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Motivation

Motivation

What do we want to do?
e Big goal: Better understand M-theory
e Smaller goal: understand (2,0)-Theory
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Motivation

(2,0)-theory

@ Representation theory and string theory predicts a mysterious
superconformal field theory in six dimensions related to
M-theory. (1995, Witten)
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Motivation

(2,0)-theory

@ Representation theory and string theory predicts a mysterious
superconformal field theory in six dimensions related to
M-theory. (1995, Witten)

o Little is known.

@ No Lagrangian exists — irreducibly quantum?
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(2,0)-theory

What we know so far:

@ It describes stacks of Mb5-branes with gravity turned off
(just as Yang—Mills theory describes stacks of D-branes)
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Motivation

(2,0)-theory

What we know so far:

@ It describes stacks of Mb5-branes with gravity turned off
(just as Yang—Mills theory describes stacks of D-branes)

@ It has Wilson surfaces as observables
(just as Yang—Mills has Wilson lines)

@ It is a theory of extended objects — self-dual strings

What we need: a framework to describe such a theory, e.g.
parallel transport of extended objects
Good news! There is such a framework — higher gauge theory.
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Higher gauge theory

Yang-Mills theory

Yang-Mills theory specified by:
@ principal G-bundle over M; Lie algebra g
e gauge field Ac Q'(M)® g
o curvature F:=dA+ 3[AA] € ) (M) ® g
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Yang-Mills theory

Yang-Mills theory specified by:
@ principal G-bundle over M; Lie algebra g
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o curvature F:=dA+ 3[AA] € ) (M) ® g
o satisfies Bianchi identity: VF =dF + [A,F] =0

Dominik Rist Towards an M5-Brane Model



Higher gauge theory

Yang-Mills theory
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@ principal G-bundle over M; Lie algebra g
e gauge field Ac Q'(M)® g
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Higher gauge theory

Yang-Mills theory

Yang-Mills theory specified by:
@ principal G-bundle over M; Lie algebra g
e gauge field Ac Q'(M)® g
o curvature F:=dA+ 3[AA] € ) (M) ® g
o satisfies Bianchi identity: VF =dF + [A,F] =0
e action S = —13 [} (F,xF)=—3 [, Tr(F A%F)

o abelian g - free theory
e non-abelian g - interacting

e Equation of motion: dx F + [A,xF] =0
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Higher gauge theory

Yang-Mills theory

Yang-Mills theory specified by:
@ principal G-bundle over M; Lie algebra g
e gauge field Ac Q'(M)® g
o curvature F:=dA+ 3[AA] € ) (M) ® g
o satisfies Bianchi identity: VF =dF + [A,F] =0
e action S = —13 [} (F,xF)=—3 [, Tr(F A%F)

o abelian g - free theory
e non-abelian g - interacting

e Equation of motion: dx F + [A,xF] =0
o Add SUSY: S = -1 [, (F,xF) — % [, (X, YA)vol
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Higher gauge theory

Higher gauge theory: L. -algebras

@ Generalizations of Lie algebras
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Higher gauge theory

Higher gauge theory: L. -algebras

Generalizations of Lie algebras
Loo-algebra:
e a graded vector space L = @,L,
e with totally antisymmetric multilinear higher products
pi s LN — L of degree 2 — i
o which satisfy certain identities (homotopy Jacobi),
eg pr1op =0
elements a € Ly of degree 1 are generalized gauge potentials
curvature: f:=y3(a) + Spo(a, a) + Fps(a,a,a)+... €L

(]
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Higher gauge theory

Higher gauge theory: L. -algebras

Generalizations of Lie algebras
Loo-algebra:
e a graded vector space L = @,L,
e with totally antisymmetric multilinear higher products
pi s LN — L of degree 2 — i
o which satisfy certain identities (homotopy Jacobi),

(]

eg pr1op =0
@ elements a € L of degree 1 are generalized gauge potentials
o curvature: f := p1(a) + 3p2(a, a) + §p3(a,a,a) +... € Lo
@ Bianchi identity

pa(f) = pa(f, a) + 3us(f, a,3) — jpa(f,a,8,8) +--- =0
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Higher gauge theory

Higher gauge theory: L. -algebras

@ Generalizations of Lie algebras
o L..-algebra:
e a graded vector space L = @,L,
e with totally antisymmetric multilinear higher products
pi s LN — L of degree 2 — i
o which satisfy certain identities (homotopy Jacobi),
eg pr1op =0
@ elements a € L of degree 1 are generalized gauge potentials
o curvature: f := p1(a) + 3p2(a, a) + §p3(a,a,a) +... € Lo
@ Bianchi identity

pa(f) = pa(f, a) + 3us(f, a,3) — jpa(f,a,8,8) +--- =0

@ elements € Ly parametrize generalized gauge transformations
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Higher gauge theory

