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•NLO calculated some time ago

•MadGraph@NLO matched with parton showers

•Mixed QCD-EW corrections

•POWHEG-BOX implementation with spin correlations  
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Status of 4top - theory

[1206.3064]

[1405.0301, 1507.05640]

Pure QCD (𝒪(α4
s ))

× 14 at LO × 72 at LO
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Status of 4top - theory

[1711.02116]

[1711.02116]
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EW + QCD (i.e. 𝒪(α2
s α2))

[1405.0301, 1507.05640]
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× 14 at LO × 72 at LO



•NLO calculated some time ago

•MadGraph@NLO matched with parton showers

• Including EW corrections

•POWHEG-BOX implementation with spin correlations  
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Status of 4top - theory

[1206.3064]

EW + QCD (i.e. 𝒪(α2
s α2))

[1405.0301, 1507.05640]

[2110.15159]

[2110.15159]

μ0 = HT /4
mt = 172.5 GeV

Pure QCD (𝒪(α4
s ))

× 14 at LO × 72 at LO

[2110.15159]

[1711.02116]
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Status of 4top - experiment 
First hints for its existence found by ATLAS and CMS!

σATLAS
tt̄tt̄ = 26 ± 8(stat.)+15

−13(syst.) fb

σCMS
tt̄tt̄ = 12.6+5.8

−5.2 fb

[2106.11683]

In one/two opposite-sign lepton final-state channel

σATLAS
tt̄tt̄ = 24 ± 5(stat.)+5

−4(syst.) fb
In two same-sign / > 3 lepton final-state channel

[2007.14858]

[1908.06463]

+ 10/8 jets…

σCMS
tt̄tt̄ = 0+20 fb [1908.06463]



Uncertainties 4top

Melissa van Beekveld6

ATLAS [2007.14858]
ATLAS [2106.11683]Uncertainty dominated by systematics!

Note: uncertainties in  background modeling and in jet 
energy scale / resolution also contribute substantially

tt̄W
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Why 4top? 
• Sensitive to the Yukawa coupling [1908.06463]
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Why 4top? 
• Sensitive to the Yukawa coupling 

• Constrain EFT coefficients
• Effective four-heavy-quark operators ( ) and two-heavy-two-light four-quark operators ( )


• Dimension-6 operator  that modifies Higgs propagator

QQQQ QQqq

Ĥ
[2208.04962]
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Why 4top? 
• Sensitive to the Yukawa coupling 

• Constrain EFT coefficients 

• Probe the presence of new particles  

• Effective four-heavy-quark operators ( ) and two-heavy-two-light four-quark operators ( )


• Dimension-6 operator  that modifies Higgs propagator

QQQQ QQqq

Ĥ

• Simplified DM models

• Type II two Higgs doublet models

• SUSY (both minimal and non-minimal models)




Fixed-order description of the total cross section 

Improving perturbation theory
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σ = ∑
n

cnαn
s = c0 + c1αs + c2α2

s + …

Far out of reach for 4top!(  normalised to )c0 α4
s



Fixed-order description of the total cross section 

Improving perturbation theory
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σ = ∑
n

cnαn
s = c0 + c1αs + c2α2

s + …

 , 


 depends on observable, e.g. 

cn =
kmax,n

∑
k=0

dnkLk + fn

L Lk =
ln2k−1(1 − Q2/s)

1 − Q2/s

Corrections can be predicted accurately in the limit that 
 for  (soft/collinear gluon emissions)Lk → ∞ Q2 ≃ s



Resummation: A new series
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LO 

NLO 

NNLO 
NnLO

αsL2

α2
s L4

αn
s L2n

αsL
α2
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s L2n−1

αs

α2
s L2

αn
s L2n−2

… 

…
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σresum = h(αs)e
1
αs g(1)(αsL)eg(2)(αsL) . . . i.e. [hep-ph/0306211]



Resummation: A new series

Melissa van Beekveld13

LO 

NLO 

NNLO 
NnLO

αsL2

α2
s L4

αn
s L2n

αsL
α2

s L3

αn
s L2n−1

αs
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Leading-Log (LL)

i.e. [hep-ph/0306211]



