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The context of this talk: LHC physics (colour-coded by directly-probed energy scales)
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Broadband searches (here an example with 704 event classes)
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ATLAS

-1 = 13 TeV, 3.2 fbs
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Data 2015 3-/4-top Higgs +Z/W/WWtt γ+tt single top

di-/triboson )γ(γZ/W+ +jetstt )+jetsγ(γ Z/W+jets multijets
ATLAS

-1 = 13 TeV, 3.2 fbs
 + muon + electronT
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-1 = 13 TeV, 3.2 fbs
 + muon + electronT
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-1 = 13 TeV, 3.2 fbs
 + single leptonT
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Data 2015 3-/4-top Higgs +Z/W/WWtt γ+tt single top

di-/triboson )γ(γZ/W+ +jetstt )+jetsγ(γ Z/W+jets multijets
ATLAS

-1 = 13 TeV, 3.2 fbs
dijet and multijet (normalized to data)
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Data 2015 3-/4-top Higgs +Z/W/WWtt γ+tt single top

di-/triboson )γ(γZ/W+ +jetstt )+jetsγ(γ Z/W+jets multijets
ATLAS

-1 = 13 TeV, 3.2 fbs
multilepton + photon(s)
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ATLAS, arXiv:1807.07447 
13 TeV, 3.2 fb-1 
General search

Just one illustration 
out of many searches 

at the LHC  
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high pT Higgs & [SD] jet mass
We wouldn’t trust electromagnetism if 
we’d only tested at one length/
momentum scale. 

New Higgs interactions need testing at 
both low and (here) high momenta.

4

7. Results 9
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Figure 1: The observed and fitted background mSD distributions for the failing (left) and pass-
ing (right) regions, combining all the pT categories, and three data collection years. The fit
is performed under the signal-plus-background hypothesis with one inclusive H(bb) signal
strength parameter floating in all the pT categories. Because of the finite r acceptance, some
mSD bins within a given pT category may be removed, giving rise to the features at 166 and
180 GeV. The shaded blue band shows the systematic uncertainty in the total background pre-
diction. The bottom panel shows the difference between the data and the total background
prediction, divided by the statistical uncertainty in the data.

boson events predicted in the fiducial region of the analysis with HJ-MINLO is approximately
a factor of two smaller than that of Ref. [16], which is reflected in the observed difference of the
fitted Higgs boson signal strength values based on the two predictions.

To assess the compatibility between the observed signal strengths in the different jet pT cate-
gories, an alternative fit to the data is performed. In this fit, an independent H signal strength
is assigned to each of the six reconstructed jet pT bins. These signal strengths are unconstrained
in the fit and are varied simultaneously. All other parameters are profiled, as in the nominal
fit. Figure 3 illustrates the compatibility in the best fit signal strengths between the different pT
categories.

To facilitate comparisons with theoretical predictions, we isolate and remove the effects of lim-
ited detector acceptance and response to the ggF Higgs boson production cross section using a
maximum-likelihood unfolding technique. In our treatment, the remaining Higgs boson pro-
duction modes are assumed to occur at SM rates, as predicted by the HJ-MINLO simulation.
The ggF Higgs boson signal is split into several bins according to the generated Higgs bo-
son pT (p

H
T ), and each p

H
T bin is considered as a separate process with a freely floating signal

strength parameter in the likelihood model. The respective p
H
T bins are 300–450, 450–650, and

> 600 GeV. This binning choice follows the simplified template cross section (STXS) recommen-
dation [76]. As the minimum reconstructed jet pT is 450 GeV, a negligible signal contribution
is expected from events with p

H
T < 300 GeV. The fiducial cross section in each p

H
T bin is then

extracted by scaling the cross section found in simulation, imposing no selection requirements
other than those on p

H
T , by the corresponding signal strength parameter. The uncertainty in

this value is taken from the correspondingly scaled signal strength uncertainty. For the theoret-
ical uncertainties, only those that affect the acceptance of signal events into the reconstructed
selection are taken into account. Based on the envelope of acceptance values from varying the

high-pT  
Z → bb

high-pT  
H → bb  

(2.5 σ)

p p

H
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LHC luminosity v. time

5

Run 3 Run 4

YEAR

year lumi (fb–1)

2020 140

2025 450 (⨉ 3)

2030 1200 (⨉ 8)

2037 3000 (⨉ 20)
integrated luminosity  
(~ total number of  

pp collisions)

today: 140 fb-1

95% of collisions still to be 
delivered 
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UNDERLYING 
THEORY

EXPERIMENTAL 
DATA

how do you make 
quantitative 
connection?
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UNDERLYING 
THEORY

EXPERIMENTAL 
DATA

through a chain 
 of experimental 

and theoretical links 
[in particular Quantum Chromodynamics (QCD)]

how do you make 
quantitative 
connection?
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What are the links? 
ATLAS and CMS (big LHC expts.) have  

written 715 articles since 2017 
links ≡ papers they cite

quantum chromodynamics (QCD) theory papers

experimental & statistics papers
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predicting full particle structure  
that comes out of a collision
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incoming beam particle

intermediate particle

final particle

Event evolution spans 7 orders of 
magnitude in space-time
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incoming beam particle

intermediate particle

final particle

Event evolution spans 7 orders of 
magnitude in space-time



general purpose Monte Carlo event generators: 
THE BIG 3

11

Herwig 7 Pythia 8 Sherpa 2

used in ~95% of ATLAS/CMS publications 
they do an amazing job of simulation vast swathes of data; 

collider physics would be unrecognisable without them
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schematic view of key 
components of QCD 

predictions and Monte 
Carlo event simulation
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pattern of particles in 
MC can be directly 

compared to pattern in 
experiment
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Much of past 20 years’ work: 
MLM, CKKW, MC@NLO, 
POWHEG, MINLO, FxFx, 
Geneva, UNNLOPS, Vincia, etc.

This talk
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using full event information
how much information is hidden among  

the hundreds of particles produced in a collisions?

16



17

ce

pure QCD event event with Higgs & Z boson decays



Machine learning and jet/event structure 

18

Convolutational Neural Networks and Jet Images

I Project a jet onto a fixed n ⇥ n pixel image in rapidity-azimuth, where
each pixel intensity corresponds to the momentum of particles in that
cell.

I Can be used as input for classification methods used in computer
vision, such as deep convolutional neural networks.

[Cogan, Kagan, Strauss, Schwartzman JHEP 1502 (2015) 118]
[de Oliveira, Kagan, Mackey, Nachman, Schwartzman JHEP 1607 (2016) 069]

Frédéric Dreyer 11/42
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FIG. 1: The structure of the EdgeConv block.

ber of channels C = (C1, C2, C3), corresponding to the
number of units in each linear transformation layer.

The ParticleNet architecture used in this paper is
shown in Fig. 2a. It consists of three EdgeConv blocks.
The first EdgeConv block uses the spatial coordinates
of the particles in the pseudorapidity-azimuth space to
compute the distances, while the subsequent blocks use
the learned feature vectors as coordinates. The number
of nearest neighbors k is 16 for all three blocks, and the
number of channels C for each EdgeConv block is (64, 64,
64), (128, 128, 128), and (256, 256, 256), respectively. Af-
ter the EdgeConv blocks, a channel-wise global average
pooling operation is applied to aggregate the learned fea-
tures over all particles in the cloud. This is followed by
a fully connected layer with 256 units and the ReLU ac-
tivation. A dropout layer [68] with a drop probability of
0.1 is included to prevent overfitting. A fully connected
layer with two units, followed by a softmax function, is
used to generate the output for the binary classification
task.

A similar network with reduced complexity is also in-
vestigated. Compared to the baseline ParticleNet archi-
tecture, only two EdgeConv blocks are used, with the
number of nearest neighbors k reduced to 7 and the
number of channels C reduced to (32, 32, 32) and (64,
64, 64) for the two blocks, respectively. The number of
units in the fully connected layer after pooling is also
lowered to 128. This simplified architecture is denoted
as “ParticleNet-Lite” and is illustrated in Fig. 2b. The
number of arithmetic operations is reduced by almost an
order of magnitude in ParticleNet-Lite, making it more
suitable when computational resources are limited.

The networks are implemented with Apache MXNet
[69], and the training is performed on a single Nvidia
GTX 1080 Ti graphics card (GPU). A batch size of 384
(1024) is used for the ParticleNet (ParticleNet-Lite) ar-
chitecture due to GPU memory constraint. TheAdamW

cRRUdLQaWeV feaWXUeV
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(a) ParticleNet
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(b) ParticleNet-Lite

FIG. 2: The architectures of the ParticleNet and the
ParticleNet-Lite networks.

optimizer [70], with a weight decay of 0.0001, is used to
minimize the cross entropy loss. The one-cycle learning
rate (LR) schedule [71] is adopted in the training, with
the LR selected following the LR range test described in
Ref. [71], and slightly tuned afterward with a few trial
trainings. The training of ParticleNet (ParticleNet-Lite)
network uses an initial LR of 3⇥ 10�4 (5⇥ 10�4), rising
to the peak LR of 3 ⇥ 10�3 (5 ⇥ 10�3) linearly in eight
epochs and then decreasing to the initial LR linearly in
another eight epochs. This is followed by a cooldown
phase of four epochs which gradually reduces the LR to
5 ⇥ 10�7 (1 ⇥ 10�6) for better convergence. A snapshot
of the model is saved at the end of each epoch, and the
model snapshot showing the best accuracy on the valida-
tion dataset is selected for the final evaluation.

IV. RESULTS

The performance of the ParticleNet architecture is
evaluated on two representative jet tagging tasks: top
tagging and quark-gluon tagging. In this section, we
show the benchmark results.

A. Top tagging

Top tagging, i.e., identifying jets originating from
hadronically decaying top quarks, is commonly used in
searches for new physics at the LHC. We evaluate the
performance of the ParticleNet architecture on this task
using the top tagging dataset [72], which is an exten-
sion of the dataset used in Ref. [46] with some modifica-
tions. Jets in this dataset are generated with Pythia8
[73] and passed through Delphes [74] for fast detector

Qu & Guskos, 
arXiv:1902.08570

https://arxiv.org/abs/1902.08570


using full jet/event information for H/W/Z-boson tagging
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Dreyer 2020 
(work in 
progress)

p p

H/W/Z

QCD rejection  
with use of full jet  

substructure 
(2019 tools) 

100x better

First started to be exploited 
by Thaler & Van Tilburg with  
“N-subjettiness”  (2010/11)

x100
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Unless you are highly confident in the 
information you have about the markets, you 
may be better off ignoring it altogether

- Harry Markowitz (1990 Nobel Prize in Economics) 
[via S Gukov]

20

can we trust machine learning? A question of confidence in the training…
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Concrete example: azimuthal structure in jets

21
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Concrete example: azimuthal structure in jets
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Concrete example: azimuthal structure in jets
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Concrete example: azimuthal structure in jets
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what is a (Monte Carlo) 
parton shower?

illustrate with dipole / antenna showers

25

Gustafson & Pettersson 1988, Ariadne 1992, main Sherpa & Pythia8 showers, option in Herwig7,  
Vincia & Dire showers & (partially) Deductor shower



RECONNECT conference, May 2020Gavin P. Salam

Example of radioactive decay (limit of long half-life)

Constant decay rate μ per unit time, total time . Find distribution of emissions. 

1. write as coupled evolution equations for probability P0, P1, P2 , etc., of having  
0,1,2,… emissions

tmax

26

dPn

dt
= �µPn(t) + µPn�1(t)

<latexit sha1_base64="yn+BF4ahikKi9KUbOTrEsG1mJEw="></latexit>

n – 1 → nn → n+1

[easy to implement in 
Monte Carlo approach]
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1. write as coupled evolution equations for probability P0, P1, P2 , etc., of having  
0,1,2,… emissions
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dPn

dt
= �µPn(t) + µPn�1(t)

<latexit sha1_base64="yn+BF4ahikKi9KUbOTrEsG1mJEw="></latexit>

n – 1 → nn → n+1

[easy to implement in 
Monte Carlo approach]

Monte Carlo solution (repeat following procedure many times to get distribution of ) 

a. start with n = 0,  

b. Choose random number  ( ) and find  that satisfies 

c. If , increment , go to step b

n, {ti}

t0 = 0

r 0 < r < 1 tn+1

tn+1 < tmax n
r = e�µ(tn+1�tn)

<latexit sha1_base64="+WjsVMb14rQOHoBbsPP2ef9k4ZQ="></latexit>

[i.e. randomly sample 
exponential distribution]
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Monte Carlo worked example

27

E.g. for decay rate , total time  
➤ start with  
➤ random number   →   [emission 1] 
➤ random number   →   [emission 2] 
➤ random number   →   [  , so stop] 
➤ This event has two emissions at times 

μ = 1 tmax = 2
n = 0, t0 = 0

r = 0.6 t1 = t0 + log(1/r) = 0.51
r = 0.3 t2 = t1 + log(1/r) = 1.71
r = 0.4 t3 = t2 + log(1/r) = 2.63 > tmax

{t1 = 0.51, t2 = 1.71}

Monte Carlo solution (repeat following procedure many times to get distribution of ) 

a. start with n = 0,  

b. Choose random number  ( ) and find  that satisfies 

c. If , increment , go to step b

n, {ti}

t0 = 0

r 0 < r < 1 tn+1

tn+1 < tmax n
r = e�µ(tn+1�tn)

<latexit sha1_base64="+WjsVMb14rQOHoBbsPP2ef9k4ZQ="></latexit>

[i.e. randomly sample 
exponential distribution]
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v 

dP2(v)
dv

= − f qq̄
2→3(v) P2(v)

Start with q-qbar state.  

