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Target Energy and Luminosity
arXiv:1901.06150 

Energy: 
For a striking Direct Exploration program, after HL-LHC*, energy should be 
close or above 10 TeV

At few TeV energy one can still exploit high partonic energy for a striking 
Indirect Exploration program, by High-Energy Precision

We can borrow CLIC physics case (see below)

*see arXiv:1910.11775 for HL-LHC and F.C. projections summary

Luminosity: 

Set by asking for 100K SM “hard” SM pair-production events.

Compatible with other projects (e.g. CLIC =   )

If much less, we could only bet on Direct Discoveries !

Could be reduced by running longer than 5yrs and > 1 I.P.

(3 TeV/10 TeV)2 6 ! 1035

L " 5 years
time

s!

10 TeV

2

2 ! 1035cm#2s#1

8

1 ab-1 /yr

hh

&

p
s = 3, 6, 10, 14, 30 and 100 TeV, L = 1, 4, 10, 20, 90, and 1000 ab�1.

s

�

Lumi-scaling scheme: ! L ~ const.

The aggressive choices:

European Strategy, arXiv:1910.11775; arXiv:1901.06150; arXiv:2007.15684.

Collider benchmark points: 

• Multi-TeV colliders:

• The Higgs factory:
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Table 1: Main parameters of the proton driver muon facilities

Parameter Units Higgs Multi-TeV

CoM Energy TeV 0.126 1.5 3.0 6.0

Avg. Luminosity 10
34
cm

�2
s
�1

0.008 1.25 4.4 12

Beam Energy Spread % 0.004 0.1 0.1 0.1

Higgs Production/107 sec 13’500 37’500 200’000 820’000
Circumference km 0.3 2.5 4.5 6

No. of IP’s 1 2 2 2

Repetition Rate Hz 15 15 12 6

�
⇤
x,y cm 1.7 1 0.5 0.25

No. muons/bunch 10
12

4 2 2 2

Norm. Trans. Emittance, "TN µm-rad 200 25 25 25

Norm. Long. Emittance, "LN µm-rad 1.5 70 70 70

Bunch Length, �S cm 6.3 1 0.5 0.2
Proton Driver Power MW 4 4 4 1.6

Wall Plug Power MW 200 216 230 270

A schematic layout of a proton driven muon collider facility is sketched in Figure 2. The main
parameters of the enabled facilities are summarized in Table 1.

The functional elements of the muon beam generation and acceleration systems are:

– a proton driver producing a high-power multi-GeV, multi-MW bunched H
�
beam,

– a buncher made of an accumulator and a compressor that forms intense and short proton bunches,
– a pion production target in a heavily shielded enclosure able to withstand the high proton beam

power, which is inserted in a high field solenoid to capture the pions and guide them into a decay
channel,

– a front-end made of a solenoid decay channel equipped with RF cavities that captures the muons
longitudinally into a bunch train, and then applies a time-dependent acceleration that increases the
energy of the slower (low-energy) bunches and decreases the energy of the faster (high-energy)
bunches,

– an “initial” cooling channel that uses a moderate amount of ionization cooling to reduce the 6D
phase space occupied by the beam by a factor of 50 (5 in each transverse plane and 2 in the
longitudinal plane), so that it fits within the acceptance of the first acceleration stage. For high
luminosity collider applications, further ionization cooling stages are necessary to reduce the 6D
phase space occupied by the beam by up to five orders of magnitude,

– the beam is then accelerated by a series of fast acceleration stages such as Recirculating Linacs
Accelerators (RLA) or Fixed Field Alternating Gradient (FFAG) and Rapid Cycling Synchrotron
(RCS) to take the muon beams to the relevant energy before injection in the muon collider Ring.

3.2.2 R&D
The MAP R&D program (2011-2018) addressed many issues toward technical and design feasibility of
a muon based neutrino factory or collider [19] . Significant R&D progress, also summarized in [1], was
achieved.
Operation of RF Cavities in High Magnetic Fields Accelerating gradients in excess of 50 MV/m in a
3 T magnetic field have been demonstrated in the FNAL MuCool Test Area (MTA).
Initial and 6D Ionization Cooling Designs and pioneering demonstration Concepts were developed for
Initial Cooling, and 6D Cooling with RF cavities operating in vacuum (VCC), including a variant on this
design where the cavities were filled with gas used as discrete absorber (hybrid scheme), and a Helical
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Ecm =mH
L ~ 1 fb-1/yr
"Ecm ~ 5 MeV
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1. A Higgs Factory

Resonant Production:

About O(40k) events produced per fb-1



SM Higgs is (very) narrow:At mh=125 GeV,  Γh = 4.2 MeV
10 V. Barger et al. I Physics Reports 286 (I 997) I-51 

convoluting crh(S^) with the  Gauss ian dis tribution in & centered a t & = 4: 

(1.8) 

Fig. 7 illus tra tes  the  effective cross  section, h(d), a s  a  function of fi for mh = 110 GeV and 
beam energy resolutions  of R = 0.0 l%, R = 0.06%, and R = 0.1%. Results  are  given for the  cases : 
IZsM, ho with tan /I = 10, and ho with tan p = 20. All channels  X are  summed over. 

In the  case  where  the  Higgs  width is  much smalle r than the  Gauss ian width ad, the  effective 
s igna l cross  section result for fi = mh, denoted by ah, is  

(Th = (1.9) 

Henceforth, we adopt the  shorthand nota tion 

G(X) = T(h --f j+)BF(h + X) (1.10) 

for the  numerator of Eq. (1.9). The increase  of ah<+ = mh) with decreas ing a~ when Gt:“’ 4 06 is  
apparent from the  h sM curves  of Fig. 7. In the  other extreme where  the  Higgs  width is  much broader 
than 04, then a t ,,& = mh we obta in 

(T,, = 
4rcBF(h -+ p,u)BF’(h ---f X) - 

mi 
(ly W&) f (1.11) 

Note  tha t this  equation implies  tha t if there  is  a  la rge  contribution to the  Higgs  width from some 
channel other than yp, we will ge t a  correspondingly smalle r tota l event ra te  due  to the  small s ize  of 
BF(h + ,up). That ??h( fi = mh) is  independent of the  value  of 04 when Gtot B ad is  illus tra ted by 
the  tan j3 = 20 curves  for the  ho in Fig. 7. Raw s igna l ra tes  (i.e . before applying cuts  and including 
other efficiency factors) are  computed by multiplying ah by the  tota l integra ted luminosity L. 