Resummation: A new series
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1

Next-to-Leading-Log (NLL)

σresum = h(αs)e
1
αs g(1)(αsL)eg(2)(αsL) . . . i.e. [hep-ph/0306211]



Resummation: A new series
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obeys perturbative expansion; 
including  leads to NLL’ accuracy𝒪(αs)

σresum = h(αs)e
1
αs g(1)(αsL)eg(2)(αsL) . . . i.e. [hep-ph/0306211]



σtt̄tt̄(ρ) = ∫
1

0
dx1 fi(x1, μ2

F)∫
1

0
dx2 fj(x2, μ2

F)∫
1

0
dρ δ (ρ −

τ
x1x2 ) ̂σij→tt̄tt̄ (ρ)

Resummation for 4top
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Logarithmic corrections grow large when s → M ≡ 4mt

σtt̄tt̄(N) = ∫
1

0
dτ τN−1σtt̄tt̄(τ) τ =

M2

S
= x1 x2 ρ

Usual factorisation for the hadronic total production cross section:

partonic cross section obeys refactorisation 
when all radiation is soft and/or collinear

Transformation to Mellin space helps to obtain closed forms for the phase-space integrals

(the absolute-threshold limit)



Resummation for 4top
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̂σres
ij→tt̄tt̄(N) = Tr [ Hij→tt̄tt̄ Ūij→tt̄tt̄ S̃ij→tt̄tt̄ Uij→tt̄tt̄ ] Δi Δj

Mellin-space resummed cross section



Resummation for 4top
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̂σres
ij→tt̄tt̄(N) = Tr [ Hij→tt̄tt̄ Ūij→tt̄tt̄ S̃ij→tt̄tt̄ Uij→tt̄tt̄ ] Δi Δj

Δi = exp [ 1
αs

g1(λ) + g2(λ, μR/M, μF /M)]
λ = αs ln (N̄) = αs (ln N + γE)

Incoming jet functions 

capture soft-collinear enhancements

Mellin-space resummed cross section

Needed at NLLNeeded at LL



Resummation for 4top

Melissa van Beekveld19

̂σres
ij→tt̄tt̄(N) = Tr [ Hij→tt̄tt̄ Ūij→tt̄tt̄ S̃ij→tt̄tt̄ Uij→tt̄tt̄ ] Δi Δj

Incoming jet functions 

capture soft-collinear enhancements

Soft function

captures wide-angle-soft enhancements

S̃ = S̃(0) +
αs(μR)

π
S̃(1) + . . .

Result of RGE equation with evolution matrix

Uij→tt̄tt̄(N, M2/μ2
R) = 𝒫 exp [∫

M/N̄

μR

dq
q

Γij→tt̄tt̄ (αs(q2))]
And boundary condition at N̄ = M/μR

Mellin-space resummed cross section

Needed 

at NLL Needed 


at NLL’



Colour structure 4top
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Uij→tt̄tt̄(N, M2/μ2
R) = 𝒫 exp [∫

M/N̄

μR

dq
q

Γij→tt̄tt̄ (αs(q2))]
Soft-anomalous dimension (SAD) matrix


Γij→tt̄tt̄ (αs) = ( αs

π ) Γ(1)
ij→tt̄tt̄ + ( αs

π )
2

Γ(2)
ij→tt̄tt̄ + . . .

Needed 

at NLL

Needed 

at NNLL

Mixes colour structure  in general not diagonal in colour space→



Uij→tt̄tt̄(N, M2/μ2
R) = 𝒫 exp [∫

M/N̄

μR

dq
q

Γij→tt̄tt̄ (αs(q2))]

