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Precision SM tests



Quark low-energy strong interactions are a major 
complication in testing the Standard Model

An accurate nonperturbative treatment 
of QCD - lattice QCD - is key to 
compare SM and low-energy 
experimental tests for new physics
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Lattice QCD: perform path integral on 
a discrete space-time lattice

Final accuracy depends on : 
• control of lattice spacing 
dependence  
• tuning of quark masses  
• normalisation of operators in 
matrix elements

Must be able to determine results in 
physical continuum limit. 

A variety of quark formalisms exist; 
pros/cons suit them to different 
physics programmes.  
Comparison of results from different 
formalisms is important



e.g. : Parameters for gluon field configurations generated 
with Highly Improved Staggered (HISQ) sea quarks

*physical 
mu/d  *

mass of u,d 
quarks

Volume:

mu,d ⇡ ms/10

mu,d ⇡ ms/27

“2nd generation” 
lattices inc. c 
quarks in sea

m⇡L > 3

HISQ - very 
accurate 
discretisation - 
leading error a4

135 MeV
m⇡0 =

HPQCD, hep-lat/
0610092.
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nf =1+1+1+1

a = 0.06fm
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Physical u/d masses also available in other formalisms 



Hadron Correlation functions constructed from valence quark propagators

Connected 2-point function 
(for meson) 

(quark-line) Disconnected 2-point -  
difficult and noisy 

Connected 3-point function 
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decay constant,  
if O normalised

Multiple states 
need to be inc. in fit

C3 =
X

m,n

AnJnmCm
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form factor,  
if J normalised
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Hadron Spectrum 
Ground-states very accurate for flavour non-singlet mesons - use to 
tune quark masses accurately. Baryons also improving.  
Issue now is adding in QED (previously often estimated) 

Excited and exotic states - experimental interest high (Belle/
BES3/JLAB/LHCb/PANDA) R. Edwards, review LAT2019

S. Prelovsek, review, 2001.01767

Need large basis of operators, O, including multi(=two at present)-hadron 
operators to determine many energy levels in a given channel as a function 
of volume. Allows mapping of scattering amplitudes to locate 
 unstable resonance poles. 

Aim for very complete spectra and search for exotica - hybrids, 
tetraquarks                etc

Has not yet been possible to do calculations at physical u/d quark masses or  
multiple lattice spacings, so precision of results is not high. 

qqG
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Figure 6. Charmonium spectrum, labelled by J
PC , with M⇡ ⇠ 240 MeV (left column for each

J
PC) compared to the spectrum with M⇡ ⇠ 400 MeV from Ref. [22] (right column for each J

PC).
As in earlier figures, red and blue boxes highlight states identified as constituents of, respectively,
the lightest and first-excited supermultiplet of hybrid mesons. Dashed lines show some of the lower
thresholds using computed masses for M⇡ ⇠ 240 MeV (coarse dashing) and M⇡ ⇠ 400 MeV (fine
dashing): green is ⌘c⇡⇡, red is DD̄ and blue is DD̄

⇤.

investigate the mixing between spin-triplet and spin-singlet open-charm mesons.

4.1 Charmonium

In charmonium the light quark dependence enters through the sea quark content in the

dynamical gauge field ensembles. As shown in Figure 6, for the low-lying states the masses

are generally consistent between the two ensembles within statistical uncertainties. An

exception is the hyperfine splitting, MJ/ � M⌘c , where we find a small but statistically

significant increase when the light quark mass is decreased.

A second notable feature is that the masses of states higher up in the spectrum are

generally larger on the M⇡ ⇠ 240 MeV ensemble. This is particularly the case for the

hybrids, implying a small increase in their mass as M⇡ is reduced; as a consequence the

splitting between the hybrids and low-lying conventional mesons increases, albeit in a

rather mild fashion. However, it is important to note that at higher energies the statistical

uncertainties are larger and neglecting the unstable nature of states may be more important.

We emphasise that the overall pattern of hybrid mesons is una↵ected by decreasing the

light quark mass.
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Example: charmonium spectrum Hadspec, 1610.01073, 
1709.010147
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No sign of tetraquark state that 
could be Zc+(3900). 

See also: Prelovsek et al, 
1405.7623, 1503.03257 

‘Hybrid’ states - lowest 
multiplet. Arise from coupling to 
1+- gluonic excitation which adds 
~1.3 GeV. Same picture seen for 
baryons, light mesons etc. 
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FIG. 8. Comparison of results for the binding energy of the b̄b̄ud tetraquark with I(JP ) = 0(1+) (black: this work, using lattice
NRQCD; blue: previous work using lattice NRQCD [40, 41]; red: lattice QCD computations of static b̄b̄ potentials and solving
the Schrödinger equation [34, 35, 37]; green: quark models, effective field theories, and QCD sum rules [9, 11, 16–26, 28–30].

energies (but we found these to be nearly identical to the finite-volume binding energies). Our calculation confirms
the existence of a b̄b̄ud bound state that is stable under the strong and electromagnetic interactions.

In Fig. 8 we compare our result (35) for the binding energy with several previous determinations. These include
direct lattice QCD calculations that also treated the heavy b̄ quarks with NRQCD [40, 41], calculations in the Born-
Oppenheimer approximation using static b̄b̄ potentials (in the presence of u and d valence quarks) computed on the
lattice [34, 35, 37], as well as the studies of Refs. [9, 11, 16–26, 28–30], which are based on quark models, effective
field theories, or QCD sum rules.

The calculations using static b̄b̄ potentials from lattice QCD [34, 35, 37] consistently give a binding energy that is
about a factor of 2 smaller than our result (35), but this disagreement might be due the approximations used there,
in particular the neglect of 1/mb corrections to the potentials.