The bas ic results  of Eqs . (1.9) and (1.11) are  modified by the  effects  of photon bremss trahlung 
from the  colliding muon beams. In the  case  of a  narrow Higgs  boson, the  primary modification for 
fi = mh is  due  to the  fact tha t not a ll of the  integra ted luminosity remains  in the  centra l Gauss ian 
peak. These modifica tions  are  discussed in Appendix A; to a  good approximation, the  resulting s igna l 
ra te  is  obta ined by multiplying ??h of Eq. (1.9) by the  tota l luminosity L times  the  fraction f of 
the  peak luminosity in the  Gauss ian after including bremss trahlung re la tive  to tha t before (typically 
f M 0.6). For a  broad Higgs  resonance, the  lower energy ta il in the  luminosity dis tribution due  to 
bremss trahlung makes  some contribution a s  well. In the  results  to follow, we avoid any approximation 
and numerically convolute  the  full effective luminosity dis tribution (including bremss trahlung) with 
the  Higgs  cross  section of Eq. (1.7). In performing this  convolution, we require  tha t the  effective 
$,L- c.m. energy be within 10 GeV of the  nominal value . Such a  requirement can be implemented 
by reconstructing the  mass  of the  fina l s ta te  a s  seen in the  detector; planned detectors  would have the  
necessary resolution to impose  the  above fairly loose limit. This  invariant mass  se lection is  imposed 
in order to reduce continuum (non-resonant) backgrounds  tha t would otherwise  accumula te  from the  
entire  low-energy bremss trahlung ta il of the  luminosity dis tribution. 

As  is  apparent from Fig. 7, discovery and s tudy of a  Higgs  boson with a  very narrow width a t 
the  p+p- collider will require  tha t the  machine  energy ,,& be within crd of mh. The amount of 

I/ Barger e t al. /Phys ics  Reports  286 (1997) l-51 

h ---_ 
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Effective Cross Sections: mh= 110 GeV 
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Fig. 6. s-channel diagram for production of a  Higgs bosom 

Fig. 7. The  effective crass  section, h, obtained after convoluting CJh with the Gauss ian dis tributions  for R = O-01%, 
R = 0.06%, and R = O.l%, is  plotted as  a  function of fi taking Mh = 110 GeV. Results  a re  displayed in the cases: hsM, 
ho with tan p = 10, and ho with tan /I = 20. In the MSSM ho cases, two-loop/RGE-improved radia tive  corrections have 
been included for Higgs masses, mixing angles , and self-couplings assuming rni = 1 TeV and neglecting squark mixing. 
The  effects of bremsstrahlung are  not included in this  figure . 

The rms  spread in fi (denoted by od) prior to including bremss trahlung is  given by 

where  R is  the  resolution in the  energy of each beam. A convenient formula  for ah is  

ad = (7 MeV)(R/0.01%)(~/100 GeV) . (1.6) 

The critica l is sue  is  how this  resolution compares  to the  ca lcula ted tota l widths  of Higgs  bosons  
when fi = mh. For R 5 O.Ol%, the  energy resolution in Eq. ( 1.6) is  smalle r than the  Higgs  widths  
in Fig. 3 for a ll but a  light SM-like  Higgs . We sha ll demonstra te  tha t the  smalles t poss ible  R a llows  
the  bes t measurement of a  narrow Higgs  width, and tha t the  tota l luminosity required for discovery 
by energy scanning when r 5 ad is  minimized by employing the  smalles t poss ible  R. For a  
Higgs  boson with width la rger than ah, results  from a  fine scan with small R can be combined 
without any increase  in the  luminosity required for discovery and width measurement. 

The Feynman diagram for s -channel Higgs  production is  illus tra ted in Fig. 6. The s -channel Higgs  
resonance cross  section is  

(1.7) 

where  i = (pp.+ + pp- )2 is  the  c.m. energy squared of a  given p”‘pu- annihila tion, X denotes  a  
fina l s ta te  and Gtot is  the  tota l width. 1 The sharpness  of the  resonance peak is  determined by 
Pot. Neglecting bremss trahlung for the  moment, the  effective s igna l cross  section is  obta ined by h 

’ Effects aris ing from implementing an energy-dependent generaliza tion of the rnhGtot denominator component of this  
s imple resonance form are  of negligible  importance for our s tudies , especially for a  Higgs boson with GtO* 4mh. 

“Muon Collider Quartet”:
Barger-Berger-Gunion-Han
PRL & Phys. Report (1995)

TH, Liu: 1210.7803;
Greco, TH, Liu: 1607.03210
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Fig. 2. The line shapes of the resonances production of the SM Higgs boson as a function of the beam energy
!
s at a µ+µ" collider (left panel) and an e+e" collider (right

panel). The blue curve is the Breit–Wigner resonance line shape. The orange line shape includes the ISR effect alone for Jadach–Ward–Was (b). The green curves include the

BES only with two different energy spreads. The red line shapes take into account all the Breit–Wigner resonance, ISR effect and BES in solid and dashed lines, respectively.

(For interpretation of the references to color in this figure, the reader is referred to the web version of this article.)

effect increases the production rate via “radiative return” mecha-
nism. Still, the overall effect is the reduction of on-shell rate as
clearly indicated in the plot. In red lines we show the line shapes
of the Higgs boson with both the BES and the ISR effect. We can
see the resulting line shape is not merely a product of two effect
but rather complex convolution, justifying necessity of our numer-
ical evaluation.

Having understood the ISR and BES effects on the signal pro-
duction rates and line shapes, we now proceed to understand the
effect on the background. For the muon collider study, the main
search channels for the Higgs boson will be the exclusive mode of
bb̄ and WW # . For the bb̄ final state the main background is from
the off-shell Z/! s-channel production. The ISR and BES effects
barely change the rate from such off-shell process. However, the
ISR effect does increase the on-shell Z $ bb̄ background through
the “radiative return” mechanism. Our numerical study shows that
the “radiative return” of the Z boson to bb̄ increase the inclusive
bb̄ background by a factor of seven. Since we understand that the
increase of the background is dominantly from the on-shell Z bo-
son, the new background rates after imposing a bb̄ invariant mass
cut of 95, 100, 110 GeV, change to 17, 20, 25 pb, respectively. Given
the finite resolution of the b-jet energy reconstruction, we propose
an invariant mass cut of the bb̄ system of 100 GeV, which leads
to around 20% increase in such background comparing to the tree-
level estimate. So far we have suggested the invariant mass cut for
the bb̄ pair, as an example of discrimination from the background.
One could also foresee a cut on the angle between the two b-jets,
which could be measured more precisely than the invariant mass.2