Throw a random number to determine down to 
what scale state persists unchanged
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v 

dP3(v)
dv

= − [f qg
2→3(v) + fgq̄

2→3(v)] P3(v)

Start with q-qbar state.  

Throw a random number to determine down to 
what scale state persists unchangedq

q
_
g

At some point, state splits (2→3, i.e. emits 
gluon). Evolution equation changes 

gluon is part of two dipoles , , each 
treated as independent  
(many showers use a large NC limit)

(qg) (gq̄)



QCD shower: an evolution equation (in evolution scale v, e.g. 1/trans.mom.)
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self-similar 
evolution  

continues until it 
reaches a non-
perturbative 
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recent directions of  
parton-shower work?

32

1. including 2 → 4 (or 1→ 3) splittings 

2. subleading colour corrections (dipole picture is large NC) 

3. EW showers



Including 1→ 3 splittings (≡ 2→4)
➤ Jadach et al, e.g. 1504.06849, 1606.01238 

➤ Li & Skands, 1611.00013

33

Inclusive parton evolution at NLO

[Curci,Furmanski,Petronzio] NPB175(1980)27, [Floratos,Kounnas,Lacaze] NPB192(1981)417

I Higher-order DGLAP evolution kernels obtained from factorization

D
(0)
ji (z, µ) = �ij�(1 � z) $
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+
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I P
(n)
ji not probabilities, but sum rules hold ($ unitarity constraint)

In particular: Momentum sum rule identical between LO & NLO
[Krauss,Prestel,SH] arXiv:1705.00982

I PS implements NLO DGLAP equation if Sudakov defined as1

�a(t, Q2) = exp

⇢
�
Z Q2

t

dt̄

t̄

XZ 1�"

0
d⇣ ⇣

↵s

2⇡
Pac(⇣)

�

1
su�ciently inclusive observables only, all else % later

15

➤ Höche, Krauss & Prestel, 1705.00982,  
Höche & Prestel, 1705.00742,  
Dulat, Höche & Prestel, 1805.03757

Equations from slides by Höche



Hierarchy of subleading colour corrections
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More on soft gluons beyond leading colour

Simon Plätzer

Particle Physics, University of Vienna

at the

HARPS Meeting

Genova | 13 September 2018

Angeles, De Angelis, Forshaw, Plätzer, Seymour – JHEP 05 (2018) 044

Gieseke, Kirchgaesser, Plätzer, Siodmok – arXiv:1808.06770

De Angelis, Forshaw, Plätzer – arXiv:181y.xxxxx

Forshaw, Holguin, Plätzer – arXiv:181y.xxxxx
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Figure 6: The counting of next-to-leading colour contributions. We aim to perform a
resummation in all powers of the t’Hooft coupling ↵sN ⇠ 1. In the set of boxes shown we
count, for the virtual evolution operator, increasing powers of ↵s from left to right, and
decreasing powers of N from top to bottom, with N

0 in the middle row. The effect of r

real emissions is indicated in the rightmost column of the figure and any 1/N suppression
due to the scalar product matrix is indicated by the number of flips. See the text for more
details.

Subleading colour contributions may result in differences between the colour in the
amplitude and that in the conjugate amplitude. To keep track of this, we will count the
number of colour reconnections (or transpositions or flips or swings) by which the two
colour structures differ. It turns out that pure 1/N corrections can only originate from
interference contributions in the hard process matrix. We will ignore subleading colour
contributions from this source in what follows, though they could easily be included. The
most important subleading colour contributions due to real emission are suppressed by a
power of 1/N

2 relative to the leading contribution and they originate as a result of the
following three possibilities: (i) two colour flips accompanied by no explicit factor of 1/N

(coming from contributions of the type t[· · · ]t); (ii) one flip and a factor of 1/N (coming
from contributions of the type t[· · · ]s and s[· · · ]t); (iii) zero flips and a factor of 1/N

2

(coming from contributions of the type s[· · · ]s). See Eq. (3.14) to appreciate the factors of
1/N . We note that real emissions never reduce the number of flips by which the amplitude
and its conjugate differ. We will present the explicit rules corresponding to these real
emission contributions below but first we consider subleading virtual corrections.
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Exploring Colours with CVolver

[De Angelis, Forshaw, Plätzer – arXiv:181y.xxxxx]

A framework to solve multi-diAerential evolution equations in colour space.

Concise, simple, and light-weight code structure.

Dedicated Monte Carlo algorithms to sample colour structures.

Plugin approach can accommodate anything from (N)GLs to full parton showers.
cf. also work by Hatta & Ueda, 1304.6930; Nagy & Soper papers; Hoche & Reichelt, 2001.11492  

  

Exploring Colours with CVolver

[De Angelis, Forshaw, Plätzer – arXiv:181y.xxxxx]

A framework to solve multi-diAerential evolution equations in colour space.

Concise, simple, and light-weight code structure.

Dedicated Monte Carlo algorithms to sample colour structures.

Plugin approach can accommodate anything from (N)GLs to full parton showers.

Plätzer, Sjödahl, Thorén, arXiv:1808.00332
Forshaw, Holguin, Plätzer, arXiv:1905.08686, 2003.06399 

https://arxiv.org/abs/1304.6930
https://arxiv.org/abs/2001.11492
https://arxiv.org/abs/2003.06399


EW showers (esp. beyond LHC)
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• Similarly in initial-state showering (PDF evolution) 

• uL-dL (& sL-cL) has double-log damping

Bauer, Ferland, BW, 1703.08562
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W & Z emissions come 
with double logarithms

αEW ln2 Q
mW

W emission affects only left-handed quarks  
→ strong polarisation of quarks in unpolarised proton (at high enough energies)

right-handed up quarks
left-handed up quarks

Kleiss & Verheyen, 2002.09248  
Bauer, Ferland & Webber, 1703.08562, 1808.08831 

Bauer, De Jong, Nachman, Provasoli,1904.03196 
see also Chen, Han & Tweedie, 1611.00788 

 Sjostrand & Christiansen, 1401.5238 
…Bauer, Ferland & Webber

https://arxiv.org/abs/2002.09248
https://arxiv.org/abs/1904.03196
https://arxiv.org/abs/1401.5238


what does a parton shower 
achieve?

36

not just a question of ingredients,  
but also the final result of assembling them together

Dasgupta, Dreyer, Hamilton, Monni & GPS, 1805.09327 
idem + Soyez, 2002.11114

https://arxiv.org/abs/1805.09327
https://arxiv.org/abs/2002.11114


what should a parton shower 
achieve?
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not just a question of ingredients,  
but also the final result of assembling them together

Dasgupta, Dreyer, Hamilton, Monni & GPS, 1805.09327 
idem + Soyez, 2002.11114

https://arxiv.org/abs/1805.09327
https://arxiv.org/abs/2002.11114


it’s a complicated issue…

➤ For a total cross section, e.g. for Higgs production, it’s easy to talk about systematic 
improvements (LO, NLO, NNLO, …). But they’re restricted to that one observable

38
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➤ With a parton shower (+hadronisation) you produce a “realistic” full set of 
particles. You can ask questions of arbitrary complexity: 

➤ the multiplicity of particles 

➤ the total transverse momentum with respect to some axis (broadening) 

➤ the angle of 3rd most energetic particle relative to the most energetic one 
[machine learning might “learn” many such features]
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➤ For a total cross section, e.g. for Higgs production, it’s easy to talk about systematic 
improvements (LO, NLO, NNLO, …). But they’re restricted to that one observable
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how can you prescribe correctness & accuracy of the answer,  
when the questions you ask can be arbitrary?

➤ With a parton shower (+hadronisation) you produce a “realistic” full set of 
particles. You can ask questions of arbitrary complexity: 

➤ the multiplicity of particles 

➤ the total transverse momentum with respect to some axis (broadening) 

➤ the angle of 3rd most energetic particle relative to the most energetic one 
[machine learning might “learn” many such features]



The standard answer so far

It’s common to hear that showers are Leading Logarithmic (LL) accurate.  

That language, widespread for multiscale problems, comes  
from analytical resummations. E.g. for (famous) “Thrust”

39

Phenomenology: lecture 4 (93/101)

Choosing the right QCD tools

Example: thrust
Thrust — a QCD ‘guinea pig’

First discussion goes back to 1964. Serious work got going in late ’70s.
Thrust is one of many continous measures of the event ‘shape’:

T = max
!nT

∑

i |!pi .!nT |
∑

i |!pi |
,

2-jet event: T ! 1 3-jet event: T ! 2/3

There exist many other measures of aspects of the shape: Thrust-Major,
C-parameter, broadening, heavy-jet mass, jet-resolution parameters,. . .
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Phenomenology: lecture 4 (93/101)

Choosing the right QCD tools

Example: thrust
Thrust — a QCD ‘guinea pig’

First discussion goes back to 1964. Serious work got going in late ’70s.
Thrust is one of many continous measures of the event ‘shape’:

T = max
!nT

∑

i |!pi .!nT |
∑

i |!pi |
,

2-jet event: T ! 1 3-jet event: T ! 2/3

There exist many other measures of aspects of the shape: Thrust-Major,
C-parameter, broadening, heavy-jet mass, jet-resolution parameters,. . .

⃗nT

σ(1 − T < e−L) = σtot exp [Lg1(αsL) + g2(αsL) + αsg3(αsL) + α2
s g4(αsL) + ⋯]

LL NLL NNLL N3LL
Catani, Trentadue, Turnock & Webber ’93 Becher & Schwartz ’08

[αs ≪ 1, L ≫ 1]



The standard answer so far
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σ(1 − T < e−L) = σtot exp [Lg1(αsL) + g2(αsL) + αsg3(αsL) + α2
s g4(αsL) + ⋯]

LL NLL NNLL N3LL
O(1/αs) O(1)

It’s common to hear that showers are Leading Logarithmic (LL) accurate. 

Showers extend to regime where  (equivalently, )αsL ∼ 1 L ∼ 1/αs

O(αs) O(α2
s )

At the very least, one wants control of  terms, i.e. NLL.O(1)



The standard answer so far

Sometimes you may see statements like “Following standard practice to improve the 
logarithmic accuracy of the parton shower, the soft enhanced term of the splitting functions is 
rescaled by 1+αs(t)/(2π)K” [K ~ A2 in cusp anomalous dimension] 

41

Questions: 

1) Which is it? LL or better? 

2) For what known observables does this statement hold? 

3) What good is it to know that some handful of observables is LL (or whatever) when 
you want to calculate arbitrary observables? 

4) Does LL even mean anything when you do machine learning? 

5) Why only “LL” when analytic resummation can do so much better? 

6) Do better ingredients (e.g. higher-order splitting functions) make better showers?
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Back to radioactive decay example: two ways of writing result
Constant decay rate μ per unit time, total time t. Find distribution of emissions. 

1. write as coupled evolution equations for probability P0, P1, P2 , etc., of having  
0,1,2,… emissions

42

dPn

dt
= �µPn(t) + µPn�1(t)

<latexit sha1_base64="yn+BF4ahikKi9KUbOTrEsG1mJEw="></latexit>

2. or as explicit formula  

n – 1 → nn → n+1

symmetry factor virtual terms 
(summed to all orders)

|matrix-element|2  
 phasespace×

[easy to implement in 
Monte Carlo approach]

[here Poisson 
distribution; 

in QCD: effective 
matrix element]

dPn =
1

n!
e�µtmax (µdt1) . . . (µdtn)

<latexit sha1_base64="HuDGF9vlGXDwrhx9JApUHuMQqOo="></latexit>



Our proposal for baseline shower accuracy (“NLL”)

43

Resummation 

Require single logarithmic accuracy (control of terms  for all observables where 
this makes sense) 

➤ global event shapes (thrust, broadening, angularities, jet rates, energy-energy correlations, …) 

➤ non-global observables 

➤ fragmentation / parton-distribution functions 

➤ [multiplicity, get  NLL , cf. original Herwig angular-ordered shower from 
1980’s] 

Matrix elements 

Effective tree-level matrix elements generated by the shower should be correct for any 
multiplicity  if all emissions are well separated in a Lund diagram. 

