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(2, 0)-theory

Representation theory and string theory predicts a mysterious
superconformal field theory in six dimensions related to
M-theory. (1995, Witten)

Little is known.

No Lagrangian exists – irreducibly quantum?
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(2, 0)-theory

What we know so far:

M5 branes interact via M2 branes,
boundaries = self-dual strings

6D SCFT from M-theory with
(2, 0) SUSY

Field content:
(2, 0) tensor multiplet
includes 2-form B field

This B field satisfies the
self-duality equation:
H := dB = ?H
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(2, 0)-theory

What we know so far:

It describes stacks of M5-branes with gravity turned off
(just as Yang–Mills theory describes stacks of D-branes)

It has Wilson surfaces as observables
(just as Yang–Mills has Wilson lines)

It is a theory of extended objects – self-dual strings

What we need: a framework to describe such a theory, e.g.
parallel transport of extended objects
Good news! There is such a framework – higher gauge theory.
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Yang-Mills theory

Yang-Mills theory specified by:

principal G -bundle over M; Lie algebra g

gauge field A ∈ Ω1(M)⊗ g

curvature F := dA + 1
2 [A,A] ∈ Ω2(M)⊗ g

satisfies Bianchi identity: ∇F ≡ dF + [A,F ] = 0

action S = −1
2

∫
M(F , ?F ) = −1

2

∫
M Tr(F ∧ ?F )

abelian g - free theory
non-abelian g - interacting

Equation of motion: d ? F + [A, ?F ] = 0

Add SUSY: S = −1
2

∫
M(F , ?F )− 1

2

∫
M(λ̄, /∇λ)vol
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Higher gauge theory: L∞-algebras

Generalizations of Lie algebras

L∞-algebra:
a graded vector space L = ⊕nLn
with totally antisymmetric multilinear higher products
µi : L∧i → L of degree 2− i
which satisfy certain identities (homotopy Jacobi),
e.g. µ1 ◦ µ1 = 0

elements a ∈ L1 of degree 1 are generalized gauge potentials

curvature: f := µ1(a) + 1
2µ2(a, a) + 1

3!µ3(a, a, a) + . . . ∈ L2
Bianchi identity

µ1(f )− µ2(f , a) + 1
2µ3(f , a, a)− 1

3!µ4(f , a, a, a) + · · · = 0

elements ∈ L0 parametrize generalized gauge transformations
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Higher gauge theory

In higher gauge theory we have an underlying L∞-algebra L
and spacetime manifold M

We construct the tensor product L̂ = Ω•(M)⊗ L

L̂ is an L∞-algebra as well

gauge potentials
A + B + · · · ∈ L̂1 = (Ω1(M)⊗ L0)⊕ (Ω2(M)⊗ L−1)⊕ · · ·
higher products µ̂1 = d + µ1, µ2, µ3

curvatures

F = F + µ1(B) = dA + 1
2µ2(A,A) + µ1(B)

H = dB + µ2(A,B)− 1
3!µ3(A,A,A) + . . .

...

Dominik Rist Towards an M5-Brane Model



Motivation
Higher gauge theory

(1, 0) Lagrangian
Outlook

Higher gauge theory

In higher gauge theory we have an underlying L∞-algebra L
and spacetime manifold M

We construct the tensor product L̂ = Ω•(M)⊗ L

L̂ is an L∞-algebra as well

gauge potentials
A + B + · · · ∈ L̂1 = (Ω1(M)⊗ L0)⊕ (Ω2(M)⊗ L−1)⊕ · · ·
higher products µ̂1 = d + µ1, µ2, µ3

curvatures

F = F + µ1(B) = dA + 1
2µ2(A,A) + µ1(B)

H = dB + µ2(A,B)− 1
3!µ3(A,A,A) + . . .

...