Beyond the bb̄ final state, another major channel for muon col-
lider Higgs physics is the WW # channel. This channel enjoys little
(irreducible) background form the SM process. The ISR effect in-
troduces no “radiative return” for such process. Consequently, the
background rate does not change from the tree-level estimate. We
summarize in Table 2 the on-shell Higgs production rate and back-
ground rate in these two leading channels with the inclusion of the
ISR and BES effects. We can see from the table that at the muon
collider Higgs factory, the signal background ratio is pretty large
and the observability is simply dominated by the statistics. The
“radiative return” from the ISR effect, however, does impact sev-
eral other Higgs decay channel search more. For example, searches
of Higgs rare decay of h $ Z! , Higgs decay of h $ Z Z# with

2 We thank the Editor Gigi Rolandi for suggesting this discrimination procedure.

Table 2

Signal and background effective cross sections at the resonance
!
s =mh = 125 GeV

at a µ+µ" collider (upper panel, in pb) and an e+e" collider (lower panel, in

ab) for two choices of beam energy resolutions R and two leading decay channels

with ISR effects taken into account, with the SM branching fractions Brbb̄ = 58% and

BrWW # = 21%. For the bb̄ background, a conservative cut on the bb̄ invariant mass

to be greater than 100 GeV is applied.

R (%) µ+µ" $ h

"eff (pb)
h $ bb̄ h $ WW #

"Sig "Bkg "Sig "Bkg

0.01 10 5.6 20 2.1 0.051

0.003 22 12 4.6

R (%) e+e" $ h

"eff (ab)
h $ bb̄ h $ WW #

"Sig S/B "Sig S/B

0.04 48 27 O(10"6) 10 O(10"3)

0.01 150 81 31

Table 3

Fitting accuracies for one standard deviation of #h , B and mh of the SM Higgs with

the scanning scheme for two representative luminosities per step and two bench-

mark beam energy spread parameters.

#h = 4.07 MeV Lstep (fb"1) $#h (MeV) $B $mh (MeV)

R = 0.01% 0.05 0.79 3.0% 0.36

0.2 0.39 1.1% 0.18

R = 0.003% 0.05 0.30 2.5% 0.14

0.2 0.14 0.8% 0.07

Z# $ %%̄ , etc are facing more challenges and new selection cuts
need to be designed and applied.

Finally, we perform a study on the potential precision on the
Higgs properties at a future muon collider through a lineshape
scan. We follow the benchmarks, statistical treatment and pro-
cedure defined in Ref. [5], where a 21 steps scan in the mass
window of ±30 MeV around the Higgs mass with equal integrated
luminosities.3 A fit to the result of such lineshape scan can si-
multaneously determine the Higgs total width #h , the Higgs mass
mh and interaction strength B with great precision. The interac-
tion strength B can be directly translated into the Higgs muon
Yukawa after fixing the decay branching fractions or performing
a global fit. We tabulate the projected precisions on these quanti-
ties in Table 3 for the two benchmark BES values of R = 0.01% and

3 The Higgs mass may not known to the ±30 MeV level by the time of the muon

collider, and a pre-scan stage to determine the Higgs mass will be required [30].



Ideal, conceivable case: 
(Δ = 5 MeV,    Γh ≈ 4.2 MeV) 

An optimal fitting would reveal Γh
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For " ( !h, the line shape of a Breit-Wigner resonance
can be mapped out by scanning over the energy as given
in the first equation. For " ) !h on the other hand,
the physical line shape is smeared out by the Gaussian
distribution of the beam energy spread, and the signal rate
will be determined by the overlap of the Breit-Wigner and
the luminosity distributions, as seen in the second equation
above.

Unless stated otherwise, we focus on the SM Higgs
boson with the mass and total width as

mh # 126 GeV; !h # 4:21 MeV: (2.3)

For definitiveness in this study, we assume two sets of
representative values for the machine parameters [8]

CaseA: R# 0:01%!"# 8:9 MeV"; L# 0:5 fb%1; (2.4)

CaseB: R# 0:003%!"# 2:7 MeV"; L# 1 fb%1: (2.5)

We see that their corresponding beam energy spread " is
comparable to the Higgs total width. In Fig. 1, we show
the effective cross section versus the "$"% collider c.m.
energy for the SM Higgs boson production. A pure Breit-
Wigner resonance is shown by the dotted curve. The solid
and dashed curves include the convolution of the luminos-
ity distribution for the two beam energy resolutions and are
integrated over

!!!
ŝ

p
. For simplicity, we have taken the

branching fractions h ! "$"% to be the SM value and

the final state h ! X to be 100%. The beam energy
resolution manifests its great importance in comparison
between the solid and dashed curves in this figure.

III. WIDTH DETERMINATION FOR THE SM
HIGGS BOSON

An excellent beam energy resolution for a muon collider
would make a direct determination of the Higgs boson
width possible in contrast to the situations in the LHC
and ILC. Because of the expected narrow width for a SM
Higgs boson, one still needs to convolute the idealistic
Breit-Wigner resonance with the realistic beam energy
spectrum as illustrated in Eq. (2.2). We first calculate the
effective cross sections at the peak for the two cases of
energy resolutions A and B. We further evaluate the signal
and SM background for the leading channels

h ! b #b; WW*: (3.1)

We impose a polar angle acceptance for the final-state
particles,

10+ < #< 170+: (3.2)

Tightening up the polar angle to 20+–160+ will further
reduce the signal by 4.6% and the background by 6.7%
(15%) for the b #b (WW*) final states. We assume a 60%
single b-tagging efficiency and require at least one tagged
b jet for the b #b final state. The backgrounds are assumed to
be flat with cross sections evaluated right at 126 GeVusing
Madgraph5 [10]. This appears to be an excellent approxi-
mation over the energy range of the current interest about
100 MeV. We tabulate the results in Table I. The back-
ground rate of "$"% ! Z*=$* ! b #b is 15 pb, and the
rate of "$"% ! WW* ! 4 fermions is only 51 fb, as
shown in Table I. Here, we consider all the decay modes
of WW* because of its clear signature at a muon collider.
The four-fermion backgrounds from Z$* and $*$* are
smaller to begin with and can be greatly reduced by
kinematical considerations such as by requiring the
invariant mass of one pair of jets to be near mW and setting
a lower cut for the invariant mass of the other pair.
While the b #b final state has a larger signal rate than that
for WW* by about a factor of three, the latter has a much
improved signal (S) to background (B) ratio, about 100:1
near the peak.
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FIG. 1 (color online). Effective cross section for "$"% ! h
versus the collider energy

!!!
s

p
for the SM Higgs boson production

with mh # 126 GeV. A Breit-Wigner line shape with !h #
4:21 MeV is shown (dotted curve). The solid and dashed curves
compare the two beam energy resolutions of cases A and B.