Higher gauge theory

@ In higher gauge theory we have an underlying L.-algebra L
and spacetime manifold M
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and spacetime manifold M

o We construct the tensor product L = Q*(M) ® L

@ Lis an L-algebra as well
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Higher gauge theory

Higher gauge theory

@ In higher gauge theory we have an underlying L.-algebra L
and spacetime manifold M

o We construct the tensor product L = Q*(M) ® L

@ Lis an L-algebra as well

e gauge potentials
AtB+- eli=(Q(M)® L) & (PM)@ L) &
o higher products fiy =d + p1, p2, 43
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Higher gauge theory

Higher gauge theory

@ In higher gauge theory we have an underlying L.-algebra L
and spacetime manifold M
o We construct the tensor product L = Q*(M) ® L
o [isan Lo-algebra as well
e gauge potentials
A+B+- eli=Q'(M)@ L) (RPM) oL q)®---
o higher products fiy =d + p1, p2, 43
@ curvatures
F =F+p1(B) =dA+ 2p2(A, A) + 11(B)
H = dB + po(A, B) — Lus(AAA) + ...
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Higher gauge theory

Higher gauge theory: string structures

@ Problem: consistency requires fake flatness
F=dA+ (A A) + ua(B) =0
trivial (only topological)
@ Solution: modification = string structures
o String Lie 2-algebra: string(n) = R[1] — g(n)

po(xi, x2) = [x1,x2] . pa(x1, X2, x3) = (x, [x2, x3])

e Curvatures:

F =F+m(B) = dA+ 3u2(A,A) + m(B) ,
H=dB + M2(A7 B) - %M3(A7A7A)+(Aaf)
= dB + cs(A)
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Higher gauge theory

(1,0)-theory

e (2,0)-theory:
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o Field content includes 2-form B field which satisfies the
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Higher gauge theory

(1,0)-theory

e (2,0)-theory:
o M =R
o SCFT with (2,0) SUSY
o Field content includes 2-form B field which satisfies the
self-duality equation: H .= dB = xH

e (1,0)-theory:
o M =R
o SCFT with (1,0) SUSY
o 2-form B field, H :=dB = xH
e Simpler theory, less constrained, study that
o Task: find Lagrangian - gauge invariant, (1,0) SUSY, produce
the right EOMs
o Methods: HGT, Lagrange multipliers for self-duality
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Higher gauge theory

The string structure underlying (1, 0)-theory is the following.

gp — 174 g R: — M= Re
& B ®
Rq lu’lzld Rr gt
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Higher gauge theory

(1,0)-theory

We also have the maps

P2 Gt NG — Bt po(ty, t2) = [t1, to] ,
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Higher gauge theory

(1,0)-theory

We also have the maps

P2 Gt NG — Bt po(ty, t2) = [t1, to] ,
p2 g Agh = g5 s pa(t,u) = u([—, 1) ,
M2 gt/\gtﬁgt ) MZ(tv V): V([_at]) )
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Higher gauge theory

(1,0)-theory

We also have the maps

B2 : 8t A gt — Ot pa(t, t2) = [t1, to]

p2 9 Agy = gy s pa(t,u) = u([-,t])

M2t g /\gt — gt ) M2( ,V) V([_’ t]) )

p3 e Age Agr = R, p3(ty, t2, t3) = (t1, [t2, t3])

p3 g Age ARY = g, ps(ty, ta,s) = s( (= [, 12]) )
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Higher gauge theory

(1,0)-theory

We also have the maps

2 s gt AN gr — 9t pa(ti, o) = [t1, &
p2 g Agh = g5 s pa(t,u) = u([—, 1) ,
p2 g Agy = gy pa(t,v) = v([—, 1) ,
p3 g Nge ANgr = Ry, p3(ty, t2, t3) = (t1, [t2, t3])
p3 gt Age AR — gy #3(t1,t2,5)—5((—a[t1,t2])) )
as well as
gt @9 — R, vo(ty, t) = (t1, t2) ,
gt Qg — gy va(ty, ur) = ur ([— t1])

v3ige Age ARG — gy, v3(t1, t2,5) = s(—, [t1, to]) -
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Higher gauge theory

(1,0)-theory

The local description of a connection on this string structure then
consists of gauge potential forms

Ae Q'R @ (g: @ R}) , B € Q*(RY®) @ (R, @ RY) ,
Cc PR ® (g5 @R, , D e Q*RY) ® g*

v

Dominik Rist Towards an M5-Brane Model



Higher gauge theory

(1,0)-theory

The local description of a connection on this string structure then
consists of gauge potential forms