Dominik Rist Towards an M5-Brane Model



Motivation
Higher gauge theory

(1, 0) Lagrangian
Outlook

Higher gauge theory

In higher gauge theory we have an underlying L∞-algebra L
and spacetime manifold M

We construct the tensor product L̂ = Ω•(M)⊗ L

L̂ is an L∞-algebra as well

gauge potentials
A + B + · · · ∈ L̂1 = (Ω1(M)⊗ L0)⊕ (Ω2(M)⊗ L−1)⊕ · · ·
higher products µ̂1 = d + µ1, µ2, µ3

curvatures

F = F + µ1(B) = dA + 1
2µ2(A,A) + µ1(B)

H = dB + µ2(A,B)− 1
3!µ3(A,A,A) + . . .

...

Dominik Rist Towards an M5-Brane Model



Motivation
Higher gauge theory

(1, 0) Lagrangian
Outlook

Higher gauge theory

In higher gauge theory we have an underlying L∞-algebra L
and spacetime manifold M

We construct the tensor product L̂ = Ω•(M)⊗ L

L̂ is an L∞-algebra as well

gauge potentials
A + B + · · · ∈ L̂1 = (Ω1(M)⊗ L0)⊕ (Ω2(M)⊗ L−1)⊕ · · ·
higher products µ̂1 = d + µ1, µ2, µ3

curvatures

F = F + µ1(B) = dA + 1
2µ2(A,A) + µ1(B)

H = dB + µ2(A,B)− 1
3!µ3(A,A,A) + . . .

...

Dominik Rist Towards an M5-Brane Model



Motivation
Higher gauge theory

(1, 0) Lagrangian
Outlook

Higher gauge theory: string structures

Problem: consistency requires fake flatness
F = dA + 1

2µ2(A,A) + µ1(B) = 0
trivial (only topological)

Solution: modification = string structures
String Lie 2-algebra: string(n) = R[1]→ g(n)

µ2(x1, x2) = [x1, x2] , µ3(x1, x2, x3) = (x1, [x2, x3])

Curvatures:

F = F + µ1(B) = dA + 1
2µ2(A,A) + µ1(B) ,

H = dB + µ2(A,B)− 1
3!µ3(A,A,A)+(A,F)

= dB + cs(A)
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Outlook

(1,0)-theory

(2,0)-theory:

M = R1,5

SCFT with (2,0) SUSY
Field content includes 2-form B field which satisfies the
self-duality equation: H := dB = ?H

(1,0)-theory:

M = R1,5

SCFT with (1,0) SUSY
2-form B field, H := dB = ?H
Simpler theory, less constrained, study that
Task: find Lagrangian - gauge invariant, (1,0) SUSY, produce
the right EOMs
Methods: HGT, Lagrange multipliers for self-duality
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(1, 0)-theory

The string structure underlying (1, 0)-theory is the following.
g∗v g∗u R∗s R∗p

⊕ ⊕ ⊕
Rq Rr gt

µ1=id µ1=id

µ1=id
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(1, 0)-theory

We also have the maps

µ2 : gt ∧ gt → gt , µ2(t1, t2) = [t1, t2] ,

µ2 : gt ∧ g∗u → g∗u , µ2(t, u) = u
(
[−, t]

)
,

µ2 : gt ∧ g∗v → g∗v , µ2(t, v) = v
(
[−, t]

)
,

µ3 : gt ∧ gt ∧ gt → Rr , µ3(t1, t2, t3) = (t1, [t2, t3]) ,

µ3 : gt ∧ gt ∧ R∗s → g∗u , µ3(t1, t2, s) = s
(

(−, [t1, t2])
)
,

as well as

ν2 : gt ⊗ gt → Rr , ν2(t1, t2) = (t1, t2) ,

ν2 : gt ⊗ g∗u → g∗v , ν2(t1, u1) = u1
(
[−, t1]

)
,

ν3 : gt ∧ gt ∧ R∗s → g∗v , ν3(t1, t2, s) = s
(
−, [t1, t2]