The two previous direct lattice QCD calculations [40, 41] employed only local four-quark interpolating operators.
According to our observations, the lack of nonlocal operators can affect the reliability of the extracted ground-state
energy, as the local operators are not well suited to isolate the lowest BB⇤ threshold state. While the result of Ref. [41]
agrees with ours, Ref. [40] gives a significantly larger binding energy. Apart from the lack of nonlocal interpolating
operators, another possible source of this discrepancy might be the use of ratios of correlation functions as input
to the generalized eigenvalue problem in Ref. [40]. It is interesting to observe that the effective energies shown in
Refs. [40, 41] approach the ground state from below, corresponding to a decrease in the magnitude of the extracted
binding energy as the time separation is increased. Both of these studies used wall sources for the quark fields, while
we use Gaussian-smeared sources. These two types of sources can behave quite differently with regard to excited-state
contamination [90]. Furthermore, the excited-state spectrum of B-B⇤ and B⇤-B⇤ scattering states above threshold
is very dense, because the changes in the kinetic energy when increasing the back-to-back momenta are suppressed
by the heavy-meson masses. For example, on a lattice with L = 6 fm, the energy difference between the threshold
and next scattering state is only around 8 MeV. In the context of two-nucleon systems, it has been argued that the
dense spectrum can lead to “fake plateaus” at short time separations in the effective energies from ratios of correlation
functions [91]; see Ref. [92] for a critical discussion of this issue.

Lattice QCD 
sees stable 
tetraquark in

bbud
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where mud ¼ ðmd þmuÞ=2 is the bare isosymmetric light quark mass. In the case of the neutral pion we obtain

The sea quark propagators have been drawn in blue (and with a different line) and the isosymmetric vacuum polarization
diagrams have not been displayed explicitly. By combining the previous expressions we find the elegant formula

All the isosymmetric vacuum polarization diagrams cancel
by taking the difference of!M!þ and!M!0 together with
the disconnected sea quark loop contributions explicitly
shown in Eqs. (64) and (65). Note, in particular, the can-
cellation of the corrections/counterterms corresponding to
the variation of the symmetric up-down quark mass mud %
m0

ud and to the variation of the strong coupling constant
g2s % ðg0sÞ2. This is a general feature: at first order of the
perturbative expansion in "̂em and m̂d % m̂u, the isosym-
metric corrections coming from the variation of the stong
gauge coupling (the lattice spacing), of mud and of the
heavier quark masses do not contribute to observables that

vanish in the isosymmetric theory, like the mass splitting
M!þ %M!0 . Furthermore, as already stressed, the electric
charge does not need to be renormalized at this order and,
for all these reasons, the expression for the pion mass
splitting can be considered a ‘‘clean’’ theoretical prediction.
On the other hand, the lattice calculation of the discon-

nected diagram present in Eq. (66) is a highly nontrivial
numerical problem and we shall neglect this contribution
in this paper. Relying on the same arguments that lead to
the derivation of the flavor SUð3Þ version of Dashen’s
theorem [see Eq. (39)], it can be shown that the neutral
pion mass has to vanish in the limit m̂u ¼ m̂d ¼ 0 for
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FIG. 1: Fermionic connected diagrams contributing at O(e2) and O(md�mu) to the IB corrections to meson

masses: exchange (a), self energy (b), tadpole (c), pseudoscalar insertion (d) and scalar insertion (e).
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is the tadpole operator with �PS(x) = i f1(x)�5 f2(x) being the interpolating field for a PS meson

composed by two valence quarks f1 and f2 with charges q1e and q2e. In our twisted-mass setup

the Wilson parameters of the two valence quarks are chosen to be opposite (r1 = �r2) in order to

guarantee that discretization e↵ects on MPS are of order O(a2m⇤QCD).

Within the quenched QED approximation the correlator �CJ(t) corresponds to the sum of the

diagrams (1a)-(1b), while the correlators �CT (t), �CPf (t) and �CSf (t) represent the contributions

of the diagrams (1c), (1d) and (1e), respectively. The removal of the photon zero-mode is done
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FIG. 11: Results for the kaon mass splitting
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in the MS scheme at a renormalization scale equal to µ = 2 GeV. The empty markers correspond to the data

after the subtraction of the universal FSEs, while the filled markers represent the lattice data corrected also by

the SD FSEs obtained in the fitting procedure (59). The solid lines correspond to the results of the combined

fit (59) assuming A
K
2 = 0 obtained in the infinite volume limit at each value of the lattice spacing. The black

asterisk represents the kaon mass splitting extrapolated at the physical pion mass m` = mud = 3.70(17) MeV

and to the continuum limit, while the red area indicates the corresponding uncertainty as a function of m`

at the level of one standard deviation.

• ()stat+fit indicates the statistical uncertainty including also the ones induced by the fitting

procedure and by the determination of the input parameters of Table II;

• ()disc is the uncertainty due to discretization e↵ects estimated by comparing the results

assuming either DK
6= 0 or DK

m = 0 in Eq. (59);

• ()chir is the error coming from including (AK
2 6= 0) or excluding (AK

2 = 0) the term propor-

tional to m
2
` ;

• ()FSE is the uncertainty due to FSE estimated by comparing the results obtained including

or excluding the two phenomenological terms (59) for the SD FSEs. In the latter case only

the ensembles with L/a = 32, 48 are considered.
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113.0(5) MeV 



Determining quark masses from lattice QCD 

1.20 1.25 1.30 1.35 1.40

mc(mc, nf = 4)(GeV)

HPQCD HISQ RI-SMOM

HPQCD HISQ RI-SMOM

HPQCD HISQ JJc

FNAL/MILC/TUM HISQ MRS

ETMC twisted mass RI-MOM

PDG

u,d,s,c sea + qQED

u,d,s,c sea
PDG: take note

Lattice quark masses tuned very accurately from ground-state meson 
masses, now inc. QED. Issue is accurate conversion to MS

