJOGppqRdiIJikNGWuHgcuy37olUVPBbPUyIH6MepxHFSBspsI89hniPEejAB3gdeHF6d2ZYDXpyqnuJFIkWMApqgV1yys4EcJ64OSmBHPXA/vK6Aqcx4RozpFTHdRLtZ0hqihkZFb1UkQThAeqRjqEcxUT52STUCB4apQsjIc3jGk7U3xsZipUaxqGZjJHuq1lvLP7ndVIdXfgZ5UmqCcfTQ1HKoAk5bgh2qSRYs6EhCEtq/gpxH0mEtemxaEpwZyPPk2al7J6UKzenpWotr6MA9sEBOAIuOAdVcAXqoAEweATP4BW8WU/Wi/VufUxHF6x8Zw/8gfX5A//BnOw=</latexit>

h⇡(p0)|Vµ|B(p)i = fB⇡
+ (q2)(· · · )µ + fB⇡

0 (q2)(· · · )µ
<latexit sha1_base64="iYjuTcLRIfncTvth67QQ3QClmuA="></latexit>

B ! K⇤(! K⇡)`¯̀
<latexit sha1_base64="10w/WAHYzgGJSPO7x+XvxGbnLZo=">AAACC3icbVDNS8MwHE3n15xfVY9ewoYwPYx2Cnoc8yJ4meA+YK0jzdItLE1Lkgqj7O7Ff8WLB0W8+g94878x7XrQzQchj/d+P5L3vIhRqSzr2yisrK6tbxQ3S1vbO7t75v5BR4axwKSNQxaKnockYZSTtqKKkV4kCAo8Rrre5Cr1uw9ESBryOzWNiBugEac+xUhpaWCWm9BRIby5P4XVjDgRPYEOYczxkEhvODArVs3KAJeJnZMKyNEamF/OMMRxQLjCDEnZt61IuQkSimJGZiUnliRCeIJGpK8pRwGRbpJlmcFjrQyhHwp9uIKZ+nsjQYGU08DTkwFSY7nopeJ/Xj9W/qWbUB7FinA8f8iPGdSh02LgkAqCFZtqgrCg+q8Qj5FAWOn6SroEezHyMunUa/ZZrX57Xmk08zqK4AiUQRXY4AI0wDVogTbA4BE8g1fwZjwZL8a78TEfLRj5ziH4A+PzB6GGmOo=</latexit>

B ! K`¯̀
<latexit sha1_base64="lUhe3zcJN8Wsq3MINOdOIGh0XbQ=">AAAB/nicbVDLSsNAFL3xWesrKq7cDBbBVUmqoMtSN4KbCvYBTSiT6aQdOpmEmYlQQsFfceNCEbd+hzv/xkmbhbYeGOZwzr3ce0+QcKa043xbK6tr6xubpa3y9s7u3r59cNhWcSoJbZGYx7IbYEU5E7Slmea0m0iKo4DTTjC+yf3OI5WKxeJBTxLqR3goWMgI1kbq28cN5OkY3SGPcu4FWOY/6tsVp+rMgJaJW5AKFGj27S9vEJM0okITjpXquU6i/QxLzQin07KXKppgMsZD2jNU4IgqP5utP0VnRhmgMJbmCY1m6u+ODEdKTaLAVEZYj9Sil4v/eb1Uh9d+xkSSairIfFCYcmQOzrNAAyYp0XxiCCaSmV0RGWGJiTaJlU0I7uLJy6Rdq7oX1dr9ZaXeKOIowQmcwjm4cAV1uIUmtIBABs/wCm/Wk/VivVsf89IVq+g5gj+wPn8Ag8qUkA==</latexit>, near resonances, …]
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Standard methods:  better precision for hadronic matrix elements

Improved lattices 

• Larger volumes and finer lattices 
MILC, Phys. Rev. D87 (2013) 054505 
+ continued additions from (MILC, CalLAT, …)

�FV(L) ⇠ e�M⇡L
<latexit sha1_base64="re3NIbXkggCqTyIuiDby7foNNMQ=">AAACDXicbVDLSgNBEJyNrxhfUY9eBqMQD4bdKJhjQBAPESKYB2TjMjvpJENmdpeZWSEs+QEv/ooXD4p49e7Nv3HyOGhiQUNR1U13lx9xprRtf1uppeWV1bX0emZjc2t7J7u7V1dhLCnUaMhD2fSJAs4CqGmmOTQjCUT4HBr+4HLsNx5AKhYGd3oYQVuQXsC6jBJtJC975HaAa+IlrhT4qj7KV06wq5jAcJ+c3nhuxHBl5GVzdsGeAC8SZ0ZyaIaql/1yOyGNBQSacqJUy7Ej3U6I1IxyGGXcWEFE6ID0oGVoQASodjL5ZoSPjdLB3VCaCjSeqL8nEiKUGgrfdAqi+2reG4v/ea1Yd0vthAVRrCGg00XdmGMd4nE0uMMkUM2HhhAqmbkV0z6RhGoTYMaE4My/vEjqxYJzVijenufKpVkcaXSADlEeOegCldE1qqIaougRPaNX9GY9WS/Wu/UxbU1Zs5l99AfW5w9rqJp4</latexit>