Ae Q'R @ (g: @ R}) , B € Q*(RY®) @ (R, @ RY) ,
Cc PR ® (g5 @R, , D e Q*RY)® g

and the corresponding curvatures are defined as

F =dA+ 3u2(A, A) + pa(B) e (g ®R}),
H=dB + (A, dA) + 1(A ia(A A)) — a(C) € D@ (R, GRY)
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Higher gauge theory

(1,0)-theory

The local description of a connection on this string structure then
consists of gauge potential forms
Ae Q'R @ (g: @ R}) , Bc ’(RY) ® (R, ®RY),
CePRY¥) @ (gi@dRy), DeRY¥) x4}

v

and the corresponding curvatures are defined as

F=dA+ 1pa(A A) + p1(B) € (g Ry,
H=dB+ (A,dA) + (A m2(A A) —u(C) € @@ (R,oR]),
G =dC+pa(A C) + 3m3(AA B)+m(D) € Q'@ (g, ®R,) ,
I =dD + pa(A, D) + va(F, C) + Lus(A, A, H)

+13(F,A,B) c QP .
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Higher gauge theory

String structures

The curvatures satisfy Bianchi identities

dF + (A F) — pa(H) =0,  dH —n(F,F)+ m(G) =0,
dG+:u’2(A7G)_M1(I):Oa d/+ﬂ2(A7l)—V2(F7G):O
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Higher gauge theory

String structures

The curvatures satisfy Bianchi identities

dF + (A F) — pa(H) =0,  dH —n(F,F)+ m(G) =0,
dG+:u’2(A7G)_M1(I):Oa d/+u2(A7l)_V2(F7G):O

Finally, we also have the evident pairings

(=) gy xge—R, RExR =R, RyxR;—R.
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Higher gauge theory

Field content of (1,0)-theory

multiplet symbol field type values in  SUSY transformation dsusy,o

vector A 1-form gt OR,  —Eymr _
by MW spinors  g: & R}, 1Fe —Lvie; + %ul(q_b)g’
Y@ aux. scalars g ® R}, — &l M) 4 201 (EU D)

tensor B 2-form Ry &Ry —&y)x — uz(ésusyA, A) _
X' MW spinors R, @ R} %ﬁs’ + 2’ — Sua (AP EN)
0] scalar field R, ® R} é&x

none C 3-form g, ® ]Rq 1/2(8_’)/(3)>\, (;3) — Vz((ssUsyA, B)
D 4-form o —12(dsusyA, C)
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(1, 0) Lagrangian

Equations of motion

Closure of SUSY algebra requires these eoms which had to be
previously imposed by hand.
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(1, 0) Lagrangian

Equations of motion

Closure of SUSY algebra requires these eoms which had to be
previously imposed by hand.

Self-duality equation

I = %(H = *H) aF V2(5\,7(3))\) =0
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(1, 0) Lagrangian

Equations of motion

Closure of SUSY algebra requires these eoms which had to be
previously imposed by hand.

Self-duality equation

H = 5(H — xH) + 12(X, y3)A) =0

v

G =G —wr(xF, o)+ 2V2(5\,*fy(2)x) =0
I =1+ 2V3(5\,*’}/(1))\, d)) =0
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(1, 0) Lagrangian

(1,0) Lagrangian

L3O = —(dg, *xdg) — 4vol(x, Fx)
+ (¢, va(F,*F) — 2vol va(Yjj, Y¥) + 4vol va(X, Y \))
+4(x, (. \)) — 8vol(¥, va( Yy, A'))
— Hs A%+ Hs A Cy

@ supplies other eoms
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(1, 0) Lagrangian

(1,0) Lagrangian

L3O = —(dg, *xdg) — 4vol(x, Fx)
+ (¢, va(F,*F) — 2vol va(Yjj, Y¥) + 4vol va(X, Y \))
+4(x, (. \)) — 8vol(¥, va( Yy, A'))
— Hs A%+ Hs A Cy

@ supplies other eoms

@ Does not produce self-duality equation nor vanishing of
curvatures - has to be assumed.
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(1, 0) Lagrangian

(1,0) Lagrangian

L0 = —(dg, xd¢) — 4vol(X, Fx)
+ (¢, va(F,*F) — 2vol va(Yjj, Y¥) + 4vol va(X, Y \))

+4(%, va(F, \)) — 8vol (¥, va( Y, AY))
— Hs A% + Hs N Cq

@ supplies other eoms

@ Does not produce self-duality equation nor vanishing of
curvatures - has to be assumed.