TABLE I. Effective cross sections (in pb) at the resonance!!!
s

p # mh for two choices of beam energy resolutions R and
two leading decay channels, with the SM branching fractions
Brb #b # 56% and BrWW* # 23% [9].

"$"% ! h h ! b #b h ! WW*

R (%) !eff (pb) !Sig !Bkg !Sig !Bkg

0.01 16 7.6 3.7

0.003 38 18 15 5.5 0.051

TAO HAN AND ZHEN LIU PHYSICAL REVIEW D 87, 033007 (2013)

033007-2

a cone angle cut: 10o < θ < 170o
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Fig. 2. The line shapes of the resonances production of the SM Higgs boson as a function of the beam energy
!
s at a µ+µ" collider (left panel) and an e+e" collider (right

panel). The blue curve is the Breit–Wigner resonance line shape. The orange line shape includes the ISR effect alone for Jadach–Ward–Was (b). The green curves include the

BES only with two different energy spreads. The red line shapes take into account all the Breit–Wigner resonance, ISR effect and BES in solid and dashed lines, respectively.

(For interpretation of the references to color in this figure, the reader is referred to the web version of this article.)

effect increases the production rate via “radiative return” mecha-
nism. Still, the overall effect is the reduction of on-shell rate as
clearly indicated in the plot. In red lines we show the line shapes
of the Higgs boson with both the BES and the ISR effect. We can
see the resulting line shape is not merely a product of two effect
but rather complex convolution, justifying necessity of our numer-
ical evaluation.

Having understood the ISR and BES effects on the signal pro-
duction rates and line shapes, we now proceed to understand the
effect on the background. For the muon collider study, the main
search channels for the Higgs boson will be the exclusive mode of
bb̄ and WW # . For the bb̄ final state the main background is from
the off-shell Z/! s-channel production. The ISR and BES effects
barely change the rate from such off-shell process. However, the
ISR effect does increase the on-shell Z $ bb̄ background through
the “radiative return” mechanism. Our numerical study shows that
the “radiative return” of the Z boson to bb̄ increase the inclusive
bb̄ background by a factor of seven. Since we understand that the
increase of the background is dominantly from the on-shell Z bo-
son, the new background rates after imposing a bb̄ invariant mass
cut of 95, 100, 110 GeV, change to 17, 20, 25 pb, respectively. Given
the finite resolution of the b-jet energy reconstruction, we propose
an invariant mass cut of the bb̄ system of 100 GeV, which leads
to around 20% increase in such background comparing to the tree-
level estimate. So far we have suggested the invariant mass cut for
the bb̄ pair, as an example of discrimination from the background.
One could also foresee a cut on the angle between the two b-jets,
which could be measured more precisely than the invariant mass.2

Beyond the bb̄ final state, another major channel for muon col-
lider Higgs physics is the WW # channel. This channel enjoys little
(irreducible) background form the SM process. The ISR effect in-
troduces no “radiative return” for such process. Consequently, the
background rate does not change from the tree-level estimate. We
summarize in Table 2 the on-shell Higgs production rate and back-
ground rate in these two leading channels with the inclusion of the
ISR and BES effects. We can see from the table that at the muon
collider Higgs factory, the signal background ratio is pretty large
and the observability is simply dominated by the statistics. The
“radiative return” from the ISR effect, however, does impact sev-
eral other Higgs decay channel search more. For example, searches
of Higgs rare decay of h $ Z! , Higgs decay of h $ Z Z# with

2 We thank the Editor Gigi Rolandi for suggesting this discrimination procedure.

Table 2

Signal and background effective cross sections at the resonance
!
s =mh = 125 GeV

at a µ+µ" collider (upper panel, in pb) and an e+e" collider (lower panel, in

ab) for two choices of beam energy resolutions R and two leading decay channels

with ISR effects taken into account, with the SM branching fractions Brbb̄ = 58% and

BrWW # = 21%. For the bb̄ background, a conservative cut on the bb̄ invariant mass

to be greater than 100 GeV is applied.

R (%) µ+µ" $ h

"eff (pb)
h $ bb̄ h $ WW #

"Sig "Bkg "Sig "Bkg

0.01 10 5.6 20 2.1 0.051

0.003 22 12 4.6

R (%) e+e" $ h

"eff (ab)
h $ bb̄ h $ WW #

"Sig S/B "Sig S/B

0.04 48 27 O(10"6) 10 O(10"3)

0.01 150 81 31

Table 3

Fitting accuracies for one standard deviation of #h , B and mh of the SM Higgs with

the scanning scheme for two representative luminosities per step and two bench-

mark beam energy spread parameters.

#h = 4.07 MeV Lstep (fb"1) $#h (MeV) $B $mh (MeV)

R = 0.01% 0.05 0.79 3.0% 0.36

0.2 0.39 1.1% 0.18

R = 0.003% 0.05 0.30 2.5% 0.14

0.2 0.14 0.8% 0.07

Z# $ %%̄ , etc are facing more challenges and new selection cuts
need to be designed and applied.

Finally, we perform a study on the potential precision on the
Higgs properties at a future muon collider through a lineshape
scan. We follow the benchmarks, statistical treatment and pro-
cedure defined in Ref. [5], where a 21 steps scan in the mass
window of ±30 MeV around the Higgs mass with equal integrated
luminosities.3 A fit to the result of such lineshape scan can si-
multaneously determine the Higgs total width #h , the Higgs mass
mh and interaction strength B with great precision. The interac-
tion strength B can be directly translated into the Higgs muon
Yukawa after fixing the decay branching fractions or performing
a global fit. We tabulate the projected precisions on these quanti-
ties in Table 3 for the two benchmark BES values of R = 0.01% and

3 The Higgs mass may not known to the ±30 MeV level by the time of the muon

collider, and a pre-scan stage to determine the Higgs mass will be required [30].

Achievable accuracy at the Higgs factory:

Good S/B, S/√B à % accuracies

~ 3.5%
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v/E, mt/E, MW /E ! 0!

• A massless theory: 
à splitting phenomena dominate!

• EW symmetry restored: 
à SU(2)L x U(1)Y unbroken gauge theory

• v/E as power corrections 
à Higher twist effects.