<latexit sha1_base64="cpcgC+qGa1FSLBfDPW+NDhxy2Tc=">AAAB/3icdVDLSgMxFM3UV62vUcGNm2ARXJVJFdvuim7cCBXtAzpDyaRpG5rMDElGKOMs/BU3LhRx62+482/MtBVU9EDgcM693JPjR5wp7TgfVm5hcWl5Jb9aWFvf2Nyyt3daKowloU0S8lB2fKwoZwFtaqY57USSYuFz2vbH55nfvqVSsTC40ZOIegIPAzZgBGsj9ew9NzR2tp24AuuRFMnldZr27KJTchwHIQQzgiqnjiG1WrWMqhBllkERzNHo2e9uPySxoIEmHCvVRU6kvQRLzQinacGNFY0wGeMh7RoaYEGVl0zzp/DQKH04CKV5gYZT9ftGgoVSE+GbySyj+u1l4l9eN9aDqpewIIo1Dcjs0CDmUIcwKwP2maRE84khmEhmskIywhITbSormBK+fgr/J61yCR2XylcnxfrZvI482AcH4AggUAF1cAEaoAkIuAMP4Ak8W/fWo/Vivc5Gc9Z8Zxf8gPX2CVU1lvY=</latexit>

Update on mc : HPQCD:2005.01845
Momentum-subtraction 
scheme, inc. analysis of 
nonpert. condensate effects

1408.4169

1403.4504

1802.04248
Time-moments of 
pseudoscalar correlators

mc(mc) = 1.2719(78)GeV
<latexit sha1_base64="fQJ3wFJl6K0exfPNk8xPZ9luB0s="></latexit>

Heavy-light meson masses 
+ minimal renormalon-sub. 
scheme

See FLAG:1902.08191+
FNAL/MILC/TUMQCD:1802.04248 for 
other masses + ratios

Errors 
< 1%



Weak decays probe hadron structure and quark couplings. 
(Semi)-leptonic decays and mixing calculable in lattice QCD

Need precision lattice QCD to get accurate CKM 
elements to test Standard Model. 

Vus

K

ν

Expt = CKM x theory(QCD)

If  Vab known, compare lattice to experiment to test QCD

Br(M ! µ⌫) / V 2
abf

2
M

CKM matrix

`

Aim : sub-1% errors

ALSO - test corresponding electromagnetic processes 
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1. Introduction

I was asked to “review very recent FLAG results on standard model parameters and renormal-
ization.” This is a very broad charge and one that is ill-suited to the amount of time available, so I
will restrict my attention to results from lattice QCD calculations that have an impact on the deter-
mination of the CKM mixing matrix. Even with this restriction, it will be necessary to summarize
results at a rather high level. Many details of the calculations can be found in the latest and recent
FLAG reviews [1, 2], and, of course, the original papers cited therein.

The Cabibbo-Kobayashi-Maskawa (CKM) mixing matrix is fundamental to the field of flavor
physics within the Standard Model (SM) of Elementary Particle and Nuclear Physics. Kobayashi
and Maskawa were awarded the Nobel Prize for their realization that with three generations of
quarks the matrix may contain a complex phase that results in CP violation. Although it seems that
this is not sufficient to explain the baryon asymmetry of the universe, there are many processes in
which to test the CKM scenario, and any such tests in which the SM fails to explain the observations
could give a window into new physics beyond the standard model (BSM).

A few words about my background may be in order. I am a founding member of the MILC
Collaboration and a member of the Fermilab Lattice/MILC effort that is some 16 years old. I am
also a member of the Flavour Lattice Averaging Group (FLAG) where I have been working in the
B and D semileptonic working group. However, this is not a FLAG approved talk, so I am solely
responsible for its content. The two most recent editions of the FLAG report are in Refs. [1] and
[2]. I will use many plots from the most recent FLAG report and cover results from several of the
working groups. I will also include several graphs from the Fermilab Lattice/MILC Collaborations.
I am grateful for the work of all my FLAG, Fermilab Lattice, and MILC collaborators.

2. CKM Matrix

The CKM matrix describes how quarks mix under the weak interaction, that is, the misalign-
ment of mass eigenstates and weak eigenstates. The CKM matrix is shown in expression 2.1. The
matrix elements are shown in bold type, and beneath the elements in the first two rows you will find
one or two weak decays that can be used to determine that matrix element, if we can accurately cal-
culate the QCD contribution to the decay. Under the last row of elements are two hadronic matrix
elements that remind us that B(s) mixing allows us to determine Vtd and Vts.

0

BBBBBBBBBBBB@

Vud Vus Vub

p ! ln K ! ln B ! ln
K ! pln B ! pln

Vcd Vcs Vcb

D ! pln D ! Kln B!D(⇤)ln
D ! ln Ds ! ln Lb ! Lcln

Vtd Vts Vtb

hBd |Bdi hBs|Bsi

1

CCCCCCCCCCCCA

(2.1)

The CKM matrix is unitary so each row and each matrix is a complex unit vector. Each row
(column) is orthogonal to the other two rows (columns). Violations of unitarity are evidence of

1

S. Gottlieb, review LAT2019

See HPQCD, 
1907.01025
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Figure 2: FLAG 2019 compilation of ratio fK/ fp . Comparison of calculations of decay constant ratio
fK/ fp with Nf = 2+1+1, 2+1, and 2 sea quark flavors. From Ref. [2].

1.16 1.18 1.2

Fermilab/MILC 17

ETM 14

Fermilab/MILC 14

HPQCD 13

RBC/UKQCD 14

MILC 10

BMW 10

HPQCD 07

fK+/f⇡+

u, d, s, c sea

u, d, s sea

Figure 3: Comparison of calculations of decay constant ratio fK/ fp with Nf = 2+ 1+ 1 and 2+ 1 sea
quark flavors. From Ref. [6].

initial state kaon, pp refers to the final state pion, and q` and qn , refers to the final state lepton and
neutrino. The momentum transferred to the leptons q = q`+ qn , and we have already introduced
q2.