Colour structure 4top

Melissa van Beekveld21

3 ⊗ 3̄ = 3 ⊗ 3̄ ⊗ 3 ⊗ 3̄ 1 ⊕ 8 = 0 ⊕ (2 × 1) ⊕ (2 × 8) ⊕ 8S ⊕ 8A ⊕ 10 ⊕ 1̄0 ⊕ 27

qq̄ → tt̄tt̄

leads to a 6-dimensional SAD 

gg → tt̄tt̄
8 ⊗ 8 = 3 ⊗ 3̄ ⊗ 3 ⊗ 3̄ 0 ⊕ 1 ⊕ 8S ⊕ 8A ⊕ 10 ⊕ 1̄0 ⊕ 27 = 0 ⊕ (2 × 1) ⊕ (2 × 8) ⊕ 8S ⊕ 8A ⊕ 10 ⊕ 1̄0 ⊕ 27

leads to a 14-dimensional SAD 

Γij→tt̄tt̄ (αs) = ( αs

π ) Γ(1)
ij→tt̄tt̄ + ( αs

π )
2

Γ(2)
ij→tt̄tt̄ + . . .

Needed 

at NLL

Needed 

at NNLL



Colour structure 4top
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Uij→tt̄tt̄(N, M2/μ2
R) = 𝒫 exp [∫

M/N̄

μR

dq
q

Γij→tt̄tt̄ (αs(q2))]
Soft-anomalous dimension (SAD) matrix


in general not diagonal

3 ⊗ 3̄ = 3 ⊗ 3̄ ⊗ 3 ⊗ 3̄ 1 ⊕ 8 = 0 ⊕ (2 × 1) ⊕ (2 × 8) ⊕ 8S ⊕ 8A ⊕ 10 ⊕ 1̄0 ⊕ 27

qq̄ → tt̄tt̄

leads to a 6-dimensional SAD 

gg → tt̄tt̄
8 ⊗ 8 = 3 ⊗ 3̄ ⊗ 3 ⊗ 3̄ 0 ⊕ 1 ⊕ 8S ⊕ 8A ⊕ 10 ⊕ 1̄0 ⊕ 27 = 0 ⊕ (2 × 1) ⊕ (2 × 8) ⊕ 8S ⊕ 8A ⊕ 10 ⊕ 1̄0 ⊕ 27

leads to a 14-dimensional SAD 

Γij→tt̄tt̄ (αs) = ( αs

π ) Γ(1)
ij→tt̄tt̄ + ( αs

π )
2

Γ(2)
ij→tt̄tt̄ + . . .

SAD for 

(Full kinematics)

qq̄

In colour basis of [1207.0609]



Colour structure 4top
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Uij→tt̄tt̄(N, M2/μ2
R) = 𝒫 exp [∫

M/N̄

μR

dq
q

Γij→tt̄tt̄ (αs(q2))]
Soft-anomalous dimension (SAD) matrix


in general not diagonal

3 ⊗ 3̄ = 3 ⊗ 3̄ ⊗ 3 ⊗ 3̄ 1 ⊕ 8 = 0 ⊕ (2 × 1) ⊕ (2 × 8) ⊕ 8S ⊕ 8A ⊕ 10 ⊕ 1̄0 ⊕ 27

qq̄ → tt̄tt̄

leads to a 6-dimensional SAD 

gg → tt̄tt̄
8 ⊗ 8 = 3 ⊗ 3̄ ⊗ 3 ⊗ 3̄ 0 ⊕ 1 ⊕ 8S ⊕ 8A ⊕ 10 ⊕ 1̄0 ⊕ 27 = 0 ⊕ (2 × 1) ⊕ (2 × 8) ⊕ 8S ⊕ 8A ⊕ 10 ⊕ 1̄0 ⊕ 27

leads to a 14-dimensional SAD 

Γij→tt̄tt̄ (αs) = ( αs

π ) Γ(1)
ij→tt̄tt̄ + ( αs

π )
2

Γ(2)
ij→tt̄tt̄ + . . .