J. Chen, TH, B. Tweedie, arXiv:1611.00788;
G. Cuomo, A. Wulzer, arXiv:1703.08562; 1911.12366. 

• EW physics at ultra-high energies:
2. A Multi-TeV Collider

v

E
:

v (250 GeV)

10 TeV
⇡ ⇤QCD (300 MeV)

10 GeV
<latexit sha1_base64="9eedIKH/CAnHaIHVgZCg7Jc82tA="></latexit>

Ciafaloni et al., hep-ph/0004071; 0007096; A. Manohar et al., 1803.06347. 
C. Bauer, Ferland, B. Webber et al., arXiv:1703.08562; 1808.08831.
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X

q

p

k

Figure 1. Schematic process involving a collinear splitting A ! B + C.

the cross section can be expressed in a factorized form

d�X,BC ' d�X,A ⇥ dPA!B+C , (2.1)

where P is the splitting function for A ! B+C. A given splitting can also act as the “hard”

process for later splittings, building up jets. The factorization of collinear splittings applies

similarly for initial-state particles, leading to the picture of parton distribution functions

(PDFs) for an initial state parton B (or C)

d�AB0!CX ' dPA!B+C ⇥ d�BB0!X , (2.2)

We will discuss this situation in the next section.

Integrating out the azimuthal orientation of the B +C system, the splitting kinemat-

ics are usually parametrized with two variables: a dimensionful scale and a dimensionless

energy-sharing variable z. The parton shower or DGLAP equations are constructed by

using the dimensionful scale as an evolution variable, though the choice is not unique.

Common choices include the transverse momentum kT of B or C relative to A’s three-

momentum vector, the virtuality of the o↵-shell leg (A for final-state showering, B or C for

initial-state showering), the energy-weighted opening angle of the split, or the renormal-

ization scale within dimensional regularization. We will mainly use kT -ordering in what

follows, though we will also discuss some results with virtuality-ordering. The energy-

sharing variable z (z̄ ⌘ 1 � z) is commonly taken to be the energy fraction of A taken

up by B (C). Alternately, z is sometimes defined as the lightcone momentum fraction,

z ⌘ (EB +~pB · p̂A)/(EA + |~pA|). Here, in practice we will use the three-momentum fraction

z ⌘
|~pB|

|~pB| + |~pC |
, (2.3)

which generally spans from zero to one, even in a massive shower. In the relativistic regime,

where the collinear factorization is strictly valid, all of these definitions are equivalent.1

1There is unavoidably some frame-dependence to this setup, as there is in all parton showers that are

defined strictly using collinear approximations. A more complete treatment would exhibit manifest Lorentz-
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The splitting kinematics then become

EB ⇡ zEA, EC ⇡ z̄EA, kT ⇡ zz̄EA✓BC , (2.4)

where ✓BC is the (small) angle between B and C.

In the simplest cases, generalizing the splitting function calculations to account for

masses is straightforward:

dPA!B+C(z, k
2
T ) '

1

16⇡2

zz̄|M(split)
|
2

(k2
T
+ zm̄2 + z̄m2 � zz̄m2

A
)2

F(z, k2T ;EA) dz dk
2
T . (2.5)

Here, M
(split) is the A ! B + C splitting matrix-element, which can be computed from

the corresponding amputated 1 ! 2 Feynman diagrams with on-shell polarization vectors

(modulo gauge ambiguities, which we discuss later). This may or may not be spin-averaged,

depending on how much information is to be kept in the shower. We have also employed the

shorthandm ⌘ mB for the mass of the first daughter particle (with energy/momentum frac-

tion z), and m̄ ⌘ mC for the mass of the second daughter particle (with energy/momentum

fraction z̄). The additional function F collects phase space factors that become relevant

in the nonrelativistic limit:

COMPUTE ME! (2.6)

In some cases where interference can be important, discussed below, the final identity of

a daughter might not be immediately known. In those cases, we default to choosing the

smallest possible mass value, namely zero in the case of a mixed �/Z state, or mZ in the

case of a mixed h/Zlong state. This allows the broadest possible splitting phase space.

On dimensional grounds, |M
(split)

|
2 goes like either k2

T
or some combination of the

various m2’s. The splitting functions thus typically scale like dk2
T
/k2

T
. There are also

mass-dependent terms like m2dk2
T
/k4

T
, that leads to the so-called ultra collinear behavior.

However, the integrated splitting rate at a given z becomes asymptotically finite at high

energies, proportional to dimensionless combinations of couplings and masses, with the

vast majority of the rate concentrated near the kT cuto↵. This e↵ectively acts as a kind of

threshold correction at the end of the shower. In either case, the remaining z dependence

after integrating over kT can be either dz/z or dz⇥(regular). The former yields additional

soft logarithms (again, formally regulated by the particle masses), and appears only in

splittings where B or C is a gauge boson.

2.2 Evolution equations

The splitting functions defined in the previous section are related to the perturbative

prediction for the initial state radiation (ISR) and thus the parton distribution functions

invariance and control of the low-momentum region, at the expense of more complicated book-keeping of

the global event structure, by using superpositions of di↵erent 2 ! 3 dipole splittings. Extending our

treatment in this manner is in principle straightforward, but beyond the scope of the present work.
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Figure 1: Schematic processes involving a collinear splitting A ! B + C in either the

final state (left) or initial state (right).

broken phase, where we introduce the Goldstone Equivalence Gauge. Section 5 explores

some of the consequences of electroweak showering in final-state and initial-state splitting

processes, including interleaving into QCD showers. We summarize and conclude in Sec-

tion 6. Appendices give supplementary details of Goldstone Equivalence Gauge and the

corresponding Feynman rules in practical calculations.

2 Showering Preliminaries and Novel Features with EWSB

We first summarize the general formalism for the splitting functions and evolution equations

with massive particles that forms the basis for the rest of the presentation. We then lay

out some other novel features due to EWSB.

2.1 Splitting formalism

Let us consider a generic “hard” process nominally containing a particle A in the final

state, slightly o!-shell and subsequently splitting to B and C, as depicted in Fig. 1. In the

limit where the daughters B and C are both approximately collinear to the parent particle

A, the cross section can be expressed in a factorized form [2]

d!X,BC " d!X,A # dPA!B+C , (2.1)

where P is the splitting function for A! B+C. A given splitting can also act as the “hard”

process for later splittings, building up jets. The factorization of collinear splittings applies

similarly for initial-state particles, leading to the picture of parton distribution functions

(PDFs) for an initial state parton B (or C)

d!AB!!CX " dPA!B+C # d!BB!!X . (2.2)

We will discuss this situation in the next subsection.