To determine |Vus| from experiment, we could determine the vector form factor f+(q2
) and use

4

Lattice QCD results for K/𝜋 decay constants 

Combine w. ratio 
of exptl leptonic 
decay rates:

0.2% unctyFLAG:1902.08191

|Vus|
|Vud|

= 0.2313(5)
<latexit sha1_base64="Pfkplj/ssy51Ij8f0A2nCRorVNI="></latexit>

Tensions at ~2 𝜎 with 
Vus from semilept. K 
decay and first-row 
unitarity.
FNAL/MILC:1809.02827

Electroweak 
corrections to super-
allowed nuclear 𝛽 
decay affect Vud and 
must be pinned down. 
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FIG. 3: Connected diagrams contributing at O(↵em) to the K+
! `+⌫` decay amplitude corresponding to the

insertion of the pseudoscalar density related to the e.m. shift of the critical mass, �mcrit

f , determined in Ref. [8].
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u

`+
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(b)

FIG. 4: Connected diagrams contributing at O(↵em) and O(md �mu) to the K+
! `+⌫` decay amplitude related

to the insertion of the scalar density (see Ref. [8]).

K+

s

u

`+

⌫`

(a)

K+

s

u

`+

⌫`

(b)
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u
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FIG. 5: Connected diagrams contributing at O(↵em) to the K+
! `+⌫` decay amplitude corresponding to photon

exchanges involving the final-state lepton.

ators generated by the breaking of chiral symmetry with the twisted-mass fermion action which we

are using. Both the matching and the mixing will be discussed and calculated in Sec. IV. As already

pointed out, the renormalised operator, defined in the W-renormalisation scheme, is inserted in

the diagram of Fig. 1. As for the diagrams of Figs. 2 - 5, which are already of order O(↵em) and

O((md �mu)/⇤QCD), it is su�cient to insert the weak current operator renormalised in QCD only.

In Eqs. (30) and (31) the quantity �ASIB

P (�MSIB

P ) represents the strong IB corrections propor-

tional to md � mu and to the diagram of Fig. 4(b), while the other terms are QED corrections

coming from the insertions of the e.m. current and tadpole operators, of the pseudoscalar and

scalar densities (see Refs. [4, 9]). The term �AJ
P (�MJ

P ) is generated by the diagrams of Fig. 2(a-c),

�AT
P (�MT

P ) by the diagrams of Fig. 2(d-e), �AP
P (�MP

P ) by the diagrams of Fig. 3(a-b) and �AS
P

Exptl leptonic rate is 
�(⇡/K ! µ⌫[�])

<latexit sha1_base64="S5UwdClkAhRDDYphbwrIwBeT3wE="></latexit>

Di Carlo et 
al:1904.08731 
+ Martinelli 
LAT2019

Now calculate QED radiative corns in 
lattice QCD. So far agree with 
previous estimates. Extend to heavy 
mesons, semilept. decays 



B and D meson decay constants

HISQ

HISQ

HISQ
clover

overlap

twisted mass

clover

NRQCD

HISQ
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Figure 11: Comparison of recent results for fB+ and fBs from Ref. [6].

Standard Model, so they are a good place to search for new physics. They provide a complementary
method to B mixing studies for determining |Vtd | and |Vts|. There have been some interesting
tensions between recent Standard Model predictions and LHCb measurements, including hints
of lepton universality violation. (See Ref. [17] for a summary.) Although these issues are very
interesting, we will need to stay focused on determination of CKM matrix elements.

In Fig. 11, we show a compilation of results from Ref. [6]. The latest results from FNAL/MILC
have errors under 1.3 MeV, i.e., < 0.7%. These results are in good agreement with prior results that
had errors as small as 5–7 MeV. Unfortunately, the BaBar and Belle experimental measurements
of B decay do not agree very well and have large errors, so the determination of |Vub| is very much
limited by the required experimental input. In the next few years, Belle II should provide much
higher precision results. Additional details and historical calculations may be found in Refs. [1]
and [2].

As mentioned above, B semileptonic and rare decays have been studied both experimentally
and theoretically. Several decays such a B ! p`n , Bs ! K(⇤)`n , and Lb ! p`n all depend on |Vub|.
These decays can be used to determine |Vcb|: B ! D(⇤)`n , Bs ! D(⇤)

s `n , and Lb ! Lc`n . Recall
that when a particular CKM matrix element can be determined from multiple decays, if the standard
model predictions of the decay rates do not imply identical values of the particular CKM matrix
element, that would be evidence for new physics not in the standard model. In addition, since `

can be an electron, muon or t , there is an opportunity to test lepton universality. Recently, some
tensions with lepton universality have been seen, and this is a fertile area of study. Unfortunately,
we do not have time to discuss this in detail. Interesting rare decays include B0 ! µ+µ�, Bs !
µ=µ�, and B ! K`=`�.

There has been a long standing difference between the values of |Vub| and |Vcb| as determined
from exclusive and inclusive decay results. The history of the comparison from 2009 to 2018
is shown in Fig. 12. When the precision of each determination was low in 2009, there was not a
tension between the two values; however, by 2014 the difference had grown. In 2015, the difference

11

HISQ

205 215 225 235 245 255 265 275

Fermilab/MILC 18

ETM 14

Fermilab/MILC 14

RBC/UKQCD 17

�QCD 14

HPQCD 12

Fermilab/MILC 11 (Clover c)

HPQCD 10

fDs (MeV)fD+ (MeV)

u, d, s, c sea

u, d, s sea

FIG. 11. Comparison of our D-meson decay-constant results (magenta bursts) with previous three-
and four-flavor lattice-QCD calculations [16, 18, 20, 23–25, 27]. The vertical gray bands show the
total uncertainties from Eqs. (7.2) and (7.3). The asymmetric errors on the RBC/UKQCD 17
results have been symmetrized.
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u, d, s sea

FIG. 12. Comparison of B-meson decay-constant results (magenta bursts) with previous three-
and four-flavor lattice-QCD calculations [17–19, 21, 22, 26, 28]. The vertical gray bands show the
total uncertainties from Eqs. (7.4) and (7.6).