SWilson(a) = SQCD +O(a2)
<latexit sha1_base64="fxYRvthBTjgwRNsv6Vo/7fLgF6g=">AAACG3icbVDLSsNAFJ3UV62vqEs3g0VoEUpSBbsRCnXhzhbtA9oYJtNpO3QyCTMToYT+hxt/xY0LRVwJLvwbJ20W2nrgwuGce7n3Hi9kVCrL+jYyK6tr6xvZzdzW9s7unrl/0JJBJDBp4oAFouMhSRjlpKmoYqQTCoJ8j5G2N64lfvuBCEkDfqcmIXF8NOR0QDFSWnLN8q0b94QP25TJgE8LqAgvYao1aldTeAp7PlIjjFh8o+37ctE181bJmgEuEzsleZCi7pqfvX6AI59whRmSsmtboXJiJBTFjExzvUiSEOExGpKuphz5RDrx7LcpPNFKHw4CoYsrOFN/T8TIl3Lie7ozuVMueon4n9eN1KDixJSHkSIczxcNIgZVAJOgYJ8KghWbaIKwoPpWiEdIIKx0nDkdgr348jJplUv2WancOM9XK2kcWXAEjkEB2OACVME1qIMmwOARPINX8GY8GS/Gu/Exb80Y6cwh+APj6we9nZ9Q</latexit>

a:  0.03, 0.045, 0.06, 0.09, 0.12, 0.15 fm
L up to ~ 6 fm

- Improved HISQ action for sea quarks

- hitting a wall at 0.03 fm “critical slowing down”
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Standard methods:  better precision for hadronic matrix elements

Improved lattices 

• Larger volumes and finer lattices 

�FV(L) ⇠ e�M⇡L
<latexit sha1_base64="re3NIbXkggCqTyIuiDby7foNNMQ=">AAACDXicbVDLSgNBEJyNrxhfUY9eBqMQD4bdKJhjQBAPESKYB2TjMjvpJENmdpeZWSEs+QEv/ooXD4p49e7Nv3HyOGhiQUNR1U13lx9xprRtf1uppeWV1bX0emZjc2t7J7u7V1dhLCnUaMhD2fSJAs4CqGmmOTQjCUT4HBr+4HLsNx5AKhYGd3oYQVuQXsC6jBJtJC975HaAa+IlrhT4qj7KV06wq5jAcJ+c3nhuxHBl5GVzdsGeAC8SZ0ZyaIaql/1yOyGNBQSacqJUy7Ej3U6I1IxyGGXcWEFE6ID0oGVoQASodjL5ZoSPjdLB3VCaCjSeqL8nEiKUGgrfdAqi+2reG4v/ea1Yd0vthAVRrCGg00XdmGMd4nE0uMMkUM2HhhAqmbkV0z6RhGoTYMaE4My/vEjqxYJzVijenufKpVkcaXSADlEeOegCldE1qqIaougRPaNX9GY9WS/Wu/UxbU1Zs5l99AfW5w9rqJp4</latexit>

SWilson(a) = SQCD +O(a2)
<latexit sha1_base64="fxYRvthBTjgwRNsv6Vo/7fLgF6g=">AAACG3icbVDLSsNAFJ3UV62vqEs3g0VoEUpSBbsRCnXhzhbtA9oYJtNpO3QyCTMToYT+hxt/xY0LRVwJLvwbJ20W2nrgwuGce7n3Hi9kVCrL+jYyK6tr6xvZzdzW9s7unrl/0JJBJDBp4oAFouMhSRjlpKmoYqQTCoJ8j5G2N64lfvuBCEkDfqcmIXF8NOR0QDFSWnLN8q0b94QP25TJgE8LqAgvYao1aldTeAp7PlIjjFh8o+37ctE181bJmgEuEzsleZCi7pqfvX6AI59whRmSsmtboXJiJBTFjExzvUiSEOExGpKuphz5RDrx7LcpPNFKHw4CoYsrOFN/T8TIl3Lie7ozuVMueon4n9eN1KDixJSHkSIczxcNIgZVAJOgYJ8KghWbaIKwoPpWiEdIIKx0nDkdgr348jJplUv2WancOM9XK2kcWXAEjkEB2OACVME1qIMmwOARPINX8GY8GS/Gu/Exb80Y6cwh+APj6we9nZ9Q</latexit>

- hitting a wall at 0.03 fm “critical slowing down” 

- interesting possible way forward via “master field” simulations:
Luscher 1707.09758
..

Giusti, Luscher 1812.02062 
..

Francis, Fritzsch, Luscher, Rago 1911.04533 
..

QCD mass gap means distant regions weakly correlated. 

Instead of many lattices, one very large lattice with many measurements 
from distant regions.

not standard

MILC, Phys. Rev. D87 (2013) 054505 
+ continued additions from (MILC, CalLAT, …)

a:  0.03, 0.045, 0.06, 0.09, 0.12, 0.15 fm
L up to ~ 6 fm

- Improved HISQ action for sea quarks
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Standard methods:  better precision for hadronic matrix elements

Improved lattices 

• Vacuum polarisation effects u/d, s, c:  

• Large statistics

allows for better characterisation of systematic effects

Typically N ~ O(10,000)

h0|X|0i =

Z
dG X[G, . . . ] e�S[G,... ] =

1

N

NX

n=1

X[Gn, . . . ] +O

✓
1

p
N

◆

<latexit sha1_base64="AVrCwzen34GIiiqDRQjxjkccpiw="></latexit>

nf = 2 + 1 + 1
<latexit sha1_base64="LSEXc2nB7IOLNbxvCnyp7+2tkTc=">AAAB+HicbVBNS8NAEJ34WetHox69LBZBEEpSBXsRCl48VrAf0Iaw2W7apZtN2N0INfSXePGgiFd/ijf/jZs2B219MPB4b4aZeUHCmdKO822trW9sbm2Xdsq7e/sHFfvwqKPiVBLaJjGPZS/AinImaFszzWkvkRRHAafdYHKb+91HKhWLxYOeJtSL8EiwkBGsjeTbFeGH6AbV0QVy8/LtqlNz5kCrxC1IFQq0fPtrMIxJGlGhCcdK9V0n0V6GpWaE01l5kCqaYDLBI9o3VOCIKi+bHz5DZ0YZojCWpoRGc/X3RIYjpaZRYDojrMdq2cvF/7x+qsOGlzGRpJoKslgUphzpGOUpoCGTlGg+NQQTycytiIyxxESbrMomBHf55VXSqdfcy1r9/qrabBRxlOAETuEcXLiGJtxBC9pAIIVneIU368l6sd6tj0XrmlXMHMMfWJ8/eYaQVQ==</latexit>
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Standard methods:  better precision for hadronic matrix elements