Integrating out the azimuthal orientation of the B+C system, the splitting kinematics

are parametrized with two variables: a dimensionful scale (usually chosen to be approxi-

mately collinear boost-invariant) and a dimensionless energy-sharing variable z. Common

choices for the dimensionful variable are the daughter transverse momentum kT relative to

– 5 –

the splitting axis, the virtuality Q of the o!-shell particle in the process, and variations pro-

portional to the daughters’ energy-weighted opening angle !EA. Our descriptions here will

mainly use kT , as this makes more obvious the collinear phase space e!ects in the presence

of masses. For our numerical results in Section 5, we switch to virtuality, which allows for

a simpler matching onto resonances. Mapping between between any of these di!erent scale

choices is however straightforward. The energy-sharing variable z (z̄ ! 1" z) is commonly

taken to be the energy fraction of A taken up by B (C). The splitting kinematics takes

the form

EB # zEA, EC # z̄EA, kT # zz̄EA! . (2.3)

When considering splittings involving massive or highly o!-shell particles, various possible

definitions of z exist which exhibit di!erent non-relativistic limits. Besides strict energy

fraction, a common choice is the light-cone momentum fraction, z ! (EB +"kB · k̂A)/(EA+

|"kA|). Our specific implementation in Section 5 uses the three-momentum fraction z !
|"kB |/(|"kB | + |"kC |), (Tao) ("p to "k all changed, to be consistent throughout the

paper, including Appendix D, below Eq.D2...) which makes phase space suppression

in the non-relativistic limit somewhat more obvious. However, in the relativistic regime,

where the collinear factorization is strictly valid, all of these definitions are equivalent, and

we do not presently make a further distinction.1

In the simplest cases, generalizing the collinear splitting function calculations to ac-

count for masses is straightforward. Up to the non-universal and convention-dependent

factors that come into play in the non-relativistic limit, the splitting functions can be

expressed as
dPA!B+C

dz dk2T
$

1

16#2

zz̄ |M(split)|2

(k2T + z̄m2
B + zm2

C " zz̄m2
A)

2
. (2.4)

Here, M(split) is the A % B + C splitting matrix-element, which can be computed from

the corresponding amputated 1% 2 Feynman diagrams with on-shell polarization vectors

(modulo gauge ambiguities, which we discuss later). This may or may not be spin-averaged,

depending on how much information is to be kept in the shower. Depending upon the

kinematics, the mass-dependent factors in the denominator act to either e!ectively cut

o! collinear divergences at small kT or, in final-state showers, to possibly transition the

system into a resonance region. In cases where interference between di!erent mass eigen-

states can be important, this basic framework must be further generalized. Resonance and

interference e!ects are introduced in Section 2.3.

On dimensional grounds, |M(split)|2 goes like either k2T or some combination of the

various m2’s. Conventional splitting functions typically scale like dk2T /k
2
T , which is exhib-

ited by all of the gauge and Yukawa splittings of the massless unbroken electroweak theory,

as to be shown in Section 3. There can also be mass-dependent splitting matrix elements

1There is unavoidably some frame-dependence to this setup, as there is in all parton showers that are

defined strictly using collinear approximations. A more complete treatment would exhibit manifest Lorentz-

invariance and control of the low-momentum region, at the expense of more complicated book-keeping of

the global event structure, by using superpositions of di!erent 2 ! 3 dipole splittings. Extending our

treatment in this manner is in principle straightforward, but beyond the scope of the present work.
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• On the dimensional ground: |Msplit|2 ⇠ k2T or m2

• When SU(2) quantum numbers not summed/averaged,
factorized formalism may NOT be valid:
à Bloch-Nordsieck theorem violation

Ciafaloni et al., hep-ph/0004071; 0007096 
C. Bauer, Ferland, B. Webber et al., arXiv:1703.08562; 1808.08831.
A. Manohar et al., 1803.06347, J. Chen, TH, B. Tweedie, arXiv:1611.00788. 

EW splitting physics: EW PDFs & showering
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e.g.: fermion splitting:

Start from the unbroken phase – all massless.

Infrared & collinear 
singularities (Pgq)

Collinear singularity,
Chirality-flip, Yukawa

! ! ! "

1

8!2

1

k2T

!

1 + z̄2

z

"

1

8!2

1

k2T

#z

2

$

! VT f (!)
s [BW ]0T fs H0(") f-s or "± f !

-s

fs=L,R g2V (Q
V
fs)

2 g1g2YfsT
3
fs y2

f
(!)
R

Table 1: Chiral fermion splitting functions dP/dz dk2T in the massless limit, with z (z̄ "
1 # z) labeling the energy fraction of the first (second) produced particle. The fermion

helicity is labelled by s. Double-arrows in Feynman diagrams indicate example fermion

helicity flows. Prime indicates isospin partner (u!s = ds, etc, independent of s). Yukawa

couplings are labelled by the participating RH-helicity fermion. The state H0" is the “anti-

H0”, produced when the RH fermion is down-type and in the initial-state, or up-type in

the final-state. Processes with B0 and W 0 implicitly represent the respective diagonal

terms in the neutral gauge boson’s density matrix, whereas [BW ]0 indicates either of the

o!-diagonal terms (see text). Anti-fermion splittings are obtained by CP conjugation. The

conventions for the couplings are given in C.1.

!

"

1

8!2

1

k2T

!

(1# zz̄)2

zz̄

"

1

8!2

1

k2T

!

z2 + z̄2

2

"

1

8!2

1

k2T
(zz̄)

! WT WT fs f̄
(!)
-s "+ "# or H0 H0" "+ H0" or "# H0

VT 2g22 (V=W 0,±) Nfg2V (Q
V
fs
)2 1

4g
2
V

1
2g

2
2

[BW ]0T 0 Nfg1g2YfsT
3
fs

1
2g1g2T

3
!+,H0 0

Table 2: Transverse vector boson splitting functions dP/dz dk2T in the massless limit,

where allowed by electric charge flow. Nf is a color multiplicity factor (Nf = 1 for leptons,

Nf = 3 for quarks). Other conventions as in Table 1.

!

!

1

8!2

1

k2T

!

2z̄

z

"

1

8!2

1

k2T

!