38

domain-wall

FNAL/MILC:1712.09262

NRQCD
twisted mass

Key to accuracy for c and b quarks is 
a highly improved relativistic action, 
such as HISQ, so disc. effects and 
operator norm. are controlled.   

withNm ¼ Na ¼ 4 [15]. We choose c0000 ¼ 1. This expan-
sion is in powers of quark masses and the QCD scale
parameter !QCD " 0:5 GeV divided by the ultraviolet cut-
off for the lattice theory: !UV " !=a. The fit parameters
are the coefficients cijkl for each of which we use a prior of
0# 1:5, which is conservative [16]. The lattice spacing
effects are dominated by the amh terms. We include both
ams and a!QCD for completeness, but they have a very
small effect because a is small for most of our data. Leaving
out either or both makes no difference to our results.

Our data for five different lattice spacings and a wide
range of masses mHs

are presented with our fit results in
Fig. 1. The reach in mHs

grows as the lattice spacing
decreases (since we restrict amh < 1), and deviations
from the continuum curve get smaller. The fit is excellent,
with a "2 per degree of freedom of 0.36 while fitting all 17
measurements. The small "2 results from our conservative
priors (we get excellent fits and smaller errors with priors
that are half the width).

Having determined the parameters in Eq. (1), the
second step in our analysis is to set MHs

¼ MBs
, a ¼ 0,

andm#s
¼ m#s;phys in that formula to obtain our final value

for fBs
,

fBs
¼ 0:225ð4Þ GeV; (3)

which agrees well with the previous best NRQCD result of
0.231(15) GeV [17] but is almost 4 times more accurate.
Our result also agrees with the recent result of 0.232
(10) GeV from the ETM Collaboration, although that
analysis includes only two of the three light quarks in the
quark sea [18]. Two additional new results, both using
effective field theories for the b dynamics and both
with three flavors of sea quarks were announced at
Lattice 2011 [8]: 0.226(10) GeV from the HPQCD
Collaboration and 0.242(10) GeV from the Fermilab
Lattice/MILC Collaboration.

Our total error is split into its component parts following
the procedure described in [19] to give the error budget in
Table III. It shows that the dominant errors come from
statistical uncertainties in the simulations, the mHs

! mBs

extrapolation, the a2 ! 0 extrapolation, and uncertainties
in the scale-setting parameter r1. Our analysis of fDs

in [6]
indicates that finite volume errors, errors due to mistuned
sea-quark masses, errors from the lack of electromagnetic
corrections, and errors due to lack of c quarks in the sea are
all significantly less than 1%, and so negligible compared
with our other uncertainties. Our final result is also insen-
sitive to the detailed form of the fit function; for example,
doubling the number of terms has negligible effect (0:03$)
on the errors and value.
We have also included in Fig. 1 (right) a plot of

ffiffiffiffiffiffiffiffiffi
mHs

p
fHs

for different values of mHs
. This shows that there are large

nonleading terms in fHs
, beyond the leading 1=

ffiffiffiffiffiffiffiffiffi
mHs

p
behavior predicted by HQET. Our simulation nevertheless
provides evidence for the leading term. Treating exponent
b in Eq. (1) as a fit parameter, rather than setting it equal to

FIG. 1 (color online). The leptonic decay constant fHs
for pseudoscalar h"s mesons Hs, plotted on the left versus the Hs mass

as the h-quark’s mass is varied. The solid line and gray band show our best-fit estimates for the decay constants extrapolated
to zero lattice spacing. Best-fit results (dashed lines) and simulation data are also shown for five different lattice spacings, with
results for smaller lattice spacings extending to higher masses (since we restrict amh < 1). The simulation data points have
been corrected for small mistunings of the s quark’s mass. On the right the same simulation data and fits are plotted for

ffiffiffiffiffiffiffiffiffi
mHs

p
fHs

versus 1=mHs
.

TABLE III. Dominant sources of uncertainty in our determi-
nations of the Bs decay constant and the Bs & #b mass differ-
ence. Contributions are shown from the extrapolations inmHs

, a2

and ms, as well as statistical errors in the simulation data and
errors associated with the scale-setting parameter r1. Other
errors are negligible.

fBs
mBs

&m#b
=2

Monte Carlo statistics 1.30% 1.49%
mHs

! mBs
extrapolation 0.81 0.05

r1 uncertainty 0.74 0.33
a2 ! 0 extrapolation 0.63 0.76
m#s

! m#s;phys extrapolation 0.13 0.18
r1=a uncertainties 0.12 0.17
Total 1.82% 1.73%

HIGH-PRECISION fBs
AND HEAVY QUARK . . . PHYSICAL REVIEW D 00

RAPID COMMUNICATIONS

3

uncty. now 0.2-0.7% 
<< exptl. error on lept.rates

HPQCD 1110.4510

Multiple amh and multiple a allow  
determination of value at b - 
 ‘heavy-HISQ’ approach

finer a 



Semileptonic form factors
Encode QCD meson structure info. from which 
differential rate calculated, up to CKM factor. 

Vqq0
<latexit sha1_base64="sfd0wOFh8oYdK3q0lF4Aej4DGN8=">AAAB+HicdVDLSgMxFM3UV62Pjrp0EyyCqzKpYttd0Y3LCvYB7Thk0rQNTWamSUaow3yJGxeKuPVT3Pk3ZtoKKnrgwuGce7n3Hj/iTGnH+bByK6tr6xv5zcLW9s5u0d7bb6swloS2SMhD2fWxopwFtKWZ5rQbSYqFz2nHn1xmfueOSsXC4EbPIuoKPArYkBGsjeTZxbaXTKe3ST+STNA09eySU3YcByEEM4Kq544h9XqtgmoQZZZBCSzR9Oz3/iAksaCBJhwr1UNOpN0ES80Ip2mhHysaYTLBI9ozNMCCKjeZH57CY6MM4DCUpgIN5+r3iQQLpWbCN50C67H67WXiX14v1sOam7AgijUNyGLRMOZQhzBLAQ6YpETzmSGYSGZuhWSMJSbaZFUwIXx9Cv8n7UoZnZYr12elxsUyjjw4BEfgBCBQBQ1wBZqgBQiIwQN4As/WvfVovVivi9actZw5AD9gvX0CzfKT2Q==</latexit>

