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Overview

I Motivation

I Hadronic form factors for meson decays

I A brief introduction to Lattice QCD
and heavy-HISQ

I B → K`+`− form factor calculation

I Preliminary B → K`+`− and D → K`ν results
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Motivation
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I Flavour changing weak decays of heavy mesons can test the SM

I D → K`ν depends on CKM element: Vcs

I B → K`+`− is a FCNC, proceeds via loop diagrams

I Both good places to look for new physics
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Form factors
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dΓD→K

dq2
=

G2
F |Vcs|

2

24π3 |~pK |3 |f+(q2)|2

I Parameterise the ‘QCD bit’ in decays rates etc.

I Describe the shape in q2 = (pparent − pdaughter)
2 space



Intro to LQCD

I Problem: QCD non-perturbative at low energies.

I Need to solve path integral. Discretise Euclidean action on a 4D
lattice of space-time points with spacing a.

I Many discretisations of the action exist. We use a highly improved
(HISQ) action which removes effects associated with the naive
discretisation process through order a2.

I For QCD we must integrate over quark and gluon fields.

I Calculate correlation functions by inserting operators and
performing Monte Carlo integration. Repeat for many a values
and extrapolate to continuum (a = 0).
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Intro to LQCD

We can calculate two and three point functions to study meson masses
and decays from first principles, but with some limitations:

I The computational cost of calculations is very large. This grows
quickly with lighter masses and finer lattices.

I Errors grow large with masses where am ' 0.8. This means to
reach the b mass we must use very fine lattices where a is very
small.

The solution is to study heavy mass behaviour. Work with several
heavy masses mc ≤ mh ≤ mb and then evaluate the result at the b
mass: heavy-HISQ.
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Form Factors in heavy-HISQ

I Calculate meson form factors over the full range of q2 values.

I Interested in f+(q2), f0(q2) and fT (q2) form factors for
pseudoscalar to pseudoscalar decays.

I Require three-point correlators with scalar, vector and tensor
current insertions.
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Example: B → K

I MILC HISQ 2+1+1 ensembles. All valence quarks HISQ

I 5 lattice spacings in range 0.15-0.045fm. Some with physical light
quarks.

I Physical b is amb ≈ 0.9 on finest lattice

I Choose several heavy masses and daughter momenta for each
ensemble

I Combine heavy mass fit with continuum extrapolation

I D → K comes ‘for free’

I Cover whole physical q2 range
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Example: B → K
2 Flavor Physics and CP Violation Conference, Vancouver, 2006

Table I Maximum |z(t, t0)| throughout semileptonic

range with symmetrizing choice t0 = t+(1−
√

1 − t−/t+).

Process CKM element |z|max

π+ → π0 Vud 3.5 × 10−5

B → D Vcb 0.032

K → π Vus 0.047

D → K Vcs 0.051

D → π Vcd 0.17

B → π Vub 0.28

have about the form factors, following just from kine-
matics without dynamics. Pseudoscalar-pseudoscalar
transitions between “heavy-light”, nonsinglet mesons
are particularly simple and are the main focus. 3

Rigorous power-counting arguments provide the basis
for a powerful expansion based on analyticity. Sec-
tion 3 illustrates how the experimental data is simpli-
fied by making use of this expansion. In particular,
we find the remarkable conclusion that in terms of
standard variables, no semileptonic meson form fac-
tor has ever been observed to deviate from a straight
line. Given that the form factors are indistinguishable
from straight lines, if the shape of the semileptonic
spectrum is to provide insight on QCD, it must be
through the slope of the form factor; in fact, a clear
but unsolved question in QCD translates directly into
the numerical value of this slope in an appropriate
limit, as described in Section 4. Phenomenological
implications in the B → π system are considered in
Section 5. The methodology described here provides
a convenient framework in which to understand pre-
cisely what measurements in the charm system can,
and cannot, say that is relevant to the bottom sys-
tem, as discussed in Section 6. Section 7 outlines the
extension to pseudoscalar-vector transitions.

2. Analyticity and crossing symmetry

An oft-cited downside of old and well-known
dispersion-relation arguments is that the results are
too general, and do not make specific predictions for
detailed dynamics. In fact, precisely these properties
make them useful to the problem at hand—it is essen-
tial to make some statement on the possible functional
form of the form factors, yet we do not want to make
assumptions, explicit or implicit, on the dynamics.