αn
s Ln

αn
s L2n−1

N



Phase space: two key variables (+ azimuth)

44

θ (or η = − ln tan
θ
2

)

pt = Eθ
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η is called (pseudo)rapidity

pt (or p⊥) is a transverse momentum
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Introduced for understanding Parton Shower Monte Carlos by 
B. Andersson,G. Gustafson L. Lonnblad and Pettersson  1989
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When do we require effective shower  to be correct?|M2 |

➤ we should be able to reproduce 
 when all emissions well 

separated in Lund diagram 
, , , etc.

|M2 |

d12 ≫ 1 d23 ≫ 1 d15 ≫ 1
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➤ a shower with simple 1→2 or 2→3 
splittings can’t reproduce full 
matrix element 

➤ but QCD has amazing factorisation 
properties — simplifications in 
presence of energy or angular 
ordering

Dasgupta, Dreyer, Hamilton,  
Monni, GPS & Soyez, 

 2002.11114

https://arxiv.org/abs/2002.11114
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➤ a shower with simple 1→2 or 2→3 
splittings can’t reproduce full 
matrix element 

➤ but QCD has amazing factorisation 
properties — simplifications in 
presence of energy or angular 
ordering

➤ we are allowed to make a 
mistake (by  factor) when a 
pair is close by, e.g. 

𝒪(1)
d23 ∼ 1

Dasgupta, Dreyer, Hamilton,  
Monni, GPS & Soyez, 

 2002.11114

https://arxiv.org/abs/2002.11114
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key shower elements 
and their consequences
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Key element #1 in a shower: evolution/ordering variable 
➤ Radioactivity example had just a time variable → only choice for evolution variable 

➤ A shower has two (logarithmic) variables, e.g. angle and  : what do you choose for 
the evolution variable?

pt

60
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Option 1:  as the evolution/ordering variable 
(default in Herwig; Marchesini & Webber ‘84)

θ

https://inspirehep.net/literature/189506
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➤ A shower has two (logarithmic) variables, e.g. angle and  : what do you choose for 
the evolution variable?

pt

Option 1:  as the evolution/ordering variable 
(default in Herwig; Marchesini & Webber ‘84)

θ

https://inspirehep.net/literature/189506


RECONNECT conference, May 2020Gavin P. Salam

Key element #1 in a shower: evolution/ordering variable 
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➤ Radioactivity example had just a time variable → only choice for evolution variable 

➤ A shower has two (logarithmic) variables, e.g. angle and  : what do you choose for 
the evolution variable?

pt

✓ very easy to respect (azimuthally averaged) colour 
coherence — first shower to get correct multiplicity

Option 1:  as the evolution/ordering variable 
(default in Herwig; Marchesini & Webber ‘84)

θ

https://inspirehep.net/literature/189506


RECONNECT conference, May 2020Gavin P. Salam

Key element #1 in a shower: evolution/ordering variable 
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➤ Radioactivity example had just a time variable → only choice for evolution variable 

➤ A shower has two (logarithmic) variables, e.g. angle and  : what do you choose for 
the evolution variable?

pt

๏ (1) and (2) have similar angles; large-  matrix-element is 
simple if composed with ordered energies (2, then 1); but 
shower generates (1) first (larger angle, but smaller energy), 
i.e. disordered energies → gets wrong matrix element

NC

Banfi, Corcella & Dasgupta, hep-ph/0612282 

2

1

✓ very easy to respect (azimuthally averaged) colour 
coherence — first shower to get correct multiplicity

Option 1:  as the evolution/ordering variable 
(default in Herwig; Marchesini & Webber ‘84)

θ

https://arxiv.org/abs/hep-ph/0612282
https://inspirehep.net/literature/189506
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➤ A shower has two (logarithmic) variables, e.g. angle and  : what do you choose for 
the evolution variable?
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Option 2:  as the evolution/ordering variable, 
together with use of colour dipoles 
(default in most showers, introduced in Ariadne; 
Gustafson, Pettersson & Lonnblad c. 1988)

pt

https://inspirehep.net/literature/333222
https://inspirehep.net/literature/248779
https://inspirehep.net/literature/265781


RECONNECT conference, May 2020Gavin P. Salam

Key element #1 in a shower: evolution/ordering variable 
➤ Radioactivity example had just a time variable → only choice for evolution variable 

➤ A shower has two (logarithmic) variables, e.g. angle and  : what do you choose for 
the evolution variable?

pt

65

ln pt

η

Option 2:  as the evolution/ordering variable, 
together with use of colour dipoles 
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Key element #1 in a shower: evolution/ordering variable 
➤ Radioactivity example had just a time variable → only choice for evolution variable 

➤ A shower has two (logarithmic) variables, e.g. angle and  : what do you choose for 
the evolution variable?

pt
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ln pt

η

Option 2:  as the evolution/ordering variable, 
together with use of colour dipoles 
(default in most showers, introduced in Ariadne; 
Gustafson, Pettersson & Lonnblad c. 1988) 

✓ emissions at commensurate angles are produced in 
“right” order (red after green), and so with correct 
large-NC dipole matrix element (Bassetto, Ciafaloni 
Marchesini, 1983)

pt
|M2

12 |
|M2

1 |
∝

(q̄1)
(q̄2)(21)

+ ⋯

1

2

https://inspirehep.net/literature/333222
https://inspirehep.net/literature/248779
https://inspirehep.net/literature/265781
https://inspirehep.net/literature/201902
https://inspirehep.net/literature/201902
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Key element #1 in a shower: evolution/ordering variable 
➤ Radioactivity example had just a time variable → only choice for evolution variable 

➤ A shower has two (logarithmic) variables, e.g. angle and  : what do you choose for 
the evolution variable?

pt
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ln pt
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Option 2:  as the evolution/ordering variable, 
together with use of colour dipoles 
(default in most showers, introduced in Ariadne; 
Gustafson, Pettersson & Lonnblad c. 1988) 

๏ emissions at commensurate  affect each other, 
e.g. if (2) emitted after (1), it modifies kinematics 
of (1)

pt

pt

21 Andersson, Gustafson, Sjogren ’92,  
Nagy & Soper 0912.4534, 1401.6366 

Dasgupta, Dreyer, Hamilton, Monni & GPS 1805.09327 

https://inspirehep.net/literature/333222
https://inspirehep.net/literature/248779
https://inspirehep.net/literature/265781
https://inspirehep.net/literature/321744
https://arxiv.org/abs/0912.4534
https://arxiv.org/abs/1401.6366
https://arxiv.org/abs/1805.09327
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Key element #2 in a shower: kinematic map (local within dipole for many showers)

69

j
~

i
~

2

NLL e↵ects in global observables such as jet broaden-
ings. Showers that omit spin correlations fail to repro-
duce (the azimuthal structure of) matrix elements for
configurations ordered in angle but with commensurate
energies [44–46], and associated NLL terms.

Our second criterion for logarithmic accuracy tests,
among other things, the overall correctness of virtual cor-
rections. For showers that intertwine real and virtual
corrections directly through unitarity, once the genera-
tion of tree-level matrix elements is set, there is only one
(single-emission) degree of freedom that remains, namely
the choice of scale and scheme for the strong coupling
for each emission, as a function of its kinematics. To
claim NLL accuracy, we will require the resulting shower
to reproduce known analytical NLL resummations across
recursively infrared and collinear safe (rIRC) [47] global
and non-global two-scale observables as well as (subjet)
multiplicities.

The challenge that we concentrate on here is to for-
mulate showers that can handle each of two regions cor-
rectly: the energy-ordered, commensurate-angle region;
and the angular-ordered, commensurate kt region. Re-
call that existing kt and angular-ordered showers can
each handle one of these limits, but not both. Strictly,
full NLL accuracy also requires attention to the angular-
ordered, commensurate energy region. However, given
that general solutions for the required spin correlations
are known to exist [45, 48–50], and that they a↵ect only
a small subset of observables, we postpone their study to
future work. For now, we also restrict our attention to
final-state showers (i.e. lepton-lepton collisions), massless
quarks and the large-NC limit. Our guiding principle will
be that soft emissions should not a↵ect, or be a↵ected by,
subsequent emissions at disparate rapidities.

The two classes of shower that we develop both con-
sider emissions from colour dipoles. We consider a con-
tinuous family of shower evolution variables v, parame-
terised by a quantity � in the range 0  � < 1, where
� = 0 corresponds to transverse-momentum ordering.
The phase space involves two further variables besides v:
a pseudorapidity-like variable within the dipole, ⌘̄, and
an azimuthal angle �.

We start with a shower with dipole-local recoil (the
PanLocal shower). Its mapping for emission of momen-
tum pk from a dipole {epi, epj} is

pk = akp̃i + bkp̃j + k? , (1a)

pi = aip̃i + bip̃j � fk? , (1b)

pj = aj p̃i + bj p̃j � (1� f)k? , (1c)

where k? = kt [n?,1 cos�+ n?,2 sin�], with n2
?,m = �1,

n?,m · epi/j = 0 (m = 1, 2), n?,1 · n?,2 = 0 and

kt = ⇢ve�|⌘̄| , ⇢ =

✓
sı̃s|̃
Q2sı̃|̃

◆ �
2

. (2)

Here sı̃|̃ = 2epi · epj , sı̃ = 2epi ·Q, and Q is the total event
momentum. The light-cone components of pk are given

by

ak ⌘
r

s|̃
sı̃|̃sı̃

kte
+⌘̄ , bk ⌘

r
sı̃

sı̃|̃s|̃
kte

�⌘̄ , (3)

The quantity f in Eq. (1) determines how transverse
recoil is shared between pi and pj , cf. below. The
ai, bi, aj , bj are fully specified by the requirements p2i/j =

0, (pi + pj + pk) = (epi + epj) and pi = p̃i for kt ! 0 and
are given explicitly in Ref. [51]§ 1.
In the event centre-of-mass frame, ⌘̄ = 0 corresponds

to a direction equidistant in angle from epi and epj . For
soft-collinear emissions, the physical pseudorapidity, ⌘ =
� ln tan ✓

2 , with respect to the emitter is ⌘ = |⌘̄|+ 1
� ln ⇢.

Soft-collinear emissions from distinct dipoles but with
the same ln v fall onto common contours in the Lund
plane [52], kt = ve�|⌘|.
For e+e� ! hadrons, the shower starts from a 2-

parton qq̄ state, S2. The probability of evolving from
Sn ! Sn+1 in a given slice d ln v of evolution variable is

dPn!n+1

d ln v
=

X

dipoles {ı̃,|̃}

Z
d⌘̄

d�

2⇡

↵s(kt) +K↵2
s(kt)

⇡

⇥ [g(⌘̄)akPı̃!ik(ak) + g(�⌘̄)bkP|̃!jk(bk)] , (4)

with a function g(⌘̄) that satisfies g(⌘̄) + g(�⌘̄) = 1, has
g(⌘̄) = 0 (1) for su�ciently negative (positive) ⌘̄, and
smoothly transitions around ⌘̄ = 0. The Pı̃!ik(z) are
first-order splitting functions [54–56], normalised so that
limz!0 zPı̃!ik(z) = 2C with C = CF = CA/2 = 4

3 (our
large-NC approximation, augmented [57] with nf = 5).
The specific choice of g(⌘̄) is not critical here, while the
splitting functions are standard. Both are detailed in
Ref. [51]§ 1. The MS coupling, ↵s(kt), needs at least 2-

loop running, and K = 1
2⇡

h⇣
67
18 � ⇡2

6

⌘
CA � 5

9nf

i
[58].