)
.
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(1, 0)-theory

The local description of a connection on this string structure then
consists of gauge potential forms

A ∈ Ω1(R1,5)⊗ (gt ⊕ R∗p) , B ∈ Ω2(R1,5)⊗ (Rr ⊕ R∗s ) ,

C ∈ Ω3(R1,5)⊗ (g∗u ⊕ Rq) , D ∈ Ω4(R1,5)⊗ g∗v

and the corresponding curvatures are defined as

F = dA + 1
2µ2(A,A) + µ1(B) ∈ Ω2 ⊗ (gt ⊕ R∗p) ,

H = dB + (A,dA) + 1
3(A, µ2(A,A))− µ1(C ) ∈ Ω3 ⊗ (Rr ⊕ R∗s ) ,

G = dC + µ2(A,C ) + 1
2µ3(A,A,B) + µ1(D) ∈ Ω4 ⊗ (g∗u ⊕ Rq) ,

I = dD + µ2(A,D) + ν2(F ,C ) + 1
2ν3(A,A,H)

+ ν3(F ,A,B) ∈ Ω5 ⊗ g∗v .
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String structures

The curvatures satisfy Bianchi identities

dF + µ2(A,F )− µ1(H) = 0 , dH − ν2(F ,F ) + µ1(G ) = 0 ,

dG + µ2(A,G )− µ1(I ) = 0 , dI + µ2(A, I )− ν2(F ,G ) = 0 .

Finally, we also have the evident pairings

〈−,−〉 : g∗u × gt → R , R∗s × Rr → R , R∗p × Rq → R .
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Field content of (1,0)-theory

multiplet symbol field type values in SUSY transformation δSUSY,0

vector A 1-form gt ⊕ R∗p −ε̄γ(1)λ
λi MW spinors gt ⊕ R∗p 1

4F/ ε
i − 1

2Y
ijεj + 1

4µ1(φ)εi

Y (ij) aux. scalars gt ⊕ R∗p −ε̄(iγµ∇µλj) + 2µ1(ε̄(iχj))

tensor B 2-form Rr ⊕ R∗s −ε̄γ(2)χ− ν2(δSUSYA,A)
χi MW spinors Rr ⊕ R∗s 1

8H/ ε
i + 1

4∂/φε
i − 1

2ν2(γµλi , ε̄γµλ)
φ scalar field Rr ⊕ R∗s ε̄χ

none C 3-form g∗u ⊕ Rq ν2(ε̄γ(3)λ, φ)− ν2(δSUSYA,B)
D 4-form g∗v −ν2(δSUSYA,C )
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Equations of motion

Closure of SUSY algebra requires these eoms which had to be
previously imposed by hand.

Self-duality equation

H := 1
2(H − ?H) + ν2(λ̄, γ(3)λ) = 0

Higher curvatures vanishing

G := G − ν2(?F , φ) + 2ν2(λ̄, ?γ(2)χ) = 0

I := I + 2ν3(λ̄, ?γ(1)λ, φ) = 0
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(1,0) Lagrangian

L(1,0) = −〈dφ, ?dφ〉 − 4vol〈χ̄, ∂/χ〉
+
〈
φ , ν2(F , ?F )− 2vol ν2(Yij ,Y

ij) + 4vol ν2(λ̄,∇/ λ)
〉

+ 4
〈
χ̄, ν2(F/, λ)

〉
− 8vol

〈
χ̄j , ν2(Yij , λ

i )
〉

− Hs ∧ ?Hr + Hs ∧ Cq

supplies other eoms

Does not produce self-duality equation nor vanishing of
curvatures - has to be assumed.