Improved lattices 

• Physical (and/or a range of) light 
quark masses

Eliminate (or anchor) chiral extrapolation

Comes with costs:   

- expensive 

- harder to isolate ground state 

- enhanced finite volume effects

nf = 2 + 1 + 1
<latexit sha1_base64="LSEXc2nB7IOLNbxvCnyp7+2tkTc=">AAAB+HicbVBNS8NAEJ34WetHox69LBZBEEpSBXsRCl48VrAf0Iaw2W7apZtN2N0INfSXePGgiFd/ijf/jZs2B219MPB4b4aZeUHCmdKO822trW9sbm2Xdsq7e/sHFfvwqKPiVBLaJjGPZS/AinImaFszzWkvkRRHAafdYHKb+91HKhWLxYOeJtSL8EiwkBGsjeTbFeGH6AbV0QVy8/LtqlNz5kCrxC1IFQq0fPtrMIxJGlGhCcdK9V0n0V6GpWaE01l5kCqaYDLBI9o3VOCIKi+bHz5DZ0YZojCWpoRGc/X3RIYjpaZRYDojrMdq2cvF/7x+qsOGlzGRpJoKslgUphzpGOUpoCGTlGg+NQQTycytiIyxxESbrMomBHf55VXSqdfcy1r9/qrabBRxlOAETuEcXLiGJtxBC9pAIIVneIU368l6sd6tj0XrmlXMHMMfWJ8/eYaQVQ==</latexit>

HISQ lattices

MILC, Phys. Rev. D98 (2018) 074512
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Standard methods:  better precision for hadronic matrix elements

Improved lattices

Dowdall et al (HPQCD), PRD100 (2019) 094508

•                     with NRQCD b quark 

•     used NRQCD b quark and          
nf = 2 + 1 + 1 HISQ lattices 

•     used FNAL (HQET) b quark and 
nf = 2 + 1 asqtad lattices 

• NRQCD  FNAL (HQET), so this is 
a bit naive, but an obvious 
difference is the use of improved 
lattices in

≠

B(s) � B̄(s)
<latexit sha1_base64="SFMfLAfWh1S5M3YAtv27E8mL2zo=">AAAB/3icbVDLSgMxFL1TX7W+RgU3boJFqAvLTBXssujGZQX7gHYYMmnahmYyQ5IRytiFv+LGhSJu/Q13/o1pOwttPXDh5Jx7yb0niDlT2nG+rdzK6tr6Rn6zsLW9s7tn7x80VZRIQhsk4pFsB1hRzgRtaKY5bceS4jDgtBWMbqZ+64FKxSJxr8cx9UI8EKzPCNZG8u2jaz8tqbMJOkfdAEuUPX276JSdGdAycTNShAx13/7q9iKShFRowrFSHdeJtZdiqRnhdFLoJorGmIzwgHYMFTikyktn+0/QqVF6qB9JU0Kjmfp7IsWhUuMwMJ0h1kO16E3F/7xOovtVL2UiTjQVZP5RP+FIR2gaBuoxSYnmY0MwkczsisgQS0y0iaxgQnAXT14mzUrZvShX7i6LtWoWRx6O4QRK4MIV1OAW6tAAAo/wDK/wZj1ZL9a79TFvzVnZzCH8gfX5A1YOlFk=</latexit>
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Standard methods:  better precision for hadronic matrix elements

• amc and amb discretization effects too large for pre ~2007 
fermion actions 

• EFT approaches were developed 
NRQCD (HPQCD)
HQET (FNAL, RBC-UKQCD)

Lepage et al, PRD46 (1992) 4052

No EFT matching

CMB et al, PRD90 (2014) 054506

•                      with NRQCD b quarkBs ! K`⌫
<latexit sha1_base64="jSnulLkcT9VB/V/skqR8RFQD26Q=">AAAB+3icbVBNS8NAEN34WetXrEcvi0XwVJIq6EmKXgQvFewHNCFstpN26WYTdjdiCf0rXjwo4tU/4s1/47bNQVsfDDzem2FmXphyprTjfFsrq2vrG5ulrfL2zu7evn1QaaskkxRaNOGJ7IZEAWcCWpppDt1UAolDDp1wdDP1O48gFUvEgx6n4MdkIFjEKNFGCuzKdaCwpxN8hz3gHHsiC+yqU3NmwMvELUgVFWgG9pfXT2gWg9CUE6V6rpNqPydSM8phUvYyBSmhIzKAnqGCxKD8fHb7BJ8YpY+jRJoSGs/U3xM5iZUax6HpjIkeqkVvKv7n9TIdXfo5E2mmQdD5oijj2Pw6DQL3mQSq+dgQQiUzt2I6JJJQbeIqmxDcxZeXSbtec89q9fvzauOqiKOEjtAxOkUuukANdIuaqIUoekLP6BW9WRPrxXq3PuatK1Yxc4j+wPr8AVcMk1U=</latexit>

• matching is dominant error in simulation 
region

• lattice simulation: 17 GeV2 . q2 . 24 GeV2
<latexit sha1_base64="Rb3kwN5bBr1mWJlPCO/eq/sbNDw=">AAACHXicbVDLSgMxFM34rPU16tJNsAiuykwttMuCC11WsA/o1JJJb9vQZGZMMkIZ6oe48VfcuFDEhRvxb0zbWfThgcDJOeeS3ONHnCntOL/W2vrG5tZ2Zie7u7d/cGgfHddVGEsKNRryUDZ9ooCzAGqaaQ7NSAIRPoeGP7ya+I1HkIqFwZ0eRdAWpB+wHqNEG6ljF93SU+JJga+hPr4vYI+DUooJ/DB/KRQXQh075+SdKfAqcVOSQymqHfvb64Y0FhBoyolSLdeJdDshUjPKYZz1YgURoUPSh5ahARGg2sl0uzE+N0oX90JpTqDxVJ2fSIhQaiR8kxRED9SyNxH/81qx7pXbCQuiWENAZw/1Yo51iCdV4S6TQDUfGUKoZOavmA6IJFSbQrOmBHd55VVSL+Tdy3zhtpirlNM6MugUnaEL5KISqqAbVEU1RNEzekXv6MN6sd6sT+trFl2z0pkTtADr5w8KI6Ca</latexit>