The PanLocal shower comes in two variants. In a
dipole variant, inspired by many earlier dipole show-
ers [2, 5, 11], the Pı̃!ik(ak) (P|̃!jk(bk)) term of Eq. (4)
is associated with the choice f = 1 (f = 0) in Eq. (1).
In an antenna variant, inspired by Refs. [3, 43], we take
a common f(⌘̄) for both terms and set f(⌘̄) = g(⌘̄).
A key di↵erence relative to earlier showers is that our

transition in transverse recoil assignment between i and
j takes place at ⌘̄ ' 0, i.e. equal angles between the
epi and epj directions in the event centre-of-mass frame
(note similarities with Deductor [9]). This di↵ers from
the common choice of a transition in the middle of the
dipole centre-of-mass frame. Our choice ensures that a
given emission will not induce transverse recoil in earlier,
lower-rapidity emissions. Additionally, we require � > 0
in the definition of the ordering variable, Eq. (2). This
causes emissions at commensurate kt and widely sepa-
rated in |⌘| to be e↵ectively produced in order of increas-
ing |⌘|, so that any significant kt recoil is always taken
from the extremities of a (hard) qg{. . .}gq̄ dipole chain.
Together, these two elements provide a solution to the
problem observed in Ref. [37], i.e. that recoil assignment

Start with dipole ( ) →  emit gluon  to get two dipoles ( ) and ( ) ĩ − j̃ k i − k k − j

} kinematic map

transverse recoil assigned to end that is closer in angle in dipole c.o.m. frame
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NLL e↵ects in global observables such as jet broaden-
ings. Showers that omit spin correlations fail to repro-
duce (the azimuthal structure of) matrix elements for
configurations ordered in angle but with commensurate
energies [44–46], and associated NLL terms.

Our second criterion for logarithmic accuracy tests,
among other things, the overall correctness of virtual cor-
rections. For showers that intertwine real and virtual
corrections directly through unitarity, once the genera-
tion of tree-level matrix elements is set, there is only one
(single-emission) degree of freedom that remains, namely
the choice of scale and scheme for the strong coupling
for each emission, as a function of its kinematics. To
claim NLL accuracy, we will require the resulting shower
to reproduce known analytical NLL resummations across
recursively infrared and collinear safe (rIRC) [47] global
and non-global two-scale observables as well as (subjet)
multiplicities.

The challenge that we concentrate on here is to for-
mulate showers that can handle each of two regions cor-
rectly: the energy-ordered, commensurate-angle region;
and the angular-ordered, commensurate kt region. Re-
call that existing kt and angular-ordered showers can
each handle one of these limits, but not both. Strictly,
full NLL accuracy also requires attention to the angular-
ordered, commensurate energy region. However, given
that general solutions for the required spin correlations
are known to exist [45, 48–50], and that they a↵ect only
a small subset of observables, we postpone their study to
future work. For now, we also restrict our attention to
final-state showers (i.e. lepton-lepton collisions), massless
quarks and the large-NC limit. Our guiding principle will
be that soft emissions should not a↵ect, or be a↵ected by,
subsequent emissions at disparate rapidities.

The two classes of shower that we develop both con-
sider emissions from colour dipoles. We consider a con-
tinuous family of shower evolution variables v, parame-
terised by a quantity � in the range 0  � < 1, where
� = 0 corresponds to transverse-momentum ordering.
The phase space involves two further variables besides v:
a pseudorapidity-like variable within the dipole, ⌘̄, and
an azimuthal angle �.

We start with a shower with dipole-local recoil (the
PanLocal shower). Its mapping for emission of momen-
tum pk from a dipole {epi, epj} is

pk = akp̃i + bkp̃j + k? , (1a)

pi = aip̃i + bip̃j � fk? , (1b)

pj = aj p̃i + bj p̃j � (1� f)k? , (1c)

where k? = kt [n?,1 cos�+ n?,2 sin�], with n2
?,m = �1,

n?,m · epi/j = 0 (m = 1, 2), n?,1 · n?,2 = 0 and

kt = ⇢ve�|⌘̄| , ⇢ =

✓
sı̃s|̃
Q2sı̃|̃

◆ �
2

. (2)

Here sı̃|̃ = 2epi · epj , sı̃ = 2epi ·Q, and Q is the total event
momentum. The light-cone components of pk are given

by

ak ⌘
r

s|̃
sı̃|̃sı̃

kte
+⌘̄ , bk ⌘

r
sı̃

sı̃|̃s|̃
kte

�⌘̄ , (3)

The quantity f in Eq. (1) determines how transverse
recoil is shared between pi and pj , cf. below. The
ai, bi, aj , bj are fully specified by the requirements p2i/j =

0, (pi + pj + pk) = (epi + epj) and pi = p̃i for kt ! 0 and
are given explicitly in Ref. [51]§ 1.
In the event centre-of-mass frame, ⌘̄ = 0 corresponds

to a direction equidistant in angle from epi and epj . For
soft-collinear emissions, the physical pseudorapidity, ⌘ =
� ln tan ✓

2 , with respect to the emitter is ⌘ = |⌘̄|+ 1
� ln ⇢.

Soft-collinear emissions from distinct dipoles but with
the same ln v fall onto common contours in the Lund
plane [52], kt = ve�|⌘|.
For e+e� ! hadrons, the shower starts from a 2-

parton qq̄ state, S2. The probability of evolving from
Sn ! Sn+1 in a given slice d ln v of evolution variable is

dPn!n+1

d ln v
=

X

dipoles {ı̃,|̃}

Z
d⌘̄

d�

2⇡

↵s(kt) +K↵2
s(kt)

⇡

⇥ [g(⌘̄)akPı̃!ik(ak) + g(�⌘̄)bkP|̃!jk(bk)] , (4)

with a function g(⌘̄) that satisfies g(⌘̄) + g(�⌘̄) = 1, has
g(⌘̄) = 0 (1) for su�ciently negative (positive) ⌘̄, and
smoothly transitions around ⌘̄ = 0. The Pı̃!ik(z) are
first-order splitting functions [54–56], normalised so that
limz!0 zPı̃!ik(z) = 2C with C = CF = CA/2 = 4

3 (our
large-NC approximation, augmented [57] with nf = 5).
The specific choice of g(⌘̄) is not critical here, while the
splitting functions are standard. Both are detailed in
Ref. [51]§ 1. The MS coupling, ↵s(kt), needs at least 2-

loop running, and K = 1
2⇡
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[58].

The PanLocal shower comes in two variants. In a
dipole variant, inspired by many earlier dipole show-
ers [2, 5, 11], the Pı̃!ik(ak) (P|̃!jk(bk)) term of Eq. (4)
is associated with the choice f = 1 (f = 0) in Eq. (1).
In an antenna variant, inspired by Refs. [3, 43], we take
a common f(⌘̄) for both terms and set f(⌘̄) = g(⌘̄).
A key di↵erence relative to earlier showers is that our

transition in transverse recoil assignment between i and
j takes place at ⌘̄ ' 0, i.e. equal angles between the
epi and epj directions in the event centre-of-mass frame
(note similarities with Deductor [9]). This di↵ers from
the common choice of a transition in the middle of the
dipole centre-of-mass frame. Our choice ensures that a
given emission will not induce transverse recoil in earlier,
lower-rapidity emissions. Additionally, we require � > 0
in the definition of the ordering variable, Eq. (2). This
causes emissions at commensurate kt and widely sepa-
rated in |⌘| to be e↵ectively produced in order of increas-
ing |⌘|, so that any significant kt recoil is always taken
from the extremities of a (hard) qg{. . .}gq̄ dipole chain.
Together, these two elements provide a solution to the
problem observed in Ref. [37], i.e. that recoil assignment

Start with dipole ( ) →  emit gluon  to get two dipoles ( ) and ( ) ĩ − j̃ k i − k k − j

kinematic map}
transverse recoil assigned to end that is closer in angle in dipole c.o.m. frame
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NLL e↵ects in global observables such as jet broaden-
ings. Showers that omit spin correlations fail to repro-
duce (the azimuthal structure of) matrix elements for
configurations ordered in angle but with commensurate
energies [44–46], and associated NLL terms.

Our second criterion for logarithmic accuracy tests,
among other things, the overall correctness of virtual cor-
rections. For showers that intertwine real and virtual
corrections directly through unitarity, once the genera-
tion of tree-level matrix elements is set, there is only one
(single-emission) degree of freedom that remains, namely
the choice of scale and scheme for the strong coupling
for each emission, as a function of its kinematics. To
claim NLL accuracy, we will require the resulting shower
to reproduce known analytical NLL resummations across
recursively infrared and collinear safe (rIRC) [47] global
and non-global two-scale observables as well as (subjet)
multiplicities.

The challenge that we concentrate on here is to for-
mulate showers that can handle each of two regions cor-
rectly: the energy-ordered, commensurate-angle region;
and the angular-ordered, commensurate kt region. Re-
call that existing kt and angular-ordered showers can
each handle one of these limits, but not both. Strictly,
full NLL accuracy also requires attention to the angular-
ordered, commensurate energy region. However, given
that general solutions for the required spin correlations
are known to exist [45, 48–50], and that they a↵ect only
a small subset of observables, we postpone their study to
future work. For now, we also restrict our attention to
final-state showers (i.e. lepton-lepton collisions), massless
quarks and the large-NC limit. Our guiding principle will
be that soft emissions should not a↵ect, or be a↵ected by,
subsequent emissions at disparate rapidities.

The two classes of shower that we develop both con-
sider emissions from colour dipoles. We consider a con-
tinuous family of shower evolution variables v, parame-
terised by a quantity � in the range 0  � < 1, where
� = 0 corresponds to transverse-momentum ordering.
The phase space involves two further variables besides v:
a pseudorapidity-like variable within the dipole, ⌘̄, and
an azimuthal angle �.

We start with a shower with dipole-local recoil (the
PanLocal shower). Its mapping for emission of momen-
tum pk from a dipole {epi, epj} is

pk = akp̃i + bkp̃j + k? , (1a)

pi = aip̃i + bip̃j � fk? , (1b)

pj = aj p̃i + bj p̃j � (1� f)k? , (1c)

where k? = kt [n?,1 cos�+ n?,2 sin�], with n2
?,m = �1,

n?,m · epi/j = 0 (m = 1, 2), n?,1 · n?,2 = 0 and

kt = ⇢ve�|⌘̄| , ⇢ =

✓
sı̃s|̃
Q2sı̃|̃

◆ �
2

. (2)

Here sı̃|̃ = 2epi · epj , sı̃ = 2epi ·Q, and Q is the total event
momentum. The light-cone components of pk are given

by
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sı̃|̃sı̃
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+⌘̄ , bk ⌘

r
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�⌘̄ , (3)

The quantity f in Eq. (1) determines how transverse
recoil is shared between pi and pj , cf. below. The
ai, bi, aj , bj are fully specified by the requirements p2i/j =

0, (pi + pj + pk) = (epi + epj) and pi = p̃i for kt ! 0 and
are given explicitly in Ref. [51]§ 1.
In the event centre-of-mass frame, ⌘̄ = 0 corresponds

to a direction equidistant in angle from epi and epj . For
soft-collinear emissions, the physical pseudorapidity, ⌘ =
� ln tan ✓

2 , with respect to the emitter is ⌘ = |⌘̄|+ 1
� ln ⇢.

Soft-collinear emissions from distinct dipoles but with
the same ln v fall onto common contours in the Lund
plane [52], kt = ve�|⌘|.
For e+e� ! hadrons, the shower starts from a 2-

parton qq̄ state, S2. The probability of evolving from
Sn ! Sn+1 in a given slice d ln v of evolution variable is

dPn!n+1

d ln v
=

X

dipoles {ı̃,|̃}

Z
d⌘̄

d�

2⇡

↵s(kt) +K↵2
s(kt)

⇡

⇥ [g(⌘̄)akPı̃!ik(ak) + g(�⌘̄)bkP|̃!jk(bk)] , (4)

with a function g(⌘̄) that satisfies g(⌘̄) + g(�⌘̄) = 1, has
g(⌘̄) = 0 (1) for su�ciently negative (positive) ⌘̄, and
smoothly transitions around ⌘̄ = 0. The Pı̃!ik(z) are
first-order splitting functions [54–56], normalised so that
limz!0 zPı̃!ik(z) = 2C with C = CF = CA/2 = 4

3 (our
large-NC approximation, augmented [57] with nf = 5).
The specific choice of g(⌘̄) is not critical here, while the
splitting functions are standard. Both are detailed in
Ref. [51]§ 1. The MS coupling, ↵s(kt), needs at least 2-

loop running, and K = 1
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[58].

