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Motivation

For precision physics a
lepton-lepton collider is desirable
The discovery of Higgs Boson
tells us at what energy to run
High precision understanding of
the Higgs Boson requires below
1% uncertainties in the couplings
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Motivation

We must not forget that an e+e− will precisely measure EW observables

Observable Where from Present (LEP) FCC stat. FCC syst Now
FCC Challenge

MZ [MeV] Z linesh. 91187.5± 2.1{0.3} 0.005 0.1 3 QED Corrections
ΓZ [MeV] Z linesh. 2495.2± 2.1{0.2} 0.008 0.1 2 QED Corrections

RZ
l = Γh/Γl σ(MZ ) 20.767± 0.025{0.012} 6 · 10−5 1 · 10−3 12 QED Corrections

Nν σ(MZ ) 2.984± 0.008{0.006} 5 · 10−6 1 · 10−3 6 Bhabha scattering (QED)
MW [MeV] ADLO 80376± 33{6} 0.5 0.3 12 QED Corrections
AMZ ±3.5GeV

FB,µ
dσ

d cos θ ±0.020{0.001} 1.0 · 10−5 0.3 · 10−5 100

Table: Adapted from Arxiv:1903.09895
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CLIC
√

s = 380GeV→ 3 TeV

CEPC
√

s = 90→ 250 GeV

FCC
√

s = 90→ 350 GeV

ILC
√

s = 250GeV→ 1 TeV
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Linear vs Circular
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SHERPA Event Generator

Hard Interaction
I LO, NLO QCD/EW

Radiative Corrections
I Catani-Seymour based

PS, Dire,
I YFS QED

Resummation
Multiple Interactions

I Sjöstrand-Zijl mode
Hadronization

I Cluster hadronization
model

Hadron Decays
I Phase space or

EFTs,YFS QED
corrections
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QED Corrections at the Z Pole

QED corrections (ISR) can be parametrised as,

γn,m =
(
α

π

)n
(

2 ln
(

m2
Z

m2
e

))m

0 ≤ m ≤ n

For future lepton collider γ ≤ 10−5 → need to include corrections up to
O
(
α3, L3

e
)
, Le = ln

(
s

me

)
Soft and Collinear photons need to be resummed
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Cross Section Calculation

The Problem: Emission of soft and/or Collinear photons which can
cause divergences
Solution: Calculate the Cross Section for e+e− → X + nγ

σ = 1
flux

∫ nR∑
i=0

dΦqdΦki (2π)4 δ
(

P −
∑

qf −
∑

ki
) ∣∣∣∣∣∣

∞∑
nV =0

MnV + 1
2 nR

nR

∣∣∣∣∣∣
2
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YFS Virtual Corrections

Lets first consider virtual photon corrections in the soft limit

M0
0 = M0

0︸︷︷︸
Born ME

M1
0 = αBM0

0 + M1
0

M1
0 = (αB)2

2 M0
0 + αBM1

0 + M2
0

· · ·

MnV
0 =

nV∑
r=0

MnV
0

(αB)r

r !

where B is the virtual infrared factor.

B = 2α<
∫ d4k

k2
i

(2π)2

( 2p1 − k
2kp1 − k2 −

2p2 − k
2kp2 − k2

)2
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YFS Virtual Corrections

Summing to infinity yields,
∞∑

nV =0
MnV

0 = eαB
∞∑

nV =0
MnV

0

Due to the Abelian nature of QED this can be generalised to nR real
photons,

∞∑
nV =0

∣∣∣∣MnV + 1
2 nR

nR

∣∣∣∣2 = e2αB
∞∑

nV =0

∣∣∣∣MnV + 1
2 nR

nR

∣∣∣∣2

10 25



YFS Real Emissions

For a single photon emission we have,

1
2 (2π)3

∞∑
nV =0

∣∣∣∣MnV + 1
2

1

∣∣∣∣2 = S̃ (k)
∣∣∣∣MnV + 1

2
0

∣∣∣∣2 +
∞∑

nV =0
β̃nV +1

1 (k)

Factorisation of real emissions occurs at the amplitude squared level

Eikonal term S̃ (k) = − α
4π2

(
p1

p1k −
p2

p2k

)2

β̃nV +nRnR complete IR finite squared matrix element for born process plus
nV virtual and nR photons
Note abbreviation used in this talk