B ! D⇤`⌫
<latexit sha1_base64="VtmwKNXnv2WTzZjhbL7eVO8PBoQ="></latexit>

  (exclusive) expt. + lattice QCD gives Vcb. 

hD⇤(~p)|V µ �Aµ|B(~p = 0)i
<latexit sha1_base64="pbk7EX38MFtIuqaJ4QlH6U03fOA="></latexit>

A0(q
2), A1(q

2), A2(q
2), V (q2)

<latexit sha1_base64="EcQfN3ijV/D1iKJIed0qcD65Rxs=">AAACCnicdZDLSgMxFIYz9VbrrerSTbQIFaQko9h21+rGZQV7gbYOmTRtQzMXk4xQStdufBU3LhRx6xO4823M9AIqeiDk4//PITm/GwquNEKfVmJhcWl5JbmaWlvf2NxKb+/UVBBJyqo0EIFsuEQxwX1W1VwL1gglI54rWN0dXMR+/Y5JxQP/Wg9D1vZIz+ddTok2kpPeLzsoe3tjHx2XHTwHewq1yeWkMyiHEMIYwxhw/gwZKBYLNi5AHFumMmBWFSf90eoENPKYr6kgSjUxCnV7RKTmVLBxqhUpFhI6ID3WNOgTj6n2aLLKGB4apQO7gTTH13Cifp8YEU+poeeaTo/ovvrtxeJfXjPS3UJ7xP0w0syn04e6kYA6gHEusMMlo1oMDRAqufkrpH0iCdUmvZQJYb4p/B9qdg6f5Oyr00zpfBZHEuyBA5AFGORBCVyCCqgCCu7BI3gGL9aD9WS9Wm/T1oQ1m9kFP8p6/wImH5bE</latexit>

Issues for form factor calculations are :
• Discretisation errors, operator 
normalisation   (as for decay constants)  

• Dependence on q2  .  Early calculations done for A1 at zero recoil (q2max), 
compared to expt. extrapolated to that point.  
MUCH better to compare direct to expt. across FULL q2 range. 

q2 = (pi � pf )
2

<latexit sha1_base64="TnOUdnem7iuR8ugdhnANLm7V4XI=">AAAB+HicdVDLSgMxFM3UV62Pjrp0EyxCXVgmo9h2IRTduKxgH9DHkEkzbWjmYZIR6tAvceNCEbd+ijv/xkxbQUUPXDiccy/33uNGnEllWR9GZml5ZXUtu57b2Nzazps7u00ZxoLQBgl5KNoulpSzgDYUU5y2I0Gx73LacseXqd+6o0KyMLhRk4j2fDwMmMcIVlpyzPxt3z4vRg47jhzvqG87ZsEqWZaFEIIpQeUzS5NqtWKjCkSppVEAC9Qd8707CEns00ARjqXsICtSvQQLxQin01w3ljTCZIyHtKNpgH0qe8ns8Ck81MoAeqHQFSg4U79PJNiXcuK7utPHaiR/e6n4l9eJlVfpJSyIYkUDMl/kxRyqEKYpwAETlCg+0QQTwfStkIywwETprHI6hK9P4f+kaZfQScm+Pi3ULhZxZME+OABFgEAZ1MAVqIMGICAGD+AJPBv3xqPxYrzOWzPGYmYP/IDx9glGWJI0</latexit>

0 < q2 < (Mi �Mf )
2

<latexit sha1_base64="mopyLF2iuT28JKaLOFmptH4VTWk=">AAAB/nicdVDLSgMxFM3Ud32Niis3wSLUhSUZxbbgQnTjRqhgrdCOQybNtKGZh0lGKIPgr7hxoYhbv8Odf2OmVlDRA/dyOOdecnP8RHClEXq3ChOTU9Mzs3PF+YXFpWV7ZfVCxamkrEljEctLnygmeMSammvBLhPJSOgL1vIHx7nfumFS8Tg618OEuSHpRTzglGgjefY6ggfw+soxvXzq8Z1TL9i+cjy7hCoIIYwxzAmu7iND6vWag2sQ55ZBCYzR8Oy3TjemacgiTQVRqo1Rot2MSM2pYLfFTqpYQuiA9Fjb0IiETLnZ6PxbuGWULgxiaSrScKR+38hIqNQw9M1kSHRf/fZy8S+vneqg5mY8SlLNIvr5UJAKqGOYZwG7XDKqxdAQQiU3t0LaJ5JQbRIrmhC+fgr/JxdOBe9WnLO90uHROI5ZsAE2QRlgUAWH4AQ0QBNQkIF78AierDvrwXq2Xj5HC9Z4Zw38gPX6AS8jkxU=</latexit>

Large B mass and q2 range make this hard - much work going on ….

A. Lytle, review LAT2019e.g.

For B/D* see FNAL/MILC,1906.01019 

|~pf |q2=0 =
Mi

2
�

M2
f

2Mi
<latexit sha1_base64="oEGTC4qqB/Fx0N8C/oex62O96ec="></latexit>
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FIG. 7. Helicity amplitudes plotted as a function of q2.
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FIG. 8. Angular di↵erential decay rates for light fi-
nal state lepton `, from the top down, d�/dq2d cos(✓J/ ),
d�/dq2d cos(✓W ) and d�/dq2d� normalised by the total decay
rate �(Bc ! J/ `

�
⌫`).

FIG. 9. The di↵erential rate d�/dq2, normalised by the total
decay rate �.

FIG. 10. Plot showing the stability of the total rate com-
puted from the heavy-HISQ fit under variations of correlator
fits. The x axis value corresponds to N = �3+4�2+16�1+64�4
where �n is the value of � corresponding to the fit given in ta-
ble VII for set n, the black horizontal line and red error band
correspond to our final result and the blue points and blue
error band correspond to the combination of fit variations as-
sosciated to N .

fit variations is plotted in figure 10, where we see that
our final result is insensitive to such variations.