The PanLocal shower comes in two variants. In a
dipole variant, inspired by many earlier dipole show-
ers [2, 5, 11], the Pı̃!ik(ak) (P|̃!jk(bk)) term of Eq. (4)
is associated with the choice f = 1 (f = 0) in Eq. (1).
In an antenna variant, inspired by Refs. [3, 43], we take
a common f(⌘̄) for both terms and set f(⌘̄) = g(⌘̄).
A key di↵erence relative to earlier showers is that our

transition in transverse recoil assignment between i and
j takes place at ⌘̄ ' 0, i.e. equal angles between the
epi and epj directions in the event centre-of-mass frame
(note similarities with Deductor [9]). This di↵ers from
the common choice of a transition in the middle of the
dipole centre-of-mass frame. Our choice ensures that a
given emission will not induce transverse recoil in earlier,
lower-rapidity emissions. Additionally, we require � > 0
in the definition of the ordering variable, Eq. (2). This
causes emissions at commensurate kt and widely sepa-
rated in |⌘| to be e↵ectively produced in order of increas-
ing |⌘|, so that any significant kt recoil is always taken
from the extremities of a (hard) qg{. . .}gq̄ dipole chain.
Together, these two elements provide a solution to the
problem observed in Ref. [37], i.e. that recoil assignment

Start with dipole ( ) →  emit gluon  to get two dipoles ( ) and ( ) ĩ − j̃ k i − k k − j

kinematic map}
transverse recoil assigned to end that is closer in angle in dipole c.o.m. frame
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Figure 3: (a) Illustration of the modification of the transverse momentum (upper panel)

and rapidity (lower panel) of gluon 1 after emission of gluon 2, shown as a function of

the rapidity of gluon 2. Prior to emission of gluon 2, gluon 1 originally has a rapidity

⌘g1 ' 2.3 and transverse momentum ep?,g1 = v1 = 10�6
Q (v1 = 10�6

Q and 1 � z1 =

10�5). Gluon 2 has v2 = 1
2v1 and is emitted parallel in azimuth to gluon 1. To help

guide the eye, four regions of gluon 2 rapidity are labelled according to the identity of the

parton that branches and that of the spectator. The results have been obtained using a

numerical implementation of the kinematic maps of section 2. The transverse momentum

shifts in (a) can be reinterpreted in terms of the e↵ect they have on the e↵ective matrix

element for double-soft emission. Plot (b) shows the ratio of this e↵ective matrix element

to the true one, as a function of the azimuthal angle between the two emissions and their

transverse-momentum ratio (in a specific “diamond” region of widely separated rapidities,

cf. Appendix A). For simplicity, the matrix-element ratio is given in the large-Nc limit.

that this issue with subleading Nc terms will also a↵ect those double logarithms. We will

investigate this in section 4.1.

We should note that issues with the attribution of colour factors beyond leading NC in

dipole showers have been highlighted in a range of previous work, e.g. Refs. [36, 53, 79, 80].

Our analysis in this subsection is close in particular to that of Ref. [53]. We also note

that approaches to obtain the correct subleading colour factor for at least the main soft-

collinear divergences have existed for some time. The classification that is implied by

angular ordering (see also Ref. [52]) provides a guide in this direction, as was articulated

for a dipole shower in Ref. [53] and found to be relevant for particle multiplicities at LHC

energies [54]. Another proposal is that of Ref. [79].

– 15 –
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designing new showers
in the large-  limit, without spin correlations 

(spin correlations solved by Collins 1986;  
beyond leading  more subtle)

NC

NC
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core principles
1. for a new emission , when it is generated far in the Lund diagram from any other emission 

( ), it should not modify the kinematics (Lund coordinates) of any 
preceding emission by more than an amount , where   

2. when  is distant from other emissions, generate it with matrix element and phasespace 
(and associated Sudakov) 
 

3. emission  should not impact  ratio for subsequent distant emissions unless 

a. they are at commensurate angle (or on ’s Lund “leaf”), or 

b.  was a hard collinear splitting, which can affect other hard collinear splittings 
(cross-talk on same leaf ≡ DGLAP, cross-talk on other leaves ≡ spin correlations)

k
|dLund

ki | ≫ 1
exp(−p |dLund

ki | ) p = 𝒪(1)

k

k dΦ × |M |2

k

k
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dΦk

dΦk−1

|M1…k |2

|M1…(k−1) |
2

[simple forms known from 
factorisation properties of 

matrix-elements]
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Handle #1: choice of recoil scheme for emission from ij dipole
➤ Dipole-local scheme (PanLocal)
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2

NLL e↵ects in global observables such as jet broaden-
ings. Showers that omit spin correlations fail to repro-
duce (the azimuthal structure of) matrix elements for
configurations ordered in angle but with commensurate
energies [44–46], and associated NLL terms.

Our second criterion for logarithmic accuracy tests,
among other things, the overall correctness of virtual cor-
rections. For showers that intertwine real and virtual
corrections directly through unitarity, once the genera-
tion of tree-level matrix elements is set, there is only one
(single-emission) degree of freedom that remains, namely
the choice of scale and scheme for the strong coupling
for each emission, as a function of its kinematics. To
claim NLL accuracy, we will require the resulting shower
to reproduce known analytical NLL resummations across
recursively infrared and collinear safe (rIRC) [47] global
and non-global two-scale observables as well as (subjet)
multiplicities.

The challenge that we concentrate on here is to for-
mulate showers that can handle each of two regions cor-
rectly: the energy-ordered, commensurate-angle region;
and the angular-ordered, commensurate kt region. Re-
call that existing kt and angular-ordered showers can
each handle one of these limits, but not both. Strictly,
full NLL accuracy also requires attention to the angular-
ordered, commensurate energy region. However, given
that general solutions for the required spin correlations
are known to exist [45, 48–50], and that they a↵ect only
a small subset of observables, we postpone their study to
future work. For now, we also restrict our attention to
final-state showers (i.e. lepton-lepton collisions), massless
quarks and the large-NC limit. Our guiding principle will
be that soft emissions should not a↵ect, or be a↵ected by,
subsequent emissions at disparate rapidities.

The two classes of shower that we develop both con-
sider emissions from colour dipoles. We consider a con-
tinuous family of shower evolution variables v, parame-
terised by a quantity � in the range 0  � < 1, where
� = 0 corresponds to transverse-momentum ordering.
The phase space involves two further variables besides v:
a pseudorapidity-like variable within the dipole, ⌘̄, and
an azimuthal angle �.

We start with a shower with dipole-local recoil (the
PanLocal shower). Its mapping for emission of momen-
tum pk from a dipole {epi, epj} is

pk = akp̃i + bkp̃j + k? , (1a)

pi = aip̃i + bip̃j � fk? , (1b)

pj = aj p̃i + bj p̃j � (1� f)k? , (1c)

where k? = kt [n?,1 cos�+ n?,2 sin�], with n2
?,m = �1,

n?,m · epi/j = 0 (m = 1, 2), n?,1 · n?,2 = 0 and

kt = ⇢ve�|⌘̄| , ⇢ =

✓
sı̃s|̃
Q2sı̃|̃

◆ �
2

. (2)

Here sı̃|̃ = 2epi · epj , sı̃ = 2epi ·Q, and Q is the total event
momentum. The light-cone components of pk are given

by
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The quantity f in Eq. (1) determines how transverse
recoil is shared between pi and pj , cf. below. The
ai, bi, aj , bj are fully specified by the requirements p2i/j =

0, (pi + pj + pk) = (epi + epj) and pi = p̃i for kt ! 0 and
are given explicitly in Ref. [51]§ 1.
In the event centre-of-mass frame, ⌘̄ = 0 corresponds

to a direction equidistant in angle from epi and epj . For
soft-collinear emissions, the physical pseudorapidity, ⌘ =
� ln tan ✓

2 , with respect to the emitter is ⌘ = |⌘̄|+ 1
� ln ⇢.

Soft-collinear emissions from distinct dipoles but with
the same ln v fall onto common contours in the Lund
plane [52], kt = ve�|⌘|.
For e+e� ! hadrons, the shower starts from a 2-

parton qq̄ state, S2. The probability of evolving from
Sn ! Sn+1 in a given slice d ln v of evolution variable is

dPn!n+1

d ln v
=

X

dipoles {ı̃,|̃}

Z
d⌘̄

d�

2⇡

↵s(kt) +K↵2
s(kt)

⇡

⇥ [g(⌘̄)akPı̃!ik(ak) + g(�⌘̄)bkP|̃!jk(bk)] , (4)

with a function g(⌘̄) that satisfies g(⌘̄) + g(�⌘̄) = 1, has
g(⌘̄) = 0 (1) for su�ciently negative (positive) ⌘̄, and
smoothly transitions around ⌘̄ = 0. The Pı̃!ik(z) are
first-order splitting functions [54–56], normalised so that
limz!0 zPı̃!ik(z) = 2C with C = CF = CA/2 = 4

3 (our
large-NC approximation, augmented [57] with nf = 5).
The specific choice of g(⌘̄) is not critical here, while the
splitting functions are standard. Both are detailed in
Ref. [51]§ 1. The MS coupling, ↵s(kt), needs at least 2-

loop running, and K = 1
2⇡

h⇣
67
18 � ⇡2

6

⌘
CA � 5

9nf

i
[58].

The PanLocal shower comes in two variants. In a
dipole variant, inspired by many earlier dipole show-
ers [2, 5, 11], the Pı̃!ik(ak) (P|̃!jk(bk)) term of Eq. (4)
is associated with the choice f = 1 (f = 0) in Eq. (1).
In an antenna variant, inspired by Refs. [3, 43], we take
a common f(⌘̄) for both terms and set f(⌘̄) = g(⌘̄).
A key di↵erence relative to earlier showers is that our

transition in transverse recoil assignment between i and
j takes place at ⌘̄ ' 0, i.e. equal angles between the
epi and epj directions in the event centre-of-mass frame
(note similarities with Deductor [9]). This di↵ers from
the common choice of a transition in the middle of the
dipole centre-of-mass frame. Our choice ensures that a
given emission will not induce transverse recoil in earlier,
lower-rapidity emissions. Additionally, we require � > 0
in the definition of the ordering variable, Eq. (2). This
causes emissions at commensurate kt and widely sepa-
rated in |⌘| to be e↵ectively produced in order of increas-
ing |⌘|, so that any significant kt recoil is always taken
from the extremities of a (hard) qg{. . .}gq̄ dipole chain.
Together, these two elements provide a solution to the
problem observed in Ref. [37], i.e. that recoil assignment

kinematic map}
 (0) when  collinear to  ( );  

transition when  bisects  opening angle in event c.o.m. frame 
(normal dipole/antenna showers have transition in the dipole c.o.m. frame)

f = 1 k i j
k (ij)

i ≡ qq̄

kj
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“Phyical” v standard dipole recoil
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“Phyical” v standard dipole recoil

79

 recoil from ⊥ q

Angular-ordered physical picture

 recoil from g1

⊥

 recoil from g1⊥

 recoil from ⊥ q̄

g1

q̄ q

Standard Dipole

 recoil from g1⊥  recoil from g1⊥
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“Physical” v. PanLocal recoil

80

 recoil from ⊥ q

Angular-ordered physical picture

 recoil from g1

⊥

 recoil from g1⊥

 recoil from ⊥ q̄

g1

q̄ q

 recoil from ⊥ q

PanLocal

 recoil from g1

⊥

 recoil from g1⊥

 recoil from ⊥ q̄

g1

q̄ q

NB, Nagy & Soper 1401.6364  
have elements related to PanLocal 

but with a global recoil

https://arxiv.org/abs/1401.6364
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Handle #2: ordering variable

81

ln pt

η

Use an ordering variable intermediate between transverse momentum and angle

➤  is ordering variable 

➤ maps to contour in Lund diagram at an 
angle  

 

➤ require   
(in practice use )

v

tan−1 β

v = pt e−β|η| / ρ

0 < β < 1
β = 0.5

q
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Handle #2: ordering variable
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ln pt

η

q

Use an ordering variable intermediate between transverse momentum and angle

1

1
➤  is ordering variable 

➤ maps to contour in Lund diagram at an 
angle  

 

➤ require   
(in practice use )

v

tan−1 β

v = pt e−β|η| / ρ

0 < β < 1
β = 0.5
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Handle #2: ordering variable
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ln pt

η

Use an ordering variable intermediate between transverse momentum and angle

q

1

2

2

1
➤  is ordering variable 

➤ maps to contour in Lund diagram at an 
angle  

 

➤ require   
(in practice use )

v

tan−1 β

v = pt e−β|η| / ρ

0 < β < 1
β = 0.5
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Handle #2: ordering variable

84

ln pt

η

Use an ordering variable intermediate between transverse momentum and angle

q

1

1 2 3

2 3

➤ Ensures that commensurate-  emissions 
are produced at successively smaller 
angles (avoids major recoil in gg dipole)

pt

➤  is ordering variable 

➤ maps to contour in Lund diagram at an 
angle  

 

➤ require   
(in practice use )

v

tan−1 β

v = pt e−β|η| / ρ

0 < β < 1
β = 0.5
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Alternative approach: PanGlobal

85

3

FIG. 1. Left: distribution for the di↵erence in azimuthal angle between the two highest-kt primary Lund declusterings in the
Pythia8 dipole shower algorithm, normalised to the NLL result [53], [51]§ 4; successively smaller ↵s values keep fixed ↵s ln kt1.
Middle: the same for the PanGlobal(� = 0) shower. Right: the ↵s ! 0 limit of the ratio for multiple showers. This observable
directly tests part of our NLL (squared) matrix-element correctness condition. A unit value for the ratio signals success.

in common dipole showers causes multi-gluon emission
matrix elements to be incorrect in the limit of similar
kt’s and disparate angles, starting from ↵2

s, leading to
incorrect NLL terms.