El-Khadra et al, PRD55 (1997) 3933; Christ et al, PRD76 (2007) 074505
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Standard methods:  better precision for hadronic matrix elements

• amc and amb discretization effects too large for pre ~2007 
fermion actions 

• EFT approaches were developed 

• HISQ (highly improved staggered quark) action 

NRQCD (HPQCD)
HQET (FNAL, RBC-UKQCD)

Lepage et al, PRD46 (1992) 4052

El-Khadra et al, PRD55 (1997) 3933; Christ et al, PRD76 (2007) 074505

No EFT matching

Follana et al, PRD75 (2007) 054502

- reduces am effects sufficiently to allow use to amb ~ 0.8 

- fully relativistic so no EFT used and no matching 

- mild extrapolation in mh based on HQET and guided by range mc . mh . mb
<latexit sha1_base64="+iC45jSgtcVQj9SNUrCuUQC6olw=">AAACBnicbVDLSgMxFM34rPU16lKEYBFclZkq2GXBjcsK9gHtMGTS2zY0yQxJRihDV278FTcuFHHrN7jzb0zbWdTWAxdOzrmX3HuihDNtPO/HWVvf2NzaLuwUd/f2Dw7do+OmjlNFoUFjHqt2RDRwJqFhmOHQThQQEXFoRaPbqd96BKVZLB/MOIFAkIFkfUaJsVLonomQ4i4HrTUTWITDxUcUuiWv7M2AV4mfkxLKUQ/d724vpqkAaSgnWnd8LzFBRpRhlMOk2E01JISOyAA6lkoiQAfZ7IwJvrBKD/djZUsaPFMXJzIitB6LyHYKYoZ62ZuK/3md1PSrQcZkkhqQdP5RP+XYxHiaCe4xBdTwsSWEKmZ3xXRIFKHGJle0IfjLJ6+SZqXsX5Ur99elWjWPo4BO0Tm6RD66QTV0h+qogSh6Qi/oDb07z86r8+F8zlvXnHzmBP2B8/ULpGKYkA==</latexit>
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Standard methods:  better precision for hadronic matrix elements

No EFT matching

McLean et al (HPQCD), 1906.00701

•                      with HISQ b quark 

• Mild HQET extrapolation to mb 

• Consistent with NRQCD b quark result, 
but with improved precision

Bs ! Ds`⌫
<latexit sha1_base64="NAnd+wdaNueJfof0ArAFIoD6UmE=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFclaQKdlnUhcsK9gFNKZPpTTt0MgkzEyGE+ituXCji1g9x5984abPQ1gPDHM65l3vv8WPOlHacb2ttfWNza7u0U97d2z84tI+OOypKJIU2jXgkez5RwJmAtmaaQy+WQEKfQ9ef3uR+9xGkYpF40GkMg5CMBQsYJdpIQ7tyPVTY0xG+zX/g3BPJ0K46NWcOvErcglRRgdbQ/vJGEU1CEJpyolTfdWI9yIjUjHKYlb1EQUzolIyhb6ggIahBNl9+hs+MMsJBJM0TGs/V3x0ZCZVKQ99UhkRP1LKXi/95/UQHjUHGRJxoEHQxKEg4NsfmSeARk0A1Tw0hVDKzK6YTIgnVJq+yCcFdPnmVdOo196JWv7+sNhtFHCV0gk7ROXLRFWqiO9RCbURRip7RK3qznqwX6936WJSuWUVPBf2B9fkDhQyUBA==</latexit>



•                      with HISQ b quark 

• Mild HQET extrapolation to mb 

• Consistent with NRQCD b quark result, 
but with improved precision 

• No EFT matching error for b quark - 
dominant error is statistics

Bs ! Ds`⌫
<latexit sha1_base64="NAnd+wdaNueJfof0ArAFIoD6UmE=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFclaQKdlnUhcsK9gFNKZPpTTt0MgkzEyGE+ituXCji1g9x5984abPQ1gPDHM65l3vv8WPOlHacb2ttfWNza7u0U97d2z84tI+OOypKJIU2jXgkez5RwJmAtmaaQy+WQEKfQ9ef3uR+9xGkYpF40GkMg5CMBQsYJdpIQ7tyPVTY0xG+zX/g3BPJ0K46NWcOvErcglRRgdbQ/vJGEU1CEJpyolTfdWI9yIjUjHKYlb1EQUzolIyhb6ggIahBNl9+hs+MMsJBJM0TGs/V3x0ZCZVKQ99UhkRP1LKXi/95/UQHjUHGRJxoEHQxKEg4NsfmSeARk0A1Tw0hVDKzK6YTIgnVJq+yCcFdPnmVdOo196JWv7+sNhtFHCV0gk7ROXLRFWqiO9RCbURRip7RK3qznqwX6936WJSuWUVPBf2B9fkDhQyUBA==</latexit>
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Standard methods:  better precision for hadronic matrix elements

No EFT matching

McLean et al (HPQCD), 1906.00701



• HPQCD has calculated several B(c,s) semileptonic decays with HISQ b quarks:

14

Standard methods:  better precision for hadronic matrix elements

No EFT matching

Bc ! B(s)`⌫
<latexit sha1_base64="b+3vPHAwbyxDyzSms99c4u5bXaE=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWAR6qYkVbDLUjcuK9gHNCFMprft0MkkzEyEErrxV9y4UMStn+HOv3HaZqGtBwYO59zLnXPChDOlHefbWlvf2NzaLuwUd/f2Dw7to+O2ilNJoUVjHstuSBRwJqClmebQTSSQKOTQCce3M7/zCFKxWDzoSQJ+RIaCDRgl2kiBfdoIKPZ0jBtBVlaXUw84x55IA7vkVJw58Cpxc1JCOZqB/eX1Y5pGIDTlRKme6yTaz4jUjHKYFr1UQULomAyhZ6ggESg/mweY4guj9PEgluYJjefq742MREpNotBMRkSP1LI3E//zeqke1PyMiSTVIOji0CDl2ASetYH7TALVfGIIoZKZv2I6IpJQbTormhLc5cirpF2tuFeV6v11qV7L6yigM3SOyshFN6iO7lATtRBFU/SMXtGb9WS9WO/Wx2J0zcp3TtAfWJ8/C42VYw==</latexit>

Cooper et al, 2003.00914

Bs ! D⇤
s`⌫ (zero recoil)

<latexit sha1_base64="X4P8YBW8aLAhDyYLBZ5l0+s0KP0=">AAACFXicbVBNSwMxFMzW7/pV9eglWIQqUnarYI9FPXhUsLbQrUs2fW1Ds8mSZMW69E948a948aCIV8Gb/8a09qCtA4Fh5j1eZsKYM21c98vJzMzOzS8sLmWXV1bX1nMbm9daJopClUouVT0kGjgTUDXMcKjHCkgUcqiFvdOhX7sFpZkUV6YfQzMiHcHajBJjpSB3cBJo7BuJzwJ9k+4PfODcF4lvNbgzaeEelMQKqGR8bxDk8m7RHQFPE29M8miMiyD36bckTSIQhnKidcNzY9NMiTKMchhk/URDTGiPdKBhqSAR6GY6SjXAu1Zp4bZU9gmDR+rvjZREWvej0E5GxHT1pDcU//MaiWmXmykTcWJA0J9D7YRj28KwItxiNrDhfUsIVcz+FdMuUYQaW2TWluBNRp4m16Wid1gsXR7lK+VxHYtoG+2gAvLQMaqgc3SBqoiiB/SEXtCr8+g8O2/O+89oxhnvbKE/cD6+AeJjnqI=</latexit>

McLean et al, PRD99 (2019) 114512

Bc ! J/ `⌫ and Bc ! ⌘c`⌫
<latexit sha1_base64="DvDbaX/z0hn6ETSmYCHmY9sOXMY=">AAACI3icbVDLSgMxFM34tr6qLt0Ei+CqzqhgcSW6EVcVbBWaUjLpbRvMZIbkjliG/osbf8WNC6W4ceG/mD4EbT0QOJxzLjf3hImSFn3/05uZnZtfWFxazq2srq1v5De3qjZOjYCKiFVs7kJuQUkNFZSo4C4xwKNQwW14fzHwbx/AWBnrG+wmUI94W8uWFByd1MifnjcEZRjTqwNWtpIyUIrplDkNHjHjutlj9CfDAPmAjjKNfMEv+kPQaRKMSYGMUW7k+6wZizQCjUJxa2uBn2A94walUNDLsdRCwsU9b0PNUc0jsPVseGOP7jmlSVuxcU8jHaq/JzIeWduNQpeMOHbspDcQ//NqKbZK9UzqJEXQYrSolSrq7h0URpvSgEDVdYQLI91fqehwwwW6WnOuhGDy5GlSPSwGR8XD6+PCWWlcxxLZIbtknwTkhJyRS1ImFSLIE3khb+Tde/Zevb73MYrOeOOZbfIH3tc3Wr+jfA==</latexit>

Colquhoun et al, 1611.01987

McLean et al, 1906.00701Bs ! Ds`⌫
<latexit sha1_base64="r8nMfEUQ0bE+crVZAAgd+1u8KMQ=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyWpgl0WdeGygn1AE8pkOm2HTiZhZiLUUPwVNy4Ucet/uPNvnLRZaOuBYQ7n3Mu99wQxZ0o7zrdVWFldW98obpa2tnd29+z9g5aKEklok0Q8kp0AK8qZoE3NNKedWFIcBpy2g/F15rcfqFQsEvd6ElM/xEPBBoxgbaSefXTVU8jTEbrJfso58kTSs8tOxZkBLRM3J2XI0ejZX14/IklIhSYcK9V1nVj7KZaaEU6nJS9RNMZkjIe0a6jAIVV+Ott+ik6N0keDSJonNJqpvztSHCo1CQNTGWI9UoteJv7ndRM9qPkpE3GiqSDzQYOEI3NtFgXqM0mJ5hNDMJHM7IrICEtMtAmsZEJwF09eJq1qxT2vVO8uyvVaHkcRjuEEzsCFS6jDLTSgCQQe4Rle4c16sl6sd+tjXlqw8p5D+APr8wfgdZQu</latexit>

• Extending towards  via fictitiousb → u /d Bs ! ⌘s`⌫
<latexit sha1_base64="kcHGHBfCN7zVNuVrtML/EkaulQA=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokVbDLohuXFewDmhAm05t26GQSZiZCKd34K25cKOLWz3Dn3zhps9DWAwOHc+7lzjlhypnSjvNtldbWNza3ytuVnd29/QP78KijkkxSaNOEJ7IXEgWcCWhrpjn0UgkkDjl0w/Ft7ncfQSqWiAc9ScGPyVCwiFGijRTYJzeBwp5OsAea5BQ4x57IArvq1Jw58CpxC1JFBVqB/eUNEprFIDTlRKm+66TanxKpGeUwq3iZgpTQMRlC31BBYlD+dB5ghs+NMsBRIs0TGs/V3xtTEis1iUMzGRM9UsteLv7n9TMdNfwpE2mmQdDFoSjj2ATO28ADJoFqPjGEUMnMXzEdEUmoNp1VTAnucuRV0qnX3Mta/f6q2mwUdZTRKTpDF8hF16iJ7lALtRFFM/SMXtGb9WS9WO/Wx2K0ZBU7x+gPrM8faPyVng==</latexit>