We also investigate the e↵ect of including fewer poles
in (26) by repeating our analysis including only the first
Npoles resonances listed in table XIV. Figure 11 shows the
magnitude of the coe�cient corresponding to the order z

term, a1, coming from fits including di↵erent numbers of
poles, as well as the resultant value of �. We use priors
of 0(1), 0(2), 0(3) and 0(4) for each b

ijk

n
, for Npoles = 4,

WJ/ 

µ+

µ�
`�

⌫`

B�
c

�

✓W
✓J/ 

Bc ! J/ `⌫
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HPQCD, 1906.00701 

Harrison et al, 
HPQCD, in prep. 

Heavy-HISQ approach covers full q2 range - 
expands with mass range on finer lattices
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FIG. 4. q
2 dependence of A1 and heavy-HISQ extrapolated

curve.
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FIG. 5. q
2 dependence of A2 and heavy-HISQ extrapolated

curve.

FIG. 6. q
2 dependence of V and heavy-HISQ extrapolated

curve.

VI. DISCUSSION

A. Di↵erential Decay Rates

Using the form factors we construct the helicity ampli-
tudes and di↵erential decay rates using (5). The Helicity
amplitudes are plotted in figure 7. Using these helic-
ity amplitudes we construct the di↵erential decay rates.
Where an integration over q

2 is necessary we use a sim-
ple trapezoidal interpolation in order to ensure covariaces
are carried through correctly, taking su�ciently many
points that the results are insensitive to using additional
points. The di↵erential rates with respect to the angular
variables defined in 1 are plotted in figure 8 and the dif-
ferential rate d�/dq

2 is plotted in figure 9 where we plot
the rate for l = µ. We also compute the total decay
rates for the case ` = µ. We find

�(B�
c

! J/ µ
�
⌫µ)/|Vcb|

2 = 1.69(11) ⇥ 1013
s

�1
. (35)

B. Stability of Analysis

The results presented in section V are dependent to
some extent upon non-trivial choices of the fit parameters

�T3pt, �T
J/ 

2pt , �T
Hc
2pt, the value of SVD cut and the

number exponentials used in the fit. In order to verify
that our results are independent of such choices we repeat
the analysis using all combinations of the variations listed
in table VII. The total rate computed using each of these

q2(GeV2)
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Resulting  
helicity  
amplitudes 
combining 
all 
form 
factors

Continuum  
result at b mass

Contributes for 𝜏

*FIRST* lattice QCD calculation

PRELIMINARY
PRELIMINARY



differential distributions for  
W decay to (massless) µ or  
(massive) τ

J. Harrison et al, HPQCD, in prep.

R(J/ ) =
Br(Bc ! J/ ⌧⌫⌧ )

Br(Bc ! J/ µ⌫µ)

lepton universality test

RJ/ = 0.71(17)(18)
First LHCb result : 

LHCb, 1711.05623

We find, in SM: 

PRELIMINARY

LHCb aim for 2% in R with 300fb-1 
LHCb, 1808.08865

close to R(D*)

R(J/ ) = 0.2636(37)
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2

and

d�

dq2d�
= (7)

G
2

(2⇡)3
|Vcb|2

(q2 � M
2
`
)2|~p0|

16M2
Bc

q2
B(J/ ! µ

+
µ

�)
2

3⇡

h

+ H
2
� + H

2
0 + H

2
+ +

1

2
H�H+ cos(2�)

M
2
`

2q2

⇣
H

2
� + H

2
0 + H

2
+ + 3H2

t
� H�H+ cos(2�)

⌘i
(8)

where p
0 is the momentum of the J/ , |~p0| is the magni-

tude of the J/ spatial momentum in the Bc rest frame,
p is the momentum of the Bc, M` is the mass of the lep-
ton `�, q = p � p

0 and the angular variables are defined
in 1. The helicity amplitudes are defined as

H±(q
2) =(MBc + MJ/ )A1(q

2) ⌥ 2MBc |~p0|
MBc + MJ/ 

V (q2),

H0(q
2) =

1

2MJ/ 

p
q2

⇣
� 4

M
2
Bc

|~p0|
2

MBc + MJ/ 

A2(q
2)

+ (MBc + MJ/ )(M
2
Bc

� M
2
J/ 

� q
2)A1(q

2)
⌘
,

Ht(q
2) =

2MBc |~p0|p
q2

A0(q
2). (9)

and correspond to the nonzero components of
✏
⇤
µ
hJ/ (✏)|c̄�µ(1 � �

5)b|B�
c

i with respect to the
J/ and W

� polarisation vectors ✏ and ✏. The form
factors in (9) are the standard lorentz invariant ones,
their relation to the matrix elements is given in [5].

III. HELICITY AMPLITUDES, � AND R(J/ )

The form factors were computed across the full phys-
ical q

2 range in [FULLPAPER] fully non-perturbatively
using heavy-HISQ. The form factors are given in terms
of z-expansion coe�cients, a

F

n
, and a pole term corre-

sponding to (axial-)vector states coupling to the relevant
current:

F (q2) = P (q2)
3X

n=0

a
F

n
z

n (10)

for F = A0, A1, A2, V and where

z =

p
t+ � q2 �

p
t+ � t0p

t+ � q2 +
p

t+ � t0

(11)

where t� is the maximum value of q
2

t� = (MHc � MJ/ )
2
, (12)

t+ is the pair production threshold

t+ = (MH + MD⇤)2 (13)

and

P (q2) =
Y

Mpole

0

@
p

t+ � q2 �
q

t+ � M
2
pole

p
t+ � q2 +

q
t+ � M

2
pole

1

A

�1

. (14)

Here we must use the same (axial-)vector masses Mpole as
in [FULLPAPER]. Using these form factors we construct
the helicity amplitudes and di↵erential decay rates using
(9). Where an integration over q

2 is necessary we use
a simple trapezoidal interpolation in order to ensure co-
variaces are carried through correctly, taking su�ciently
many points that the results are insensitive to using ad-
ditional points. The di↵erential rate d�/dq

2 is plotted in
figure 2 where we plot the rate for l = µ and l = ⌧ within
the standard model and for the various new physics sce-
narios discussed in section IV. We also compute the total
decay rates for each of the cases ` = ⌧ and ` = µ and from
these R(J/ ) = B(Bc ! J/ ⌧

�
⌫⌧ )/B(Bc ! J/ `

�
⌫`).