β̃nR =
∞∑

nV =0
β̃

nV + 1
2 nR

nR
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YFS Real Emissions

For nR photons summed over all virtual contributions,

( 1
2(2π)3

)nR

∣∣∣∣∣∣
∞∑

nV =0
MnV + 1

2 nR
nR

∣∣∣∣∣∣
2

= β̃0

nR∏
i=1

[
S̃(ki )

]
+

nR∑
i=1

[
β̃1(ki )
S̃(ki )

] nR∏
j=1

[
S̃(kj)

]

+
nR∑

i ,j=1
i 6=j

[
β̃2(ki , kj)

S̃(ki )S̃(kj)

] nR∏
l=1

[
S̃(kl )

]
+ . . .

+
nR∑
i=1

[
β̃nR−1(k1, . . . , ki−1, ki+1, . . . , knR ) S̃(ki )

]
+ β̃nR (k1, . . . , knR )
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Master Equation

This gives us our cross section

σ =
∞∑

n=0

1
n!

∫
dΦf e2αB+2αB̃

n∏
j=1

S̃ (kj) θ(Ω; kj)
[
β̃0 (p1, p2; q1, · · · , qn′)

+
n∑

j=1

β̃1 (p1, p2; q1, · · · , qn′ ; , kj)
S(kj)

+
n∑

j,l=1
j 6=l

β̃2 (p1, p2; q1, · · · , qn′ ; kj , kl )
S(kj)S(kl )

+ · · ·
]

The exponentiation of real emissions gives a factor

B̃ = − 1
8π2

∫ d3k
k0 Θ(Ω, k)

( p1
p1k −

p2
p2k

)2

13 25



IR Finite ME

β̃0
0 = M0

0 M0∗
0

β̃1
0 = M1

0 M0∗
0 + M0

0 M0∗
1

β̃1
1 = 1

2 (2π)3 M
1
2
0 M

1
2∗
0 − S̃ (k) M0

0 M0∗
0 = 1

2 (2π)3 M
1
2
0 M

1
2∗
0 − S̃ (k) β̃0

0

- These are the infrared subtracted squared matrix elements read, up to
O (α)

- They have been implemented in SHERPA up to O
(
α2) for ISR
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The Algorithm

1. First the phasespace is rearrange by a change of variable v = 1− s′

s
2. v is then generated by standard Monte-Carlo Methods e.g Importance

Sampling
3. If v < ε no photons are generate. For v ≥ ε the multiplicity is

generated according to a Poissonian distribution with average
µ = 2α

π log( s
m2

e
) log( v

ε )

4. The n photon momenta are distributed according to the Eikonal S̃(k)
and then rescaled to ensure 4-momentum conservation

5. The perturbative parts can be calculated separately using ME generator
6. Give everything to the master equation to calculate the cross section
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The Power of YFS

β̃ are infrared finite and
are calculated
perturbatively order by
order

I Non trivial for other
methods e.g Structure
function

Photons are explicitly
created

I Allows us to calculate
properties of soft
photons e.g Energy,
Angular distribution

I Allows for decays e.g
γ → e+e−

0 10 20 30 40 50 60 70 80 90

10−3

10−2

10−1

Energy Distribution of ISR Photons

Eγ [GeV]

dσ
/d

E γ

-1 -0.5 0 0.5 1

10−1

1

Angular Distribution of ISR Photons

cos (θ)

dσ
/d

co
s (

θ )
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Validation

For LEP there were dedicated MC codes that implemented YFS for
specific processes

- KKMC Jadach et.al, ARXIV:9912214

- KoralWW Jadach et.al, ARXIV:0012094

- YFSWW Jadach et.al, ARXIV:0012094
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Validation