Note that with dipole-local recoil, NLL correctness also
requires � < 1, because with � � 1 the kinematic con-
straint associated with fixed dipole mass means that a
first emission cuts out regions of phase space for a sec-
ond emission at similar ln v.

A second class of shower can be constructed with
global, i.e. event-wide recoil (the PanGlobal shower). It
can be formulated in largely the same terms as the dipole-
local recoil shower, but with a two-step recoil procedure.
In the first step one sets

p̄k = akp̃i + bkp̃j + k? , (5a)

p̄i = (1� ak)p̃i , (5b)

p̄j = (1� bk)p̃j . (5c)

The second step is to apply a boost and rescaling to the
full event (including the p̄i,j,k momenta) so as to obtain
final momenta {p} whose sum gives Q. This approach
assigns transverse recoil dominantly to the most ener-
getic particles in the event. Thus emission from a hard
qg{. . .}gq̄ dipole string transfers its recoil mostly to the
hard q and q̄ ends. This ensures that one reproduces
a pattern of independent emission for commensurate-kt
and angular-ordered gluons, while also retaining the cor-
rect (dipole) pattern for energy-ordered, commensurate
angles. This holds even for � = 0, i.e. with kt order-
ing. Values of � � 1 remain problematic, however. Note
that the PanGlobal shower has power-suppressed routes
to highly collimated events. These compete with normal
Sudakov suppression, as observed also for Pythia8 [37].
We have verified that such e↵ects are small even at the
very edges of future (FCC-hh [59]) phenomenologically

accessible regions. Nevertheless, ultimately one may wish
to explore alternative global recoil schemes.

The next step is to compare our showers to NLL ob-
servables. Relative to earlier attempts at such compar-
isons [60], a critical novel aspect is how we isolate the
structure of NLL terms ↵n

sL
n. For each given observ-

able v, with L = ln v, we consider the ratio to the true
NLL result in the limit ↵s ⌘ ↵s(Q) ! 0 with fixed ↵sL.
This helps us isolate the NLL terms from yet higher-order
contributions, which vanish in that limit. Numerically, a
parton shower cannot be run in the ↵s ! 0 limit for fixed
↵sL. However, with suitable techniques [51]§ 6, [61–63],
one can run multiple small values of ↵s and extrapolate
to ↵s = 0. We examine not just our showers, but also
our implementations of two typical kt-ordered shower al-
gorithms with dipole-local recoil, those of Pythia8 [2] and
Dire v1 [11] (with the ↵s +K↵2

s choice as in Eq. (4)).

A first test concerns the multiple-emission matrix el-
ement. We have constructed our showers specifically so
that they reproduce the squared matrix elements in the
limits discussed above that are relevant for NLL accu-
racy. A simple observable for testing this is to con-
sider the two highest-kt Lund-plane primary decluster-
ings [64, 65] with transverse momenta kt1 and kt2 (origi-
nally defined for hadronic collisions, the e+e� analogue is
given in Ref. [51]§ 4 and implemented with FastJet [66]).
The ↵s ! 0 limit for fixed ↵sL (L = ln kt1/Q), en-
sures that the two declusterings are soft and widely
separated in Lund-plane pseudorapidity ⌘ (which spans
|⌘| . |L| ⇠ 1/↵s). In this limit the full matrix element re-
duces to independent emission and so the di↵erence of az-
imuthal angles between the two emissions, � 12, should
be uniformly distributed, for any ratio kt2/kt1 (recall that
strongly angular-ordered soft emission is not a↵ected by
spin correlations). We consider the � 12 distribution in

Dipole-local map doesn’t handle transverse recoil

kinematic map}
Whole event scaled and boosted after each emission to restore 4-momentum 
conservation.  
Works with  (i.e. can be used with  ordering)0 ≤ β < 1 pt

i ≡ qq̄

kj

NB: Forshaw, Holguin, Platzer 2003.06400  
independently propose a similar scheme  

https://arxiv.org/abs/2003.06400
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Personal comment
➤ I don’t like either of these approaches 

➤ they involve “engineering” in order to satisfy the core principles, but are physically 
unappealing in some respects (recoil assigned to particles that shouldn’t 
“physically” get it)  

➤ I believe one could find other solutions that are better 

➤ But for now, they serve as a proof of principle that it is possible to construct a 
shower that satisfies our NLL conditions (some people believed this might not even 
be possible) 

➤ [having >1 solution is important, because differences between solutions can provide indication of 
size of uncontrolled NNLL terms]

86

NB, Nagy & Soper 1401.6364  
have elements related to PanLocal 

but with a global recoil

https://arxiv.org/abs/1401.6364
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validating new showers
maybe one’s concerned ? 

how can we convince you (and ourselves) that we have 
achieved NLL?

87

Dasgupta, Dreyer, Hamilton, Monni,  GPS & Soyez, 2002.11114

https://arxiv.org/abs/2002.11114
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Δψ12
kt1

kt2

jet

test matrix-element with subjet azimuthal difference

➤ run full shower  
with specific value of  

➤ ratio to NLL should be flat ≡ 1 

➤ it isn’t: have we got an NLL mistake? Or 
a residual subleading (NNLL) term?

αs(Q)

88

ratio 
to 
NLL
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Δψ12
kt1

kt2

jet

test matrix-element with subjet azimuthal difference

➤ run full shower  
with specific value of  

➤ ratio to NLL should be flat ≡ 1 

➤ it isn’t: have we got an NLL mistake? Or 
a residual subleading (NNLL) term? 

➤ try halving , while keeping constant 
 [ ] 

➤ NLL effects, , should be unchanged, 
subleading ones, , halved

αs(Q)

αs(Q)
αsL L ≡ ln kt1/Q

(αsL)n

αs(αsL)n
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Δψ12
kt1

kt2

jet

test matrix-element with subjet azimuthal difference
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ratio 
to 
NLL

➤ run full shower  
with specific value of  

➤ ratio to NLL should be flat ≡ 1 

➤ it isn’t: have we got an NLL mistake? Or 
a residual subleading (NNLL) term? 

➤ try halving , while keeping constant 
 [ ] 

➤ NLL effects, , should be unchanged, 
subleading ones, , halved

αs(Q)

αs(Q)
αsL L ≡ ln kt1/Q

(αsL)n

αs(αsL)n
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Δψ12
kt1

kt2

jet

test matrix-element with subjet azimuthal difference

➤ run full shower  
with specific value of  

➤ ratio to NLL should be flat ≡ 1 

➤ it isn’t: have we got an NLL mistake? Or 
a residual subleading (NNLL) term? 

➤ try halving , while keeping constant 
 [ ] 

➤ NLL effects, , should be unchanged, 
subleading ones, , halved 

✓extrapolation  agrees with NLL

αs(Q)

αs(Q)
αsL L ≡ ln kt1/Q

(αsL)n

αs(αsL)n

αs → 0
91

ratio 
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NLL
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Δψ12
kt1

kt2

jet

test matrix-element with subjet azimuthal difference

Now examine many showers 

➤ standard dipole showers (Pythia8, Dire-
v1) disagree with NLL by up to 60% 

➤ PanLocal  is also expected to 
disagree with NLL and does 

➤ All other “PanScales” showers (with 
valid  values) agree with NLL

β = 0

β

92

ratio 
to 
NLL
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Carry out similar shower/NLL ratio tests for many observables

93

standard 
parton 
showers

new “PanScales” parton showers, designed 
specifically to achieve NLL accuracy
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Event shapes sensitive to transverse momentum 
(jet broadenings, jet clustering transitions)
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Carry out similar shower/NLL ratio tests for many observables
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Carry out similar shower/NLL ratio tests for many observables

93

standard 
parton 
showers

new “PanScales” parton showers, designed 
specifically to achieve NLL accuracy

Event shapes sensitive to transverse momentum 
(jet broadenings, jet clustering transitions)

Event shapes like thrust

Event shapes that probe   
(like  ordering variable)

pt e−0.5|η|

β = 0.5

probe of non-global logarithms
standard jet multiplicity (probe of full recursive 
shower structure)
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standard 
parton 
showers

new “PanScales” parton showers, designed 
specifically to achieve NLL accuracy

All PanScales shower 
that are expected to 
agree with NLL pass 

these tests 
 

(Standard dipole  
showers don’t) 

Carry out similar shower/NLL ratio tests for many observables
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conclusions
➤ Parton showers (and event generators in general), and their predictions of the fine 

structure of events, are an essential part of LHC’s very broad physics programme 

➤ Pas two decades have seen much progress at the fixed-order / shower interface 

➤ But understanding of shower logarithmic accuracy has been elusive 

➤ Minimal baseline for progress beyond 1980’s technology is to achieve NLL accuracy ≡ 
control of terms  — such terms are  for . 

➤ We’ve demonstrated that is possible (with some caveats, final-state showers only, spin 
correlations still missing, leading-  approx.) 

➤ Essential elements that we hope can be of wider use: 

➤ concrete criteria for specifying log accuracy 
➤ core guiding principles that help achieve NLL accuracy 
➤ powerful numerical approach to demonstrating shower accuracy

(αsL)n 𝒪(1) αsL ∼ 1

NC

96
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A side-note about running with small αs

➤ If you keep  fixed,  implies  

➤ In practice  with  gives ,  
i.e. transverse momenta ~  (e.g. at LHC minimum ) 

➤ normal showers aren’t designed to work over such a range of scales,  
quite a few problems needed to be solved (~1.5 years’ thought & work)  

➤ but if you want a numerical test of NLL (and, subsequently, higher orders), then you 
need a framework that can address such challenges

αsL αs → 0 L → ∞

αsL = − 0.5 αs = 0.005 L = − 100
10−44Q pt ∼ 10−5Q

98

NB: to study Pythia8 / Dire-v1 dipole showers, we had to recode them 
(based on descriptions in papers & inspection of their code)
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FIG. 1. Left: distribution for the di↵erence in azimuthal angle between the two highest-kt primary Lund declusterings in the
Pythia8 dipole shower algorithm, normalised to the NLL result [53], [51]§ 4; successively smaller ↵s values keep fixed ↵s ln kt1.
Middle: the same for the PanGlobal(� = 0) shower. Right: the ↵s ! 0 limit of the ratio for multiple showers. This observable
directly tests part of our NLL (squared) matrix-element correctness condition. A unit value for the ratio signals success.

in common dipole showers causes multi-gluon emission
matrix elements to be incorrect in the limit of similar
kt’s and disparate angles, starting from ↵2

s, leading to
incorrect NLL terms.

Note that with dipole-local recoil, NLL correctness also
requires � < 1, because with � � 1 the kinematic con-
straint associated with fixed dipole mass means that a
first emission cuts out regions of phase space for a sec-
ond emission at similar ln v.

A second class of shower can be constructed with
global, i.e. event-wide recoil (the PanGlobal shower). It
can be formulated in largely the same terms as the dipole-
local recoil shower, but with a two-step recoil procedure.
In the first step one sets

p̄k = akp̃i + bkp̃j + k? , (5a)

p̄i = (1� ak)p̃i , (5b)

p̄j = (1� bk)p̃j . (5c)

The second step is to apply a boost and rescaling to the
full event (including the p̄i,j,k momenta) so as to obtain
final momenta {p} whose sum gives Q. This approach
assigns transverse recoil dominantly to the most ener-
getic particles in the event. Thus emission from a hard
qg{. . .}gq̄ dipole string transfers its recoil mostly to the
hard q and q̄ ends. This ensures that one reproduces
a pattern of independent emission for commensurate-kt
and angular-ordered gluons, while also retaining the cor-
rect (dipole) pattern for energy-ordered, commensurate
angles. This holds even for � = 0, i.e. with kt order-
ing. Values of � � 1 remain problematic, however. Note
that the PanGlobal shower has power-suppressed routes
to highly collimated events. These compete with normal
Sudakov suppression, as observed also for Pythia8 [37].
We have verified that such e↵ects are small even at the
very edges of future (FCC-hh [59]) phenomenologically

accessible regions. Nevertheless, ultimately one may wish
to explore alternative global recoil schemes.