SAD for 

(Full kinematics)

gg



Colour structure 4top
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Uij→tt̄tt̄(N, M2/μ2
R) = 𝒫 exp [∫

M/N̄

μR

dq
q

Γij→tt̄tt̄ (αs(q2))]
Soft-anomalous dimension (SAD) matrix


in general not diagonal

3 ⊗ 3̄ = 3 ⊗ 3̄ ⊗ 3 ⊗ 3̄ 1 ⊕ 8 = 0 ⊕ (2 × 1) ⊕ (2 × 8) ⊕ 8S ⊕ 8A ⊕ 10 ⊕ 1̄0 ⊕ 27

qq̄ → tt̄tt̄

leads to a 6-dimensional SAD 

gg → tt̄tt̄
8 ⊗ 8 = 3 ⊗ 3̄ ⊗ 3 ⊗ 3̄ 0 ⊕ 1 ⊕ 8S ⊕ 8A ⊕ 10 ⊕ 1̄0 ⊕ 27 = 0 ⊕ (2 × 1) ⊕ (2 × 8) ⊕ 8S ⊕ 8A ⊕ 10 ⊕ 1̄0 ⊕ 27

leads to a 14-dimensional SAD 

Γij→tt̄tt̄ (αs) = ( αs

π ) Γ(1)
ij→tt̄tt̄ + ( αs

π )
2

Γ(2)
ij→tt̄tt̄ + . . .

SAD for 

(Full kinematics)

gg

To solve this: go to colour space (R) where SAD is diagonal

Uij→tt̄tt̄(N, M2/μ2
R) = 𝒫 exp [∫

M/N̄

μR

dq
q

Γij→tt̄tt̄ (αs(q2))]

Ū S̃ U = S̃R exp [ 2Re(ΓR)
2πb0

ln(1 − 2λ)]



Colour structure 4top
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qq̄ → tt̄tt̄

gg → tt̄tt̄

2Re[Γ(1)
R,qq̄] = diag(0, 0, − 3, − 3, − 3, − 3)

C2(1) = 0
C2(8(A/S)) = Nc = 3

C2(10, 1̄0) = 2Nc = 6

C2(27) = 2(Nc + 1) = 8

C2(N2
c (Nc − 3)(Nc + 1)/4 = 0) = 2(Nc − 1) = 4

3 ⊗ 3̄ = 3 ⊗ 3̄ ⊗ 3 ⊗ 3̄ 1 ⊕ 8 = 0 ⊕ (2 × 1) ⊕ (2 × 8) ⊕ 8S ⊕ 8A ⊕ 10 ⊕ 1̄0 ⊕ 27

Ū S̃ U = S̃R exp [ 2Re(ΓR)
2πb0

ln(1 − 2λ)]

Absolute threshold limit:

8 ⊗ 8 = 3 ⊗ 3̄ ⊗ 3 ⊗ 3̄ 0 ⊕ 1 ⊕ 8S ⊕ 8A ⊕ 10 ⊕ 1̄0 ⊕ 27 = 0 ⊕ (2 × 1) ⊕ (2 × 8) ⊕ 8S ⊕ 8A ⊕ 10 ⊕ 1̄0 ⊕ 27

2 Re[Γ(1)
R,gg] = diag( − 8, − 6, − 6, − 4, − 3, − 3, − 3, − 3, − 3, − 3, − 3, − 3, 0, 0)Absolute threshold limit:



Resummation for 4top
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̂σres
ij→tt̄tt̄(N) = Tr [ Hij→tt̄tt̄ Ūij→tt̄tt̄ S̃ij→tt̄tt̄ Uij→tt̄tt̄ ] Δi Δj

Hard function 
captures constant contributions as N → ∞

Incoming jet functions 

capture soft-collinear enhancements

Mellin-space resummed cross section
Soft function


captures wide-angle-soft enhancements



Resummation for 4top
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̂σres
ij→tt̄tt̄(N) = Tr [ Hij→tt̄tt̄ Ūij→tt̄tt̄ S̃ij→tt̄tt̄ Uij→tt̄tt̄ ] Δi Δj

Hard function 
captures constant contributions as N → ∞

H = H(0) +
αs(μR)

π
H(1) + . . . ,

H(0)
IJ =

1
2s ∫

1

0
dρ ρN−1 ∫ dΦB ∑

colour(K,L),spin

𝒜(0)
K 𝒜†(0)

L ⟨cL |cJ⟩⟨cI |cK⟩

Colour-stripped 

amplitude

Incoming jet functions 

capture soft-collinear enhancements

Projection on 
colour space R

Born phase-
space integration

H(0)