YFS O(α0) KKMC 500 GeV SHERPA 500 GeV
e+e− → µ+µ− 1.748(3) pb 1.746(3) pb
e+e− → νµν̄µ 1.6235(8) pb 1.626(3) pb
e+e− → ντ ν̄τ 1.6235(8) pb 1.626(3) pb

e+e− → jj 19.94(2) pb 19.98(8) pb

YFS O(α1) KKMC 500 GeV SHERPA 500 GeV
e+e− → µ+µ− 1.024(3) pb 1.020(3) pb
e+e− → νµν̄µ 0.8072(7) pb 0.808(2) pb
e+e− → ντ ν̄τ 0.8072(7) pb 0.808(2) pb

e+e− → jj 10.54(1) pb 10.21(4) pb

YFS O(α2) KKMC 500 GeV SHERPA 500 GeV
e+e− → µ+µ− 1.080(3) pb 1.082(6) pb
e+e− → νµν̄µ 0.8604(7) pb 0.860(3) pb
e+e− → ντ ν̄τ 0.8604(7) pb 0.860(3) pb

e+e− → jj 11.18(2) pb 11.10(8) pb
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Differential Distributions

SHERPA

KKMC

10−3

10−2

e+e− → µ+µ−Nγ

dσ
/

M
µ
+

µ
−

[p
b/

G
eV

]

0 100 200 300 400 500
0.9

0.95

1

1.05

Mµ+µ− [GeV]

R
at

io

SHERPA

KKMC

0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

e+e− → µ+µ−Nγ

dσ
/

co
s(

θ ℓ
)

-1 -0.5 0 0.5 1
0.9

0.95

1

1.05

cos(θℓ)

R
at

io
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Differential Distribution

SHERPA O(α0)
SHERPA O(α1)

10−3

10−2

e+e− → µ+µ−Nγ

d
σ

/
d

M
µ

µ
[p

b
/

G
eV

]

0 100 200 300 400 500
0.5
0.6
0.7
0.8
0.9

1
1.1
1.2
1.3
1.4

Mµµ [GeV]

R
at

io

The large deviation
between α0 and higher
order is expected and is
in agreement with
semi-analytical
approximation
O(α1)
O(α0) ≈ 0.5 at the z-pole
O(α2)
O(α1) ≈ 0.98 at the
z-pole
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Higgs-Strahlung

YFS Off
YFS On

10−6

10−5

10−4

10−3

10−2

10−1

1
e+e− → H[bb̄]Z[µµ] @ 260 GeV

d
σ

/
d

M
bb̄

[p
b

/
G

eV
]

115 120 125 130 135
0.8

0.85
0.9

0.95
1.0

1.05
1.1

1.15

Mbb̄ [GeV]

R
at

io

At the Higgs pole ISR
contributes a ≈ 10%
effect

ZH-Pole 240 GeV
O(α0) 201.46 fb
O(α) 234.59 fb
O(α2) 233.23 fb

21 25



Comparison to Data

b
b
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b
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rs rs

b Data
ut YFS O(α0)
ld YFS O(α1)
rs YFS O(α2)

0

0.5

1

1.5

2
e+e− → µ+µ− DELPHI

σ
[n

b
]

ut

ut

ut

ut

ut

ut

ut
ut ut

ut
ut

ut ut

ut
ut

ut

ld

ld

ld

ld

ld

ld
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ld ld

ld ld
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b b b b b b b b b b b b b b b b

88 89 90 91 92 93 94 95
0.5
0.6
0.7
0.8
0.9

1
1.1
1.2
1.3
1.4

√
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M
C

/
D
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a
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Comparison to Data

b

b

b b
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ut
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Comparison to Data

b
b

b b

b

b

b

b

b

b

ut ut ut
ut

ut

ut

ut

ut

ut

ut
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e+e− → µ+µ− OPAL

dσ
/

d
co

s(
θ
)

ut

ut

ut

ut

ut
ut
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ut
ut

ld

ld
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rs

rs

rs

rs
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rs rs

rs

rs rsb b b b b b b b b b

-1 -0.5 0 0.5 1
0.5
0.6
0.7
0.8
0.9

1
1.1
1.2
1.3
1.4

cos(θ)

M
C

/
D
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a
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Conclusion

Interface with other SHERPA modules e.g ME Generator, PS,
Hadronization, UFO...
Fully automated for arbitrary processes
Higher order corrections have been hard coded for ISR
YFS has been fully implemented for FSR up to NNLO QCD and
NLOEW Krauss et.al, ARXIV:1809.10650

Matching of YFS resummation to NLOEW is under-way
- EW Loops are now provided in full by OPENLOOPS Buccioni et.al,ARXIV:1907.13071

- Real emission ME provided by COMIX/AMEGIC
- Main problem is lack of massive leptons in the loops
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