1

2

"

! V 0
T H [BW ]0T H W±

T H ! uR ū(!)R d̄L d(!)L or ēL e(!)L

H = "+,H0 1
4g

2
V

1
2g1g2T

3
!+,H0

1
2g

2
2 3y2u Nd,ey2d,e

Table 3: Scalar splitting functions dP/dz dk2T in the massless limit via gauge couplings

and Yukawa couplings. The symbol H in the column headings represents the appropriate

state "+,H0 for the given splitting, and H ! represents the SU(2)L isospin partner (e.g.,

H0! = "+). Anti-particle splittings are obtained by CP conjugation. Other conventions as

in Tables 1 and 2.
– 15 –

Chiral fermions: fs, gauge bosons: B,W0,W±;  

In particular, only one specific linear combination of !/ZT states participates in the high-

rate nonabelian splittings to W±
T W!

T . While collapse onto mass eigenstates is required

to obtain well-defined hard event kinematics, a simple remedy here would be to supply

for these particles their production density matrices, using some appropriately-mapped

massless kinematics.

3 Splitting Functions in Unbroken SU(2)L ! U(1)Y

Before working out the complete set of electroweak splitting functions in the broken phase,

it is important to first consider a conceptual limit with an unbroken SU(2)L ! U(1)Y
gauge symmetry with massless gauge bosons and fermions, supplemented by a massless

complex scalar doublet field H without a VEV. This last ingredient is the would-be Higgs

doublet. This simplified treatment in the unbroken phase is not only useful to develop some

intuition, but also captures the leading high-kT collinear splitting behavior of the broken

SM electroweak sector. Some aspects of electroweak collinear splitting and evolution at

this level have been discussed, e.g., in [38].

Anticipating electroweak symmetry breaking, we adopt the electric charge basis in weak

isospin space. The corresponding SU(2)L bosons are W± and W 0, and the hypercharge

gauge boson we denote as B0. Gauge boson helicities are purely transverse (T ), and are

averaged.8 For the scalar doublet, we decompose as

H =

!

H+

H0

"

=

!

"+

1"
2
(h" i"0)

"

, (3.1)

where "±,"0 will later become the electroweak Goldstone bosons and h the Higgs boson.

However, at this stage, we will keep the neutral bosons h and "0 bundled into the complex

scalar H0, as they are produced and showered together coherently.9 We denote a generic

fermion of a given helicity by fs with s = L,R (or equivalently s = #). We do not always

specify the explicit isospin components of f at this stage, but implicitly work in the usual

(u, d)/(#, e) basis. Isospin-flips (including RH-chiral isospin where appropriate) will be

indicated by a prime, e.g. u# = d. E!ects of flavor mixing are ignored.

The U(1)Y and SU(2)L gauge couplings are respectively taken to be g1 $ 0.36 and

g2 $ 0.65 (evaluated near the weak scale), and for compactness we often represent a generic

8While the gauge helicity averaging is not strictly necessary, especially given that we will later make a

distinction between transverse and longitudinal polarizations, it does simplify our presentation. We also

do not incorporate azimuthal interference e!ects, though this would be straightforward in analogy with

QCD [5].
9We have expanded the neutral scalar field as H0 ! h " i!0, adopting a phase convention such that h

and !0 fields create/annihilate their respective one-particle states with trivial phases, and H0 annihilates

the one-particle state |H0# ! |h# + i|!0#. Treating h and !0 as independent showering particles would be

analogous to adopting a Majorana basis instead of a Dirac basis for the fermions in QED or QCD. An

incoherent parton shower set up in such a basis would not properly model the flow of fermion number and

electric charge. Analogously, H0 and H0! particles carry conserved charges that we choose to explicitly

track through the shower. This leads to correlations between spins and electric charges within asymptotic

states.
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The Higgs:	

The SM EW sector:	

Unitary gauge:	

Ciafaloni et al., 
Hep-ph/0505047.

EW splitting functions:
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“Scalarization” to implement the Goldstone-boson 
Equivalence Theorem (GET): 

EW Symmetry breaking & 
Goldstone-boson Equivalence Theorem (GET):

At high energies E>>MW, the longitudinally polarized gauge bosons 
behave like the corresponding Goldstone bosons. 
(They remember their origin!)

Lee, Quigg, Thacker (1977); Chanowitz & Gailard (1984)

✏(k)µ
L =

E

mW
(�W , k̂) ⇡ kµ

mW
+ O(mW/E)

J. Chen, TH, B. Tweedie, arXiv:1611.00788;
G. Cuomo, A. Wulzer, arXiv:1703.08562; 1911.12366. 

GET violation as power corrections v/E.
Like in QCD: higher-twist effects !QCD/E.
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New fermion splitting:

Chirality conserving:
Non-zero for massless f

Chirality flipping: 
~mf

v2

k2
T

dk2
T

k2
T

⇠ (1� v2

Q2
)

VL is of IR, h no IR

The DPFs for WL thus don’t run at leading log: 
“Bjorken scaling” restored (higher-twist effects)!

!
!

!/VL

!
!

h

!
"

1

16"2

v2

k̃4T

!

1

z

"

1

16"2

v2

k̃4T

1

16"2

v2

k̃4T

! VL f (!)
s (V "=#) h fs VT f (!)

-s

fs=L

#

IVf (y2f z̄ # y2
f(!))z #QV

fL
g2V z̄

$2 1
4y

4
fz(1 + z̄)2 g2V z

#

QV
fR

yf z̄ #QV
fL
yf(!)

$2

fs=R

#

IVf yfyf(!)z2 #QV
fR

g2V z̄
$2 1

4y
4
fz(1 + z̄)2 g2V z

#

QV
fL
yf z̄ #QV

fR
yf(!)

$2

Table 4: Ultra-collinear fermion splitting functions dP/dz dk2T in the broken phase. Wavy

lines represent transverse gauge bosons, while the longitudinals/Goldstones and Higgs

bosons are represented by dashed lines. The k̃4T symbol is defined in Eq. (4.6). The

IVf symbol is a shorthand for the “charge” of a fermion in its Yukawa coupling to the eaten

Goldstone boson, or equivalently the fermion’s axial charge under the vector V . These

are normalized to approximately follow the weak isospin couplings, but are defined inde-

pendently of the fermion’s helicity: IZu = 1/2, IZd/e = #1/2, IW±

u = IW
±

d/e = 1/
$
2. Other

conventions are given in Appendix B.