Mellin-space resummed cross section

Needed at NLL

Soft function

captures wide-angle-soft enhancements



Resummation for 4top
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̂σres
ij→tt̄tt̄(N) = Tr [ Hij→tt̄tt̄ Ūij→tt̄tt̄ S̃ij→tt̄tt̄ Uij→tt̄tt̄ ] Δi Δj

Hard function 
captures constant contributions as N → ∞

H = H(0) +
αs(μR)

π
H(1) + . . . ,

H(1) = V(1) + C(1)

Virtual 

one-loop 


contributions

(Extracted from 

MC@NLO) 

Collinear

end-point 


contributions 

Incoming jet functions 

capture soft-collinear enhancements

H(1)

Mellin-space resummed cross section

Needed at NLL’

Soft function

captures wide-angle-soft enhancements



Matching to fixed order

Melissa van Beekveld29

σNLO+NLL(′ )
tt̄tt̄ (τ) = σNLO

tt̄tt̄ (τ) + ∫𝒞

dN
2πi

τ−N fi(N + 1,μ2
F) fj(N + 1,μ2

F) × [ ̂σres
ij→tt̄tt̄(N) − ̂σres

ij→tt̄tt̄(N)|NLO]

Go back to physical space by an inverse Mellin transform

σNLL(′ )
tt̄tt̄ (τ) = ∫𝒞

dN
2πi

τ−N fi(N + 1,μ2
F) fj(N + 1,μ2

F) × ̂σres
ij→tt̄tt̄(N)

Match to fixed-order predictions through

Consider both QCD-only NLO corrections 

and QCD + EW (LO only)



Results 

• LHC at 13 TeV 

•  

•  

• PDF4LHC with LUXqed PDF set 

μR = μF = 2mt

mt = 172.5 GeV
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Result is extremely stable under  variationsμ

(includes photon PDFs)



Results 
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K-factor

NLO

NLO+NLL

NLO+NLL’

NLO(QCD+EW)

NLO(QCD+EW)+NLL

NLO(QCD+EW)+NLL’

σtt̄tt̄ (fb)

11.64(2)+23.2%
−22.8%

12.10(2)+19.5%
−16.3%

13.37(2)+3.6%
−11.4%

11.00(2)+25.2%
−24.5%

11.46(2)+21.3%
−17.7%

12.73(2)+4.1%
−11.8%

1.15

1.04

1.16

1.04

PDF error is 6.9 %

We find a huge reduction of scale uncertainty!



Results for 13.6 TeV 
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K-factor

NLO

NLO+NLL

NLO+NLL’

NLO(QCD+EW)

NLO(QCD+EW)+NLL

NLO(QCD+EW)+NLL’

σtt̄tt̄ (fb)

13.80(2)+22.9%
−22.6%

14.47(2)+18.4%
−18.5%

15.81(2)+3.6%
−11.6%

13.14(2)+25.1%
−24.4%

13.81(2)+20.7%
−20.1%

15.16(2)+4.3%
−11.9%

1.14

1.05

1.15

1.05

PDF error is 6.7 %



Results for different top masses
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Conclusions

• Performed first resummation of a process 
with 4 coloured particles in the final state 

• Find a significant reduction of the total scale 
uncertainty 

• Next step: invariant-mass resummation
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Back-up 
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Results 
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K-factor

NLO

NLO+NLL

NLO+NLL’

NLO(QCD+EW)

NLO(QCD+EW)+NLL

NLO(QCD+EW)+NLL’

σtt̄tt̄ (fb)

11.64(2)+23.2%
−22.8%

12.10(2)+19.5%
−16.3%

13.37(2)+3.6%
−11.4%

11.00(2)+25.2%
−24.5%

11.46(2)+21.3%
−17.7%

12.73(2)+4.1%
−11.8%

1.15

1.04

1.16

1.04

PDF error is 6.9 %



Fixed-order expansion
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σ t
t̄tt̄

N
LO

/α
5 s



N resummed result
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Colour basis qq̄
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Colour basis gg
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Colour basis gg
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With



Colour basis gg
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With