The next step is to compare our showers to NLL ob-
servables. Relative to earlier attempts at such compar-
isons [60], a critical novel aspect is how we isolate the
structure of NLL terms ↵n

sL
n. For each given observ-

able v, with L = ln v, we consider the ratio to the true
NLL result in the limit ↵s ⌘ ↵s(Q) ! 0 with fixed ↵sL.
This helps us isolate the NLL terms from yet higher-order
contributions, which vanish in that limit. Numerically, a
parton shower cannot be run in the ↵s ! 0 limit for fixed
↵sL. However, with suitable techniques [51]§ 6, [61–63],
one can run multiple small values of ↵s and extrapolate
to ↵s = 0. We examine not just our showers, but also
our implementations of two typical kt-ordered shower al-
gorithms with dipole-local recoil, those of Pythia8 [2] and
Dire v1 [11] (with the ↵s +K↵2

s choice as in Eq. (4)).

A first test concerns the multiple-emission matrix el-
ement. We have constructed our showers specifically so
that they reproduce the squared matrix elements in the
limits discussed above that are relevant for NLL accu-
racy. A simple observable for testing this is to con-
sider the two highest-kt Lund-plane primary decluster-
ings [64, 65] with transverse momenta kt1 and kt2 (origi-
nally defined for hadronic collisions, the e+e� analogue is
given in Ref. [51]§ 4 and implemented with FastJet [66]).
The ↵s ! 0 limit for fixed ↵sL (L = ln kt1/Q), en-
sures that the two declusterings are soft and widely
separated in Lund-plane pseudorapidity ⌘ (which spans
|⌘| . |L| ⇠ 1/↵s). In this limit the full matrix element re-
duces to independent emission and so the di↵erence of az-
imuthal angles between the two emissions, � 12, should
be uniformly distributed, for any ratio kt2/kt1 (recall that
strongly angular-ordered soft emission is not a↵ected by
spin correlations). We consider the � 12 distribution in
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FIG. 2. Left: ratio of the cumulative y23 distribution from several showers divided by the NLL answer, as a function of
↵s ln y23/2, for ↵s ! 0. Right: summary of deviations from NLL for many shower/observable combinations (either ⌃shower(↵s !
0,↵sL = �0.5)/⌃NLL � 1 or (N subjet

shower(↵s ! 0,↵sL
2 = 5)/N subjet

NLL � 1)/
p
↵s). Red squares indicate clear NLL failure; amber

triangles indicate NLL fixed-order failure that is masked at all orders; green circles indicate that all NLL tests passed.

Fig. 1.
The left-hand plot of Fig. 1 shows the Pythia8 dipole

algorithm (not designed as NLL accurate), while the
middle plot shows our PanGlobal shower with � = 0.
The dipole result is clearly not independent of � 12

for ↵s ! 0, with over 60% discrepancies, extending the
fixed-order conclusions of Ref. [37]. The discrepancy is
only ' 30% for gg events (not shown in Fig. 1), and
the di↵erence would, e.g., skew machine learning [67] for
quark/gluon discrimination. PanGlobal is independent
of � 12. The right-hand plot shows the ↵s ! 0 limit
for multiple showers. The overall pattern is as expected:
PanLocal works for � = 0.5, but not � = 0, demon-
strating that with kt ordering it is not su�cient just to
change the dipole partition to get NLL accuracy. Pan-
Global works for � = 0 and � = 0.5. (Showers that
coincide for ↵s ! 0, e.g. Dire v1 and Pythia8, typically
di↵er at finite ↵s, reflecting NNLL di↵erences.)

Next, we consider a range of more standard observ-
ables at NLL accuracy. They include the Cambridgep
y23 resolution scale [68]; two jet broadenings, BT and

BW [69]; fractional moments, FC1��obs , of the energy-
energy correlations [47]; the thrust [70, 71], and the max-
imum ui = kti/Qe��obs|⌘i| among primary Lund declus-
terings i. Each of these is sensitive to soft-collinear ra-
diation as kt/Qe��obs|⌘|, with the �obs values shown in
Fig. 2 (right). Additionally, the scalar sum of the trans-
verse momenta in a rapidity slice [72], of full-width 2, is
useful to test non-global logarithms (NGLs). These ob-
servables all have the property that their distribution at
NLL can be written as [47, 53, 72–74]

⌃(↵s,↵sL) = exp
⇥
↵�1
s g1(↵sL) + g2(↵sL) +O

�
↵n
sL

n�1
�⇤
,

(6)
where ⌃ is the fraction of events where the observable
is smaller than eL (g1 = 0 for the rapidity slice kt).
We also consider the kt-algorithm [75] subjet multiplic-

ity [76], [51]§ 5.
Fig. 2 (left) illustrates our all-order tests of the shower

for one observable,
p
y23. It shows the ratio of the ⌃

as calculated with the shower to the NLL result, as a
function of ↵s ln

p
y23 in the limit of ↵s ! 0. The stan-

dard dipole algorithms disagree with the NLL result, by
up to 20%. This is non-negligible, though smaller than
the disagreement in Fig. 1, because of the azimuthally
averaged nature of the

p
y23 observable. In contrast the

PanGlobal and PanLocal(� = 0.5) showers agree with
the NLL result to within statistical uncertainties.
Fig. 2 (right) shows an overall summary of our

tests. The position of each point shows the result of
⌃shower(↵s ! 0,↵sL = �0.5)/⌃NLL�1 or (N subjet

shower(↵s !
0,↵sL2 = 5)/N subjet

NLL � 1)/
p
↵s. If it di↵ers from 0, the

point is shown as a red square. In some cases (amber tri-
angles) it agrees with 0, though an additional fixed-order
analysis in a fixed-coupling toy shower [37] [51]§ 2 re-
veals issues a↵ecting NLL accuracy, all involving hitherto
undiscovered spurious super-leading logarithmic terms.1

Green circles in Fig. 2 (right) indicate that the
shower/observable combination passes all of our NLL
tests, both at all orders and in fixed-order expansions.
The four shower algorithms designed to be NLL accurate
pass all the tests. These are the PanLocal shower (dipole
and antenna variants) with � = 1

2 and the PanGlobal
shower with � = 0 and � = 1

2 .

1 Such terms, (↵sL)n(↵sL2)p in ln⌃, starting typically for n = 3
(sometimes 2), p � 1, appear for traditional kt ordered dipole
showers for global (�obs > 0) and non-global observables [51]§ 3.
Terms of this kind can generically exist [77–79], but not at
leading-colour or for pure final-state processes with rIRC [47]
safe observables. In many cases, the spurious super-leading log-
arithms appear to resum to mask any disagreement with NLL.
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FIG. 3. Comparison of the ratio ⌃shower/⌃NLL between the toy shower and the full shower for three reference observables
(
p
y23, BW and FC1), in the limit ↵s ! 0, as a function of ↵sL. For the full showers the figure shows the ratio of the shower

prediction to the full NLL result, while for the toy shower it shows the ratio to the CAESAR-like toy shower. Three full showers
are shown in each plot, each compared to the corresponding toy shower. The PanLocal full showers are shown in their dipole
variants (identical conclusions hold for the antenna variant). Small (0.5%) issues at � & �0.1 are a consequence of the fact
that for the largest of the ↵s values used in the extrapolation, the corresponding L values do not quite satisfy eL ⌧ 1.

The expansion of the cross section ⌃(L) =
P

n=0 ↵̄
n⌃n(L) for an observable V to be below some threshold eL can

be written as follows

⌃(L) =
X

m,n

"
1

m!

mY

i=1

✓
↵̄

Z
d�real

i

◆#"
1

n!

nY

i=1

✓
�↵̄

Z
d�virt

i

◆#
⇥(L� lnV (I(preal1 , . . . , prealm ))) , (31)

where d�i is given by

d�i ⌘ d⌘̂i
1

2⇡

d2p̂?,i

p̂2?,i

⇥(� ln p̂?,i > |⌘̂i|) . (32)

The insertion operator I(preal1 , . . . , prealm ) in Eq. (31) inserts the emissions in order of decreasing ln v = ln p̂?,i � �|⌘̂i|
with the appropriate recoil prescription for the given shower, e.g. Eq. (23) for dipole showers.

A direct evaluation of Eq. (31) leads to terms with up to 2n logarithms for the coe�cient of ↵̄n, from the exponen-
tiation of ↵̄L2 structures. For observables that exponentiate, and at fixed coupling, these terms disappear in ln⌃(L),
leaving at most terms ↵̄nLm with m  n. In a numerical (Monte Carlo) calculation of ln⌃, one could evaluate
individual terms at di↵erent orders in the ↵̄ expansion of ⌃(L) and then combine them to obtain the expansion of
ln⌃(L). However this would lead to large cancellations between ↵̄nL2n terms coming from Monte Carlo calculations
at distinct orders, with uncorrelated statistical errors.

Instead, we take the approach of directly evaluating the expansion of

F ⌘ exp(�↵̄⌃1(L))⌃(L) , (33)

where ⌃1(L) is the coe�cient of ↵̄ in the ↵̄ series expansion of ⌃(L). A necessary (but not su�cient) condition for an
NLL-correct shower, in the fixed-coupling approximation of our toy model, is that F should only have terms ↵̄nLm

with m  n, like ln⌃(L). Note that with running coupling there would be terms ↵̄nLn+1, and it would make more
sense to use an analogue of F in which the exponential pre-factor was adjusted for running coupling e↵ects. The



102

13

-0.03
-0.028
-0.026
-0.024
-0.022

-0.02
-0.018
-0.016
-0.014
-0.012

-0.01

-100 -80 -60 -40 -20

toy dipole(Py8/Dire)
thrust, �- 3

�F
3(

L)
 / 

L3

L = ln S�=1 (thrust)

(-0.01610) + (0.064)/L + (-1.45)/L2 + ...
±0.00016 ±0.014 ±0.40 0

0.005

0.01

0.015

0.02

-100 -80 -60 -40 -20

toy dipole(Py8/Dire)
pt in slice (�=1), �- 3

�F
3(

L)
 / 

L3

L = ln Sslice
�=0,�=1 (pt in slice)

(0.01604) + (0.214)/L + (-0.36)/L2 + ...
±0.00112 ±0.092 ±2.26

-0.3

-0.25

-0.2

-0.15

-0.1

-0.05

-100 -80 -60 -40 -20

toy dipole(Py8/Dire)
hemisphere �y23, �- 3

�F
3(

L)
 / 

L3

L = ln MR,�=0 (hemisphere �y23)

(0.00188)L + (-0.058) + (0.10)/L + ...
±0.00007 ±0.010 ±0.49

-0.14

-0.12

-0.1

-0.08

-0.06

-0.04

-0.02

0

-100 -80 -60 -40 -20

toy dipole(Py8/Dire)
thrust, �- 4

�F
4(

L)
 / 

L4

L = ln S�=1 (thrust)

(0.00114)L + (-0.017) + (-0.46)/L + ...
±0.00007 ±0.010 ±0.48

-0.05

0

0.05

0.1

0.15

0.2

-100 -80 -60 -40 -20

toy dipole(Py8/Dire)
pt in slice (�=1), �- 4

�F
4(

L)
 / 

L4

L = ln Sslice
�=0,�=1 (pt in slice)

(-0.00204)L + (-0.025) + (0.98)/L + ...
±0.00056 ±0.065 ±2.31

-5

-4

-3

-2

-1

0

-100 -80 -60 -40 -20

toy dipole(Py8/Dire)
hemisphere �y23, �- 4

�F
4(

L)
 / 

L4

L = ln MR,�=0 (hemisphere �y23)

(-0.00032)L2 + (0.0112)L + (-0.08) + (-0.41)/L + ...
±0.00003 ±0.0063 ±0.39 ±10.09

FIG. 4. Fixed order results from the toy implementation of the standard dipole showers. The plots show the di↵erence between
the toy dipole shower and the (NLL-correct) CAESAR results for the Fn coe�cient of ↵̄n in the expansion of Eq. (33), divided
by Ln. For an NLL-correct shower, the results should tend to zero for large negative L. The first row shows the result of
n = 3, the second row that of n = 4. The columns correspond to di↵erent observables (thrust, slice transverse momentum and
hemisphere

p
y23). Observe how the results tend to constants (NLL discrepancy) or demonstrate a linear or even quadratic

dependence on L (super-leading logarithms). The coe�cients have been fitted taking into account correlations between points,
and we include powers down to L�3 in the fit of �Fn/L

n. The fit range is from �100 to �5 and the quoted error includes both
the (statistical) fit uncertainty and the di↵erence in coe�cients obtained with the range [�100,�10] (added in quadrature).

non-trivial result starts at second order, and writing F =
P

n ↵̄
nFn, the first few terms are

F2(L) ⌘ [exp(�↵̄⌃1(L))⌃(L)]2 =
1

2!