Use Sen’s Lagrange multiplier approach

Dominik Rist Towards an M5-Brane Model



Motivation
Higher gauge theory

(1, 0) Lagrangian
Outlook

(1,0) Lagrangian

L(1,0) = −〈dφ, ?dφ〉 − 4vol〈χ̄, ∂/χ〉
+
〈
φ , ν2(F , ?F )− 2vol ν2(Yij ,Y

ij) + 4vol ν2(λ̄,∇/ λ)
〉

+ 4
〈
χ̄, ν2(F/, λ)

〉
− 8vol

〈
χ̄j , ν2(Yij , λ

i )
〉

− Hs ∧ ?Hr + Hs ∧ Cq

supplies other eoms

Does not produce self-duality equation nor vanishing of
curvatures - has to be assumed.

Use Sen’s Lagrange multiplier approach

Dominik Rist Towards an M5-Brane Model



Motivation
Higher gauge theory

(1, 0) Lagrangian
Outlook

(1,0) Lagrangian

L(1,0) = −〈dφ, ?dφ〉 − 4vol〈χ̄, ∂/χ〉
+
〈
φ , ν2(F , ?F )− 2vol ν2(Yij ,Y

ij) + 4vol ν2(λ̄,∇/ λ)
〉

+ 4
〈
χ̄, ν2(F/, λ)

〉
− 8vol

〈
χ̄j , ν2(Yij , λ

i )
〉

− Hs ∧ ?Hr + Hs ∧ Cq

supplies other eoms

Does not produce self-duality equation nor vanishing of
curvatures - has to be assumed.

Use Sen’s Lagrange multiplier approach

Dominik Rist Towards an M5-Brane Model



Motivation
Higher gauge theory

(1, 0) Lagrangian
Outlook

Lagrange multipliers

Idea:

Find stationary points of f (x) subject to the constraint
g(x) = 0

Form L(x , y) = f (x)− yg(x) and find stationary points

This has been employed recently by Sen to impose self-duality.
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Lagrange multipliers

Consider a self-dual 3-form is = ?is ∈ Ω3(R1,5)⊗ R∗s and form

Li = −Hs ∧ ?Hr + Hs ∧ Cq − is ∧Hr .

Variation w.r.t. is gives Hr = 0 as an eom.

Variation w.r.t. Cq gives Hs = 0 and is = 0.

Variation w.r.t. Bs gives Gq = 0.
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Lagrange multipliers

Obtain Gu = 0 by introducing an auxiliary 2-form
kt ∈ Ω2(R1,5)⊗ gt and form

Lk = Gu(kt)− Bs ∧ (kt ,kt) + φs(kt , ?kt)

Produces Gu = 0 and kt = 0.

Extra terms required for SUSY.
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Supersymmetry

To ensure SUSY of S =
∫
L we need to modify SUSY

transformations of certain fields.

Introducting δSUSY = δSUSY,0 + δSUSY,1 ,

δSUSY,1 χs = −1
8i/ sε ,

δSUSY,1 λt = −1
4kt/ ε ,

δSUSY,1 Cq = 2ν2(δAt ,kt) ,

Also δSUSYis = 0 , δSUSYkt = 0 .

SUSY algebra closes on-shell thanks to is = 0 and kt = 0.
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The full Lagrangian

We present the fully supersymmetric, and non-trivially interacting
higher gauge theory which produces H = G = I = 0 as
equations of motion.

L(1,0) = −〈dφ, ?dφ〉 − 4vol〈χ̄, ∂/χ〉
+
〈
φ , ν2(F , ?F )− 2vol ν2(Yij ,Y

ij) + 4vol ν2(λ̄,∇/ λ)
〉

+ 4
〈
χ̄, ν2(F/, λ)

〉
− 8vol

〈
χ̄j , ν2(Yij , λ

i )
〉

− Hs ∧ ?Hr + Hs ∧ Cq − is ∧Hr

+ Gu(kt)− Bs ∧ (kt ,kt) + φs(kt , ?kt)
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Outlook

Study this model further

Show conformality at the quantum level

Quantum field theory
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The End

Thank you for your attention!
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