The analytic structure of the form factors can be

3The nonsinglet restriction ensures that only a single topol-
ogy is relevant as in Figure 1.

zt

Figure 2: Mapping (3) of the cut t plane onto the unit
circle. The semileptonic region is represented by the blue
line.

investigated by standard means. 4 Let us focus on
the form factors for pseudoscalar-pseudoscalar transi-
tions, defined by the matrix element of the relevant
weak vector current, (q ≡ p − p′)

〈L(p′)|V µ|H(p)〉
= F+(q2) (pµ + p′µ) + F−(q2)qµ

= F+(q2)

(
pµ + p′µ − m2

H − m2
L

q2
qµ

)

+F0(q
2)

m2
H − m2

L

q2
qµ . (1)

To ensure that there is no singularity at q2 = 0, the
form factors obey the constraint

F+(0) = F0(0) . (2)

Ignoring possible complications from anomalous
thresholds or subthreshold resonances, to be discussed
below, the form factors F (t = q2) can be extended
to analytic functions throughout the complex t plane,
except for a branch cut along the positive real axis,
starting at the point t = t+ [t± ≡ (mH ±mL)2] corre-
sponding to the threshold for production of real H̄L
pairs in the crossed channel. By a standard transfor-
mation, as illustrated in Figure 2, the cut t plane is
mapped onto the unit circle |z| ≤ 1,

z(t, t0) ≡
√

t+ − t − √
t+ − t0√

t+ − t +
√

t+ − t0
, (3)

where t0 is the point mapping onto z = 0. The iso-
lation of the semileptonic region from singularities in
the t plane implies that |z| < 1 throughout this re-

gion. Choosing t0 = t+(1 −
√

1 − t−/t+) minimizes
the maximum value of |z|; for typical decays these
maximum values are given in Table I.

Since the form factor is analytic, it may be ex-
panded,

F (t) =
1

P (t)φ(t, t0)

∞∑

k=0

ak(t0)z(t, t0)
k , (4)

4For a general discussion, see e.g. [3]. For early work on
applications to semileptonic form factors, see [4, 5, 6, 7, 8, 9, 10].
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f0(q2) =
logs

1− q2

M2
H0
s

N−1∑

n=0

a0
nz

n,

f+,T (q2) =
logs

1− q2

M2
H∗s

N−1∑

n=0

a+,T
n

(
zn − n

N
(−1)n−NzN

)
,

(1)

a0,+
n =

(
1 + ρ0,+

n log
(MH

MD

))
×

Nijk−1∑

i,j,k=0

d0,+
ijkn

(ΛQCD

MH

)i(amval
h

π

)2j(aΛQCD

π

)2k

× (1 +N 0,+
n ).

(2)
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Perform standard z space fit:

ΛQCD =
0.5GeV



B → K preliminary results
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Set 5 m0.664
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Set 6 m0.449

Set 6 m0.566

Set 6 m0.683

Set 6 m0.8

Set 7 m0.274

Set 7 m0.45
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Set 8 m0.45
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Set 9 m0.449

Set 9 m0.566

Set 9 m0.683

Set 9 m0.8

Set 10 m0.274

Set 10 m0.45

Set 10 m0.6

Set 10 m0.8

Continuum result at the b mass in blue. Heavy-HISQ allows us to
evaluate at any mass from c to b.
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B → K preliminary results
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We can study behaviour with heavy mass.
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B → K preliminary results
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arXiv:1306.2384

arXiv:1306.2384

arXiv:1306.2384

Tensor important for SM B → K due to b→ s transition
Normalisation with µ = 2GeV, matched to M̄S at 3 loop at b mass
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D → K preliminary results (B. Chakraborty,C. T. H. Davies)
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I Charm mass easy to reach on ensembles

I Full q2 range =⇒ can compare bin by bin with exp. partial decay
rate data

I Lots of good exp. data available, can compare shape
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D → K preliminary results (B. Chakraborty,C. T. H. Davies)
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One σ error ellipses. Ratios of f+ z expansion coefficients an, directly
comparable with experiment.
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D → K preliminary results (B. Chakraborty,C. T. H. Davies)
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I Experimental error dominates each bin.

∆iΓ =

∫ q2i+1

q2i

dΓ

dq2
dq2 =

G2
F |Vcs|2
24π3

∫ q2i+1

q2i

|~pK |3|f+(q2)|2dq2 (3)
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D → K preliminary results (B. Chakraborty,C. T. H. Davies)

Preliminary Vcs = 0.9706(66)[(54)th(37)ex], big improvement on current
PDG sl value of 0.939(38)
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D → K preliminary results (B. Chakraborty,C. T. H. Davies)
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f+(0)|Vcs| = 0.7180(33)
(HFLAV, arXiv:1612.07233)

arXiv: 1706.03657, 1305.1462, 1008.4562



Conclusions

I Heavy HISQ an effective method for studying heavy to strange
decays and form factors

I Can improve upon B → K`+`− and D → K`ν results

I Improvement on Vcs determination from D → K`ν using bin by
bin comparisons with experiment

Thanks for listening. Any questions?
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Extra Slides

ZV 〈K|V 0 |Ĥ〉 =

f+(q2)
(
p0
H + p0

K −
M2
H −M2

K

q2
q0
)

+ f0(q2)
M2
H −M2

K

q2
q0,

(4)

〈K|S |H〉 =
M2
H −M2

K

mh −ms
f0(q2), (5)

ZT 〈K̂|T i0 |Ĥ〉 =
2iMHp

i
K

MH +MK
fT (q2), (6)
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Extra Slides

z(q2) =

√
t+ − q2 −√t+ − t0√
t+ − q2 +

√
t+ − t0

(7)

ml

ms
≈ M2

π

M2
ηs

(8)
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