NRQCD b
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Standard methods:  better precision for hadronic matrix elements

Isospin and QED

• Current lattice simulations (typically) assume: 
- Strong isospin,  
- QED effects are negligible 

• Combined QED + isospin breaking effect estimated to be < 1% 

• Using HISQ 2+1+1 lattices and HISQ b quarks, most precise B/D decay 
constant calculation confirms this

mu = md

Bazavov et al (Fermilab-MILC), PRD98 (2018) 074512



• Current lattice simulations (typically) assume: 
- Strong isospin,  
- QED effects are negligible 

• Combined QED + isospin breaking effect estimated to be < 1% 

• Using HISQ 2+1+1 lattices and HISQ b quarks, most precise B/D decay 
constant calculation confirms this 

• Ability to vary  in analysis gives handle on strong isospin 

• QED effects can be explicitly accounted for by adding U(1) gauge fields 
to QCD

mu = md

mu/d

16

Standard methods:  better precision for hadronic matrix elements

Isospin and QED

Duncan et al, PRL76 (1996) 3894;  Blum et al, PRD76 (2007) 114508

Bazavov et al (Fermilab-MILC), PRD98 (2018) 074512



Standard methods 
• better precision for hadronic matrix elements 

- improved lattices 
- no EFT matching 
- isospin and QED corrections 

• extended q2 range 

New methods 
• multiple hadrons in initial and/or final state 

• inclusive decays

How can lattice QCD help reduce theory uncertainty?

17
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Standard methods:  extended  rangeq2

     Consider              

• Chiral Perturbation Theory valid only for 

• kinematics not a problem (z-expansion)

B ! ⇡`⌫

 0

 0.5

 1

 1.5

 2

 0  4  8  12  16  20  24

q
2  [GeV2]

B→πlν form factors: a = 0.12 fm, M
π
 = 489 MeV

PRELIMINARY
f0

f+
B ! ⇡`⌫

q2 & 17 GeV2
<latexit sha1_base64="OrFhlWtMutpFAISI2a5324XxxJo=">AAACA3icbVDLSgMxFM3UV62vUXe6CRbBVZmpQrssuNBlBfuAzrRk0kwbmmTGJCOUoeLGX3HjQhG3/oQ7/8a0nYW2HggczjmXm3uCmFGlHefbyq2srq1v5DcLW9s7u3v2/kFTRYnEpIEjFsl2gBRhVJCGppqRdiwJ4gEjrWB0OfVb90QqGolbPY6Jz9FA0JBipI3Us4/uumXoDbRJcOhWHlJPcnhFmpNuuWcXnZIzA1wmbkaKIEO9Z395/QgnnAiNGVKq4zqx9lMkNcWMTApeokiM8AgNSMdQgThRfjq7YQJPjdKHYSTNExrO1N8TKeJKjXlgkhzpoVr0puJ/XifRYdVPqYgTTQSeLwoTBnUEp4XAPpUEazY2BGFJzV8hHiKJsDa1FUwJ7uLJy6RZLrnnpfLNRbFWzerIg2NwAs6ACyqgBq5BHTQABo/gGbyCN+vJerHerY95NGdlM4fgD6zPH1cXlqc=</latexit>
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Standard methods:  extended  rangeq2

     Consider  

• Chiral Perturbation Theory valid only for 

• kinematics not a problem (z-expansion)

B ! ⇡`⌫

Solution: 

• Hard Pion Chiral Perturbation Theory 

• chiral physics and kinematics factorize 

• HPChPT with z-expansion

Bijnens and Jemos, NPB 846 (2011) 145

CMB et al, PRD90 (2014) 054506 (2014)

f(z) = (1 + logs])F(z)
<latexit sha1_base64="DmZdGJ0L4YGy4kevCUErpgekXrg=">AAACEXicbVDLSgMxFM34rPVVdekmWIQpQpmpgt0IBUFcVrAP6Awlk2ba0MyD5I5Yh/6CG3/FjQtF3Lpz59+YabvQ1gOBwznnknuPFwuuwLK+jaXlldW19dxGfnNre2e3sLffVFEiKWvQSESy7RHFBA9ZAzgI1o4lI4EnWMsbXmZ+645JxaPwFkYxcwPSD7nPKQEtdQumbz6U8AU2bXyCHWD3kIqor8ZuCTsBgQElIr0a60y3ULTK1gR4kdgzUkQz1LuFL6cX0SRgIVBBlOrYVgxuSiRwKtg47ySKxYQOSZ91NA1JwJSbTi4a42Ot9LAfSf1CwBP190RKAqVGgaeT2ZZq3svE/7xOAn7VTXkYJ8BCOv3ITwSGCGf14B6XjIIYaUKo5HpXTAdEEgq6xLwuwZ4/eZE0K2X7tFy5OSvWqrM6cugQHSET2egc1dA1qqMGougRPaNX9GY8GS/Gu/ExjS4Zs5kD9AfG5w8nYJta</latexit>

q2 & 17 GeV2
<latexit sha1_base64="OrFhlWtMutpFAISI2a5324XxxJo=">AAACA3icbVDLSgMxFM3UV62vUXe6CRbBVZmpQrssuNBlBfuAzrRk0kwbmmTGJCOUoeLGX3HjQhG3/oQ7/8a0nYW2HggczjmXm3uCmFGlHefbyq2srq1v5DcLW9s7u3v2/kFTRYnEpIEjFsl2gBRhVJCGppqRdiwJ4gEjrWB0OfVb90QqGolbPY6Jz9FA0JBipI3Us4/uumXoDbRJcOhWHlJPcnhFmpNuuWcXnZIzA1wmbkaKIEO9Z395/QgnnAiNGVKq4zqx9lMkNcWMTApeokiM8AgNSMdQgThRfjq7YQJPjdKHYSTNExrO1N8TKeJKjXlgkhzpoVr0puJ/XifRYdVPqYgTTQSeLwoTBnUEp4XAPpUEazY2BGFJzV8hHiKJsDa1FUwJ7uLJy6RZLrnnpfLNRbFWzerIg2NwAs6ACyqgBq5BHTQABo/gGbyCN+vJerHerY95NGdlM4fgD6zPH1cXlqc=</latexit>