Z
d�1d�2 (⇥12 �⇥1⇥2) , (34a)

F3(L) ⌘ [exp(�↵̄⌃1(L))⌃(L)]3 =
1

3!

Z
d�1d�2d�3 (⇥123 �⇥12⇥3 �⇥23⇥1 �⇥13⇥2 + 2⇥1⇥2⇥3) , (34b)

F4(L) ⌘ [exp(�↵̄⌃1(L))⌃(L)]4 =
1

4!

Z
d�1d�2d�3d�4(⇥1234 �⇥123⇥4 �⇥124⇥3 �⇥134⇥2 �⇥234⇥1

+⇥12⇥3⇥4 +⇥13⇥2⇥4 +⇥14⇥2⇥3 +⇥23⇥1⇥4

+⇥24⇥1⇥3 +⇥34⇥1⇥2 � 3⇥1⇥2⇥3⇥4), (34c)

where we have introduced the shorthand

⇥i...n ⌘ ⇥[L� lnV (I(pi, . . . , pn))] . (35)

In practice we evaluate the di↵erence between a given shower and the CAESAR result �Fn(L) ⌘ F shower
n (L) �

FCAESAR
n (L), so as to remove known NLL terms. In a NLL-correct shower, the �F should at most have contributions

↵̄nLm with m < n. It will be convenient to study �Fn/Ln, which should go to zero for NLL-accurate showers for
large negative L. If it tends to a non-zero constant, that will signal NLL failure.

A subset of results for dipole showers is shown in Fig. 4. The left-hand column of plots is for the thrust observable
and shows �F3(L)/L3 (top) and �F4(L)/L4 (bottom) as a function of L. At order ↵3

s one sees that the result tends to a
constant, signifying an ↵3

sL
3 term and NLL failure (as reported in the revised version of Ref. [37]). Rather surprising,

however, is that �F4/L4 (lower-left plot of Fig. 4) appears to have a linear behaviour at large negative L, signalling
a term ↵4

sL
5. Such terms are super-leading, in the sense they are larger than any term that should be present in

F (L) (or in ln⌃) for rIRC safe [47] observables in our fixed-coupling approximation.2 We have found such terms to

2 The one context where such terms are believed to exist is in
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FIG. 5. Analogue of Fig. 4, demonstrating the absence of NLL (or super-leading) issues at fixed order in the toy version of the
PanLocal � = 0.5 shower. At order ↵̄4, we include fit terms down to L�4.

be present for dipole showers for all global observables with �obs > 0 and there is strong reason to believe that they
are related to sub-leading terms ↵2

sL being enhanced by powers of ↵sL2, giving ↵n
sL

2n�3. The toy shower cannot
accurately predict the coe�cients of all such terms in the full shower, because they are a↵ected also by secondary
radiation (while the toy model has only primary radiation). However the conclusion that there are such terms is, we
believe, robust.

Let us now examine two non-global observables: the transverse momentum in a slice (Sslice
�=0,�=1) and a hemispherep

y23 (angular-ordered Durham) jet resolution parameter (MR,�=0). The toy-shower Fn(L)/Ln results are shown in
the middle and right-hand columns, respectively, of Fig. 4. The slice looks similar to the thrust case, with ↵3

sL
3 and

↵4
sL

5 terms. The hemisphere
p
y23 (MR,�=0) observable has ↵3

sL
4 and ↵4

sL
6 terms. The fact that this observable has

one additional logarithm makes its analytical calculation somewhat easier (cf. section 3 below). Note that the toy
shower is not, in general, suitable for evaluating single-logarithmic (↵n

sL
n) terms for non-global observables. However,

once again, the existence of such terms in the toy model signals their existence also in the full shower.
It is natural to ask why we do not see the impact of super-leading logarithms in our all-order results. This will be

easier to discuss below, once we have explained their origin in detail.
We close this section by illustrating the kind of result that one expects to obtain for a NLL-correct shower. This is

shown in Fig. 5 for the PanLocal � = 1/2 shower, again at third and fourth order. In all cases, �Fn/Ln tends to zero
for large negative L, as required for NLL correctness.

3. Super-leading logarithms

a. Hemisphere max p?

The simplest observable with which to understand super-leading logarithms is MR,�=0 (or just MR,0 for brevity),
the maximum p? of emissions in the right hemisphere, because the super-leading terms are visible already from
order ↵3

s. In the toy-model approach involving only soft primary emissions and fixed-coupling, the correct all-orders

association with coherence-violating e↵ects [78, 79]. However
the corresponding cases always involve hadronic systems in the
initial state as well as the final state, and the super-leading loga-

rithms are sub-leading in colour. The terms observed here arise
at leading colour in a purely final-state context.
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FIG. 7. Toy-shower all-order result for the thrust (S�=1, Eq. (25)). Left: ⌃dipole/⌃NLL, where the NLL result is given by
running the CAESAR version of the shower. Four values of ↵̄ are shown, together with the extrapolation to ↵̄ = 0, showing
that the all-order dipole-shower result (in our usual limit of fixed ↵̄L and ↵̄ ! 0) is consistent with the NLL result, despite
the super-leading logarithmic terms that are visible in Fig. 4. Right: (⌃dipole/⌃NLL � 1)/↵̄, again for three values of ↵̄ and
the extrapolation to ↵̄ = 0. The fact that these curves converge is a sign that the all-order (toy) dipole-shower discrepancy
with respect to NLL behaves as a term that vanishes proportionally to ↵̄, i.e. as an NNLL term. The results here involve fixed
coupling, i.e. they do not include a correction of the form of Eq. (30).

�0.87 to the ↵̄ = 0.01 (L = �150) line in Fig. 7 (left). The all-order results undoubtedly have the statistical power
to resolve such e↵ects, yet do not show any sign of them.

The right-hand plot of the same figure shows (⌃dipole/⌃NLL � 1)/↵̄ and its extrapolation to ↵̄ = 0. This serves as a
verification that in this specific limit (i.e. ↵̄L fixed and ↵̄ ! 0, implying ↵̄L2 ! 1) any all-order discrepancies with
respect to the NLL result mimic a standard NNLL, or even higher order, correction.

The presence of super-leading logarithms that evade detection at all orders is a particularly unpleasant characteristic
of dipole showers, because it risks giving a false sense of security as to the validity of the underlying logarithmic
structure. An analytic study of the all-order resummation of the super-leading logarithms is beyond the scope of this
manuscript. However, a reader wishing to understand how an apparently large e↵ect at fixed order seemingly vanishes
at all orders, could consider the following argument. For all the amber triangles in Fig. 2, one contribution to the
super-leading logarithms comes from an ↵̄2L (NNLL) contribution promoted by additional factors of ↵̄L2. The ↵̄2L
term arises when a first emission a, contributing a factor ↵̄, absorbs recoil from a second, unresolved, emission b with
commensurate p?. Integrating over the rapidity of the second emission yields a factor ↵̄L, giving the overall ↵̄2L.
The ↵̄L2 enhancement factor that arises at next order comes about because there is a double logarithmic region for
an emission c with p̂?,c � p̂?,a that alters whether b can induce recoil for a (for example if ⌘̂c < ⌘̂b, then one has
a dipole chain (a � c � b) and a will not receive recoil from b). At all orders, the typical rapidity extent (|⌘̂a � ⌘̂b|)
in which one can have an a � b dipole without any other higher-p? particles in between can become of order either
1/

p
↵̄ or 1, depending on the context. This causes the original ↵̄2L factor to have L replaced at all orders by 1/

p
↵̄

or 1 respectively, giving ↵̄3/2 or ↵̄2, i.e. even smaller than NNLL (which itself can arise from a multitude of sources).3

4. Lund-plane declustering for e+e� collisions and � resummation

In this section we introduce the definition of the azimuthal separation between two Lund-plane declusterings [64]
in e+e� ! jets events. This observable has been used in the letter to test the azimuthal dependence of the e↵ective
double-soft strongly angular-ordered squared amplitude in di↵erent showers. A proper definition of the azimuthal

3 Note that in the hemisphere maximum p? case (MR,�=0), stud-
ied at fixed order in section 3 a, since the second-order result
for �F behaves as ↵̄2L2, with part of each L factor coming from

an observed p? boundary, the result after all-order resummation
does not vanish and instead mimics an NLL e↵ect.
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FIG. 8. Checks of the kt algorithm subjet multiplicity. Left: the multiplicity as a function of 1
2

p
↵s(Q) ln ycut, comparing the

PanLocal � = 0.5 shower (dipole variant) with the NLL prediction, for two choices of ↵s. Right: Eq. (50) for the same shower,
for several ↵s values, together with the ↵s ! 0 limit.

for fixed ↵sL2 (rather than fixed ↵sL). Therefore, for an NpLL result, we should control terms suppressed by ↵p/2
s

relative to the LL result. With L = 1
2 ln ycut, we consider

N subjet
shower(↵s,↵sL2)/N subjet

NLL (↵s,↵sL2)� 1
p
↵s

(50)

and in particular take its ↵s ! 0 limit while keeping ↵sL2 fixed. Eq. (50) should vanish as
p
↵s if the shower is NLL

accurate. Fig. 8 (left) illustrates the multiplicity as a function of 1
2

p
↵s(Q) ln ycut for two values of ↵s, comparing the

PanLocal � = 0.5 shower (in its dipole variant) to the NLL result. The right-hand plot shows Eq. (50) for the same
shower, for three values of ↵s as well as the extrapolation to ↵s = 0. It illustrates the good agreement across the range
of 1

2

p
↵s(Q) ln ycut values (with the usual exception of the region close to 0, which is not su�ciently asymptotic).

Other showers give similar results. Note that the ↵s ! 0 extrapolation is more delicate for the multiplicity than
for other observables, because of the e↵ective expansion in powers of

p
↵s rather than ↵s. This implies a need for a

broader range of ↵s values in order to obtain reliable results.

6. Considerations for ↵s ! 0 limits of showers

To reach a conclusion about NLL correctness of showers, it has been crucial for us to be able to disentangle NLL
terms from NNLL and yet higher-order contributions. This was achieved by considering the ↵s ! 0 limit of

⌃obs
shower(↵s,↵sL)

⌃obs
NLL(↵s,↵sL)

, (51)

for each given observable at fixed ↵sL. The requirement of small ↵s implies large L. Other than for the subjet
multiplicity studies discussed in the previous section, the smallest ↵s values used in producing Fig. 2 were either 0.005
or 0.01, depending on the specific observable and shower.

Consider for now the smallest value, ↵s = 0.005. To achieve ↵sL = �0.5, one needs L = �100. In practice we
typically add an event generation bu↵er of B = 18 units of the logarithm below the value of interest for the observable.
The limit on the precision on the observable distribution is then expected to be proportional to e�B . The logarithm
of the span of scales in the event generation, roughly �118, takes us into a regime that is far beyond that needed
for parton showers in normal phenomenological contexts and introduces a number of challenges. In what follows, we
outline some of those challenges and the main solutions we have adopted.
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Figure 8: The average (a) MPF response in Z+jet events and (b) Direct Balance jet pT response in �+jet events as
a function of jet pT for EM+JES jets calibrated up to the ⌘-intercalibration. The response is given for data and two
distinct MC samples, and the MC-to-data ratio plots in the bottom panels reflect the derived in situ corrections. A
dotted line is drawn at unity in the top-right panel and bottom panels to guide the eye.
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Figure 9: Systematic uncertainties of EM+JES jets, calibrated up to the ⌘-intercalibration, as a function of jet pT
for (a) Z+jet events using the MPF technique and (b) �+jet events using the Direct Balance technique. Uncertainties
account for out-of-cone radiation and variations of the JVT, ��, second-jet veto, and photon purity event selections.
Uncertainties are also propagated from the electron and photon energy scale and resolution and the muon momen-
tum scale and resolution in the ID and MS. Also shown are the statistical uncertainties of the MC-to-data response
ratio and the uncertainty derived from an alternative MC event generator. Small fluctuations in the uncertainties are
statistically significant and are smoothed in the combination, described in Section 5.4.4.
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feeds into hundreds of 
other measurements

→ fundamental limit on 
LHC precision potential
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emission of 3  
(larger angle than 1) 
induces  recoil in 1⊥

if commensurate  emission comes at larger angle 
than preceding ones, recoil “incorrectly” assigned to 
another gluon

pt