We find

�(B�
c

! J/ µ
�
⌫µ)/|Vcb|2 = 1.69(11) ⇥ 1013

s
�1

, (15)

�(B�
c

! J/ ⌧
�
⌫⌧ )/|Vcb|2 = 4.46(27) ⇥ 1012

s
�1

, (16)

and the ratio

R(J/ ) = 0.2636(37). (17)

FIG. 2. The di↵erential rate d�/dq2 for the ` = µ and ` = ⌧
cases in the standard model.
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HFLAVR(D⇤)|SM = 0.258(5)
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R(D⇤)|Belle = 0.283(23)
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Precision tests of the Standard Model

See Kane et al, 1907.00279 for first steps towards 
QED radiative corrections from lattice QCD 

Bs " µµ
! Super rare decay in SM with well! Super rare decay in SM with well

predicted BR(Bs " µµ) = (3.55±0.33)×10-9

! Sensitive to NP in MSSM

BR ∝ tan6β / M4
A

! Best present limit is from CDF:

BR(B " ) 4 10 8 @ 90% CL

CDF

BR(Bs " µµ) < 4.7×10-8 @ 90% CL 

! For the SM prediction

LHCb expects 8 signal and 12LHCb expects 8 signal and 12

background events in the most

sensitive bin in 2 fb-1  . Background is

dominated by semileptonic decaysdominated by semileptonic decays

of different b quarks

! 3σ evidence with 2 fb-1 

5σ observation with 6fb-1 

11BaBar Symposium April 2009 

Bs/d ! µ+µ�
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rare process that may give access to BSM physics 
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Rate requires lattice QCD  
input: Either

Rate / f2
Bq

|V ⇤
tbVtq|2
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Rate / �Mq

B̂Bq
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OR

FNAL/MILC:1712.09262

agree: CKM consistent 
with unitarity

4q-op 
Bag 
param.



QCD effects in the anomalous magnetic moment of the muon 
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The point shown here uses the R-ratio data compilation from “Jegerlehner 2017” [59] and clearly
shows that it is possible to improve the R-ratio results by supplementing it with data from a lattice
calculation.
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Figure 13: Comparison of various determinations of the HVP contribution to the anomalous magnetic
moment of the muon.

The relative contribution of the various quark-flavours to the total HVP contribution from
lattice calculations is shown by the pie chart on the left-hand side of figure 14. Clearly, the by far
biggest contribution comes for the light-quark connected diagram, followed by the strange-quark
contribution.
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Figure 14: The relative size of the various flavour contributions to the HVP is shown on the left. The
plot on the right shows the relative size of the average (statistical + systematic) error on the various flavour
contributions from the available lattice results.

The total errors on the lattice results for the HVP shown in figure 13 are all of the order
of 2� 3%. This is clearly not yet competitive with the R-ratio results, which would require an
accuracy of . 1%, or even the required 0.2% to match the precision of the upcoming experiments.
The relative contribution to the error on the average lattice calculation is shown in the pie chart
on the right-hand side of figure 14. The error on the lattice results is dominated by the error on

13

Lots of lattice results - not yet at 
accuracy of pheno. from R(e+e- 
to hadrons).

Separate by flavour 
+ disc. 

PoS(LATTICE2019)224

Recent Developments of Muon g-2 from Lattice QCD Vera Gülpers

µ µ µ µ

Figure 15: Fully quark-connected (left) and leading quark-disconnected (right) contributions to the hadronic
light-by-light scattering.

3.2 Mainz Status

In the position-space method developed by Mainz [64, 65] the hadronic light-by-light scatter-
ing contribution to aµ is written as

aHLBL
µ =

mµe6

3

Z
dx4dy4

L [r,s ];µnl (x,y) iP̂r;µnls (x,y) . (3.2)

The hadronic part is given by the four-point function

P̂r;µnls =
Z

dz4 izr
⌦

jg
µ(x) jg

n(y) jg
l (0) jg

s (z)
↵

(3.3)

where z is the position of the vertex with the external photon, and x, y and 0 the positions of the
quark-photon vertices with the internal photon lines. The QED part of the light-by-light diagram is
given by an electromagnetic kernel function L [r,s ];µnl (x,y), that can be computed directly in the
continuum and infinite volume limit.

Figure 16: The quark-connected contribution to aHLBL
µ for different pion masses. The data has been inte-

grated up to |y|max. Plot is taken from [66].

The current status of calculating aHLBL
µ using this method was presented at this conference

[66] and some results for the fully quark-connected contribution are shown in figure 16. The plot
in figure 16 shows aHLBL

µ for three different pion masses at fixed lattice spacing. The data has been
partially integrated up to |y|max, such that aHLBL

µ can be extracted from a plateau at large enough
values of |y|max.

3.3 RBC/UKQCD Status

In the position space approach proposed by RBC/UKQCD [67] the full hadronic light-by-light
scattering diagram including the muon and photon propagators is treated on the lattice. To make

15

Also hadronic light-by-light 
contribution in QCD+QED

RBC:1911.08123

aHLbL

µ = 7.9(3.5)⇥ 10�10
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See also Mainz:1911.05573 Not large …New exptl. results awaited ..



Conclusions
 Lattice QCD continues slow but steady progress
Precision quantities, such as hadron ground-rates 
masses and decay constants continue to improve. 
Progress now is through inclusion of QED and 
d-u mass difference effects. 
Harder calculations, such as those of exotic 
spectroscopy, semileptonic form factors, QCD 
effects on 𝒂𝜇 , are improving through 
competition between different groups. 
The range of calculations is growing e.g. in baryon 
physics, not discussed here. 