f(z) = (1 + logs])
X

n

cn(a,m)zn

<latexit sha1_base64="czz+O0d86oGLO6EfIjbVj93NH7U=">AAACF3icbVBNSwMxFMz6WetX1aOXYBFalLJbBXsRBC8eK1hbaNeSTbNtaJJdkrdiXfovvPhXvHhQxKve/DemtQdtHQgMM294eRPEghtw3S9nbn5hcWk5s5JdXVvf2MxtbV+bKNGU1WgkIt0IiGGCK1YDDoI1Ys2IDASrB/3zkV+/ZdrwSF3BIGa+JF3FQ04JWKmdK4WF+yI+xQUPH+AWsDtIRdQ1Q7+IWyaRbYVpWxXIIZZFfH9jA3m35I6BZ4k3IXk0QbWd+2x1IppIpoAKYkzTc2PwU6KBU8GG2VZiWExon3RZ01JFJDN+Or5riPet0sFhpO1TgMfq70RKpDEDGdhJSaBnpr2R+J/XTCCs+ClXcQJM0Z9FYSIwRHhUEu5wzSiIgSWEam7/immPaELBVpm1JXjTJ8+S63LJOyqVL4/zZ5VJHRm0i/ZQAXnoBJ2hC1RFNUTRA3pCL+jVeXSenTfn/Wd0zplkdtAfOB/fat+c9g==</latexit>
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HQPCD 16

preliminary

f+

f0

Standard methods:  extended  rangeq2

B ! ⇡`⌫
<latexit sha1_base64="gdyCUFXFtCt9+8ZsUUJQ0q3/BeI=">AAAB+XicdVDLSsNAFJ3UV62vqEs3g0VwFZI0tHVXdOOygn1AE8pkOmmHTiZhZlIooX/ixoUibv0Td/6Nk7aCih64cDjnXu69J0wZlcq2P4zSxubW9k55t7K3f3B4ZB6fdGWSCUw6OGGJ6IdIEkY56SiqGOmngqA4ZKQXTm8KvzcjQtKE36t5SoIYjTmNKEZKS0PTvIa+SqCfUp8w5vNsaFZt66pZd706tC3bbjiuUxC34dU86GilQBWs0R6a7/4owVlMuMIMSTlw7FQFORKKYkYWFT+TJEV4isZkoClHMZFBvrx8AS+0MoJRInRxBZfq94kcxVLO41B3xkhN5G+vEP/yBpmKmkFOeZopwvFqUZQxqH8tYoAjKghWbK4JwoLqWyGeIIGw0mFVdAhfn8L/Sde1nJrl3nnVVnMdRxmcgXNwCRzQAC1wC9qgAzCYgQfwBJ6N3Hg0XozXVWvJWM+cgh8w3j4BJTeTVQ==</latexit>



Standard methods 
• better precision for hadronic matrix elements 

- improved lattices 
- no EFT matching 
- isospin and QED corrections 

• extended q2 range 

New methods 
• multiple hadrons in initial and/or final state 

• inclusive decays

How can lattice QCD help reduce theory uncertainty?

21



• Involve 2 hadrons in the final state 

• Multiple hadrons in finite volume involves all particle combinations 
consistent with kinematics and strong interaction selection rules 

• Luscher and Lellouch developed relationship between FV multiparticle 
state energies and infinite volume scattering matrix 

• Active area, extending to 2 and 3 particles in/and or out

22

New methods:  multiple hadrons in initial and/or final state

Luscher, Comm. Math. Phys. 105 (1986) 153; NPB364 (1991) 237; Lellouch and Luscher, Comm. Math. Phys. 219 (2001) 31 

B ! K⇤`¯̀! K⇡`¯̀
<latexit sha1_base64="7hnIWvfoYeyjl87SKrDT4eWGGqY=">AAACEnicbVDLSgMxFL3js9bXqEs3wSKoizJTBbssuhHcVLAP6Iwlk2ba0MyDJCOU0m9w46+4caGIW1fu/Bsz01nU1gMhh3PuJTnHizmTyrJ+jKXlldW19cJGcXNre2fX3NtvyigRhDZIxCPR9rCknIW0oZjitB0LigOP05Y3vE791iMVkkXhvRrF1A1wP2Q+I1hpqWueXjkqQrcPZw7l3PGwSG+UaU7MZsWuWbLKVga0SOyclCBHvWt+O72IJAENFeFYyo5txcodY6EY4XRSdBJJY0yGuE87moY4oNIdZ5Em6FgrPeRHQp9QoUyd3RjjQMpR4OnJAKuBnPdS8T+vkyi/6o5ZGCeKhmT6kJ9wpBOn/aAeE5QoPtIEE8H0XxEZYIGJ0i0WdQn2fORF0qyU7fNy5e6iVKvmdRTgEI7gBGy4hBrcQB0aQOAJXuAN3o1n49X4MD6no0tGvnMAf2B8/QJHMZ04</latexit>

B ! ⇢`⌫ ! ⇡⇡`⌫
<latexit sha1_base64="S0T3f/q0AJA/EYPpTW9CI/q/QYA=">AAACDHicbVC7TsMwFHXKq5RXgZHFokJiqpKCRMcKFsYi0YfURJXj3rRWHSeyHaQq6gew8CssDCDEygew8Tc4TQZoObKl43Pu1fU9fsyZ0rb9bZXW1jc2t8rblZ3dvf2D6uFRV0WJpNChEY9k3ycKOBPQ0Uxz6McSSOhz6PnTm8zvPYBULBL3ehaDF5KxYAGjRBtpWK1dY1dH2JWTyAXOXZHk75hlJ1dMlV23F8CrxClIDRVoD6tf7iiiSQhCU06UGjh2rL2USM0oh3nFTRTEhE7JGAaGChKC8tLFMnN8ZpQRDiJprtB4of7uSEmo1Cz0TWVI9EQte5n4nzdIdND0UibiRIOg+aAg4dismyWDR0wC1XxmCKGSmb9iOiGSUG3yq5gQnOWVV0m3UXcu6o27y1qrWcRRRifoFJ0jB12hFrpFbdRBFD2iZ/SK3qwn68V6tz7y0pJV9ByjP7A+fwAa2psC</latexit>