@ Use Sen’'s Lagrange multiplier approach
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(1, 0) Lagrangian

Lagrange multipliers

Idea:

e Find stationary points of f(x) subject to the constraint
g(x)=0
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(1, 0) Lagrangian

Lagrange multipliers

Idea:

e Find stationary points of f(x) subject to the constraint
g(x)=0
e Form L(x,y) = f(x) — yg(x) and find stationary points
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(1, 0) Lagrangian

Lagrange multipliers

Idea:
e Find stationary points of f(x) subject to the constraint
g(x)=0
e Form L(x,y) = f(x) — yg(x) and find stationary points
This has been employed recently by Sen to impose self-duality.
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(1, 0) Lagrangian

Lagrange multipliers

Idea:
e Find stationary points of f(x) subject to the constraint
g(x)=0
e Form L(x,y) = f(x) — yg(x) and find stationary points
This has been employed recently by Sen to impose self-duality.
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(1, 0) Lagrangian

Lagrange multipliers

Consider a self-dual 3-form Jg = x3Js € Q3(RY) ® R} and form

Lo = —Hs A%+ Hs A Cq — D5 N Sy .
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(1, 0) Lagrangian

Lagrange multipliers

Consider a self-dual 3-form Jg = x3Js € Q3(RY) ® R} and form

Lo = —Hs A%+ Hs A Cq — D5 N Sy .

@ Variation w.r.t. Js gives 7, = 0 as an eom.
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(1, 0) Lagrangian

Lagrange multipliers

Consider a self-dual 3-form Jg = x3Js € Q3(RY) ® R} and form

Lo = —Hs A%+ Hs A Cq — D5 N Sy .

@ Variation w.r.t. Js gives 7, = 0 as an eom.
e Variation w.r.t. C, gives 7 =0 and Js; = 0.
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(1, 0) Lagrangian

Lagrange multipliers

Consider a self-dual 3-form Jg = x3Js € Q3(RY) ® R} and form

Lo = —Hs A%+ Hs A Cq — D5 N Sy .

@ Variation w.r.t. Js gives 7, = 0 as an eom.
e Variation w.r.t. C, gives 7 =0 and Js; = 0.

e Variation w.r.t. Bs gives ¥, = 0.
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(1, 0) Lagrangian

Lagrange multipliers

Obtain ¢, = 0 by introducing an auxiliary 2-form
T € Q?(RYS) @ g; and form

L= 9,(Te) = Bs AN(Te, Te) + &s(Te, % 1)
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(1, 0) Lagrangian

Lagrange multipliers

Obtain ¢, = 0 by introducing an auxiliary 2-form
T € Q?(RYS) @ g; and form

L= 9,(Te) = Bs AN(Te, Te) + &s(Te, % 1)

@ Produces ¢, =0 and 7; = 0.
@ Extra terms required for SUSY.
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(1, 0) Lagrangian

Supersymmetry

To ensure SUSY of S = [ £ we need to modify SUSY
transformations of certain fields.
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(1, 0) Lagrangian

Supersymmetry

To ensure SUSY of S = [ £ we need to modify SUSY
transformations of certain fields.

Introducting dsusy = dsusy,o + dsUSY,1 »
1
® JSUSY,1 Xs = —5s€ 5
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(1, 0) Lagrangian

Supersymmetry

To ensure SUSY of S = [ £ we need to modify SUSY
transformations of certain fields.

Introducting dsusy = dsusy,o + dsUSY,1 »
1
® JSUSY,1 Xs = —5s€ 5
1
® dsUsY,1 A\t = —7 M€,
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(1, 0) Lagrangian

Supersymmetry

To ensure SUSY of S = [ £ we need to modify SUSY
transformations of certain fields.

Introducting dsusy = dsusy,0 + Isusy.1 s
® dsusy,1Xs = — g€
® dsusy,1Ae = —3 e,
° 5SUSY,1 Cq = 2V2(5At, -It) )
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(1, 0) Lagrangian

Supersymmetry

To ensure SUSY of S = [ £ we need to modify SUSY
transformations of certain fields.

Introducting dsusy = dsusy,0 + dsusy 1 ,
® dsusy,1Xs = — g€
® dsusy,1Ae = —3 e,
® Jsusy,1 Cq = 212(0A:, )
@ Also dsusyds =0, dsusy 1 =0 .
@ SUSY algebra closes on-shell thanks to Js = 0 and 7; = 0.
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(1, 0) Lagrangian

The full Lagrangian

We present the fully supersymmetric, and non-trivially interacting
higher gauge theory which produces 57 =% = .¢ =0 as
equations of motion.

L1 = —(dg, xdg) — 4vol(¥, Px)
+ (¢, va(F,*F) — 2vol va( Yy, Y¥) + 4vol va(X, Y \))
+4(x, va(F. \)) — 8vol(¥, va( Yy, A7)
— Hs A% + Hs N Cqg — 3s N
+9,(T:) — Bs A (e, Te) 4+ ds( T, % 1t)
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Outlook

Outlook

@ Study this model further
@ Show conformality at the quantum level

@ Quantum field theory
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Outlook

The End

Thank you for your attention!
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