, …

{En(L)} $ S matrix(E)
<latexit sha1_base64="5TgAjnoLxQDzUl9RGBsGtgM8Yg4=">AAACFnicbVA9SwNBEN3z2/h1ammzGISkMNxFQUtBBAsLRaOBXAh7m7lkcW/v2J1TwxH/hI1/xcZCEVux89+4iSn8ejDweG+GmXlhKoVBz/twxsYnJqemZ2YLc/MLi0vu8sq5STLNocYTmeh6yAxIoaCGAiXUUw0sDiVchJf7A//iCrQRiTrDXgrNmHWUiARnaKWWuxnkBy1VOioHfRpIiFCLTheZ1sk1Pb0NEG4wj5lVb/qlg3LLLXoVbwj6l/gjUiQjHLfc96Cd8CwGhVwyYxq+l2IzZxoFl9AvBJmBlPFL1oGGpYrFYJr58K0+3bBKm0aJtqWQDtXvEzmLjenFoe20J3bNb28g/uc1Mox2m7lQaYag+NeiKJMUEzrIiLaFBo6yZwnjWthbKe8yzTjaJAs2BP/3y3/JebXib1WqJ9vFvd1RHDNkjayTEvHJDtkjh+SY1Agnd+SBPJFn5955dF6c16/WMWc0s0p+wHn7BEQSn2s=</latexit>

Briceno, Dudek, Young, RMP90 (2018) 025001
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New methods:  multiple hadrons in initial and/or final state

Wilson et al (HadSpec), PRL123 (2019) 042002

•  elastic S- and P-wave scattering 

• (Left) FV spectra for cubic irreps are 
measured in lattice QCD,  

• (Right) These energies are converted 
into scattering phase shifts

πK

{En(L)}
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New methods:  multiple hadrons in initial and/or final state

• A lot of activity in both developing theory and application 

• Still early days (extrapolation to continuum and physical masses not 
happening yet) 

• Limitation:  intermediate scattering states must be individually 
accounted for — appears to be prohibitive for heavy mesons. 

- DD scattering would involve many intermediate state s 

- Idea to get around this by studying inclusive quantities on the 
lattice

π



Standard methods 
• better precision for hadronic matrix elements 

- improved lattices 
- no EFT matching 
- isospin and QED corrections 

• extended q2 range 

New methods 
• multiple hadrons in initial and/or final state 

• inclusive decays

How can lattice QCD help reduce theory uncertainty?
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• At stage of feasibility studies 

• Convenient overlap with finite temperature and nucleon structure 
efforts

26

New methods:  inclusive decays

• Start with 4pt correlation function on the lattice

hD|HW (⌧, ~x)HW (0)|Di
<latexit sha1_base64="zmcWs6EgyLKb8/NCNJP8q8hKWkg=">AAACLHicbVDLSgMxFM34tr6qLt0Ei9CClJkq2GWhLlwqWCt0SrmT3rahmcyQZIpl7Ae58VcEcaGIW7/D9LGw1gOBwznnkntPEAuujet+OEvLK6tr6xubma3tnd297P7BnY4SxbDGIhGp+wA0Ci6xZrgReB8rhDAQWA/61bFfH6DSPJK3ZhhjM4Su5B3OwFipla36AmRXIL2kj9QPwfQYiPRq1KrnfQPJKfUHyOhDYd5yCzZ96avpaCubc4vuBHSReDOSIzNct7KvfjtiSYjSMAFaNzw3Ns0UlOFM4CjjJxpjYH3oYsNSCSHqZjo5dkRPrNKmnUjZJw2dqL8nUgi1HoaBTY531n+9sfif10hMp9xMuYwTg5JNP+okgpqIjpujba6QGTG0BJjidlfKeqCAGdtvxpbg/T15kdyVit5ZsXRznquUZ3VskCNyTPLEIxekQq7INakRRp7IC3knH86z8+Z8Ol/T6JIzmzkkc3C+fwB2Y6Z1</latexit>

• An inverse Laplace transform (imaginary time ) would allow the 
decay rate to be calculated 

τ = it

� /

X

n

|hn|HW |Di|
2⇢(E)

<latexit sha1_base64="84jcghlPS9VMRMyoAhQ46ZSNixY="></latexit>

Hansen, Meyer, Robaina, PRD96 (2017) 094513

Liu, 1603.07352

Liang et at, 1710.11145; 1906.05312

Bailas et al (JLQCD), 2001.11678

Hashimoto, 1703.01881
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Summary

• The current generation of lattices (e.g. HISQ nf = 2 + 1 + 1) offer 
physical light quarks, large volumes, and lattices fine enough to allow  
fully relativistic b quarks.   

• Based on work (largely HPQCD), these improvements should allow 
significant improvement in B semileptonic decay form factors over 
full range of .  A few percent seems reasonable for B(s,c). 

• Promising early results for rigorous approach to scattering of light 
mesons, but phase space too large for B (and D?) decays 

• Quite speculate possibility of calculating inclusive rates on the lattice

q2
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Discussion

• Bs and Bc are easier, faster, and more precise than B in lattice QCD:  
I second Alex’s comment on an  run at Belle-II 

• Is there useful overlap between long distance  resonances 
and the lattice QCD calculation of long distance effects in  
(Gino et al)? 

• What are the interesting (probably D or K) decays to unstable states 
with limited phase space (say up to 3 s)?

Υ(5S)

b → cc̄s
K → π

π