4.2.2 Ultra-collinear broken-phase splitting functions

The remaining task is to compute all of the ultra-collinear splitting functions, proportional

to the EWSB scale like in Eq. (4.1). Generalizing the standard massless-fermion f !WLf !

calculation [19–21], we include the splittings involving arbitrary particles in the SM. The

electroweak VEV (v), to which all of these splitting functions are proportionate, has been

explicitly extracted, as well as universal numerical factors, the kinematic factor k̃4T as

in Eq. (4.6) or Eq. (4.7), and the leading soft singularity structure (1/z, 1/z̄, or 1/zz̄).

These are obtained quite straightforwardly in GEG, where individual 1! 2 ultra-collinear

matrix elements all scale manifestly as g2v, y2fv, or gyfv. See Appendix B for some explicit

examples.

We present these “purely broken” splitting functions in Tables 4#6, using similar logic

as in Section 3, though now working exclusively in mass basis for the neutral bosons.

Unlike conventional collinear splittings, ultra-collinear splittings do not lead to collinear

logarithms. Instead, integrating the emissions at a fixed value of z yields a rate that

asymptotes to a fixed value as the input energy increases. However, they are also unlike

ordinary finite perturbative corrections, in that they are highly collinear-beamed, and

subject to maximally large Sudakov e!ects from the conventional parton showering that

can occur at higher emission scales.

Ultra-collinear emissions of longitudinal gauge bosons, when formed by replacing a

transverse boson in any conventional gauge emission by a longitudinal boson, retain soft-

singular behavior% 1/z. (Within GEG, the 1/z factors within the splitting matrix elements

become regulated to 2EW /(EW + kW ).) Fully integrating over emission phase space, these

still lead to single-logarithmic divergences at high energy. This result might seem at odds

– 24 –

Splitting in a broken gauge theory:
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TH, Yang Ma, Keping Xie, arXiv:2007.14300

• EW PDFs at a muon collider:
“partons” dynamically generated

2

Those processes take over the annihilation channels at
higher energies

p
s ⇡ 2.5, 4.5, 11 TeV for W+

W
�
, tt̄ and

tt̄H production, respectively, as shown in Fig. 1 by the
rising solid curves labelled by EPA. At

p
s ⇡ 30 TeV, the

production rate for �� ! tt̄ is higher by two orders of
magnitude than that for µ+

µ
�
! tt̄ annihilation.

However, this description becomes inadequate at some
high scales. First, at high energies E � m`, the collinear
logarithm (↵/2⇡) ln (E2

/m
2
`) may be sizeable and needs

to be resummed for reliable predictions. This leads to
the QED analogue of the Dokshitzer-Gribov-Lipatov-
Altarelli-Parisi (DGLAP) equations [9–11], the concept
of QED parton distribution functions (PDFs) for the pho-
ton and charged fermions [12–14]. To estimate the re-
summation e↵ects, we plot the cross sections with the
leading-order �-PDF with a scale Q =

p
ŝ/2, where

p
ŝ

is the �� c.m. energy. As shown in Fig. 1 by the dashed
rising curves below those of EPA, we see that the rates
are lowered as expected, and could be smaller by about
a factor of two at 30 TeV.

More importantly, as pointed out in Refs. [15–17] and
explored in details [18], at scales Q

2
� M

2
Z , the SM

gauge symmetry SU(2)L⌦U(1)Y is e↵ectively restored.
Consequently, the four EW gauge bosons (W±,3

, B) in
the SM must be taken into account all together coher-
ently with B-W 3 mixing and interference. The fermion
interactions are chiral and the couplings and states evolve
according to the SM unbroken gauge symmetry. One
needs to invoke the picture of electroweak parton distri-
bution functions (EW PDFs) [19–21] dynamically gener-
ated by the electroweak and Yukawa interactions. The
longitudinally polarized gauge bosons capture the rem-
nants of the EW symmetry breaking. The e↵ects are gov-
erned by power corrections of the order M2

Z/Q
2 [22, 23],

a measure of the Goldstone-Boson Equivalence violation
[15, 24], analogous to higher-twist e↵ects in QCD.

II. Electroweak Parton Distribution Functions
Below the EW scale Q < MZ , the e↵ects of the SU(2)L
gauge bosons are suppressed by g

2
/M

2
Z . The gauge bo-

son radiation o↵ a charged lepton beam (`± = e
±
, µ

±)
is essentially purely electromagnetic. At the EW scale
and above, all electroweak states in the unbroken SM are
dynamically activated. The massless states involved at
the leading order are

`R, `L, ⌫L and B,W
±,3

. (4)

We will not include the Higgs sector in the initial state
partons since the Yukawa couplings to e, µ are not rele-
vant for the current consideration. However, we must in-
clude the e↵ects of longitudinally polarized gauge bosons
characterized by power corrections of the order M2

Z/Q
2.

Denote an EW PDF as fi(x,Q2) with i labelling a par-
ticle with an energy fraction x at a factorization scale Q.
The EW PDFs evolve according to the full EW DGLAP
equations [16, 25]

dfi
d lnQ2

=
X

I

↵I

2⇡

X

j

P
I
i,j ⌦ fj , (5)

Q µ �, Z, �Z W
±

⌫ `sea q g

MZ 97.9 2.06 0 0 0.028 0.035 0.0062
3 TeV 91.5 3.61 1.10 3.59 0.069 0.13 0.019
5 TeV 89.9 3.82 1.24 4.82 0.077 0.16 0.022

TABLE I. Momentum fractions (%) carried by various parton
species. The sea leptons include `sea = µ̄+

P
i 6=µ(`i +

¯̀
i) and

⌫ =
P

i(⌫i + ⌫̄i). The quark components include all the 6
flavors.

where I specifies the gauge group, and the P
I
ij are the

splitting functions for j ! i. The complete list of the
EW splitting functions for the SM chiral states are avail-
able in Refs. [15, 16, 20]. The initial condition for a
lepton beam is f`(x,m2

`) ⇡ �(1 � x) + O(↵) and it
evolves as ln

�
Q

2
/m

2
`

�
. At the electroweak scale, the

matching conditions are f�(x,M2
Z) 6= 0, fZ(x,M2

Z) =
0, f�Z(x,M2

Z) = 0, with a general relation
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where sW = sin ✓W is the weak mixing angle. The mixed
PDF f�Z (or fBW 3) represents a mix state and is impor-
tant to account for the interference between the diagrams
involving �/Z (or B/W

3) [15, 16, 19]. Chiral couplings
and their RGE running are fully taken into account in-
cluding the correlation between the polarized PDFs and
the corresponding polarized scattering amplitudes. With
one-loop virtual corrections, our results are accurate at
the leading-log (LL) order. In Fig. 2(a), we present EW
PDFs for the states in Eq. (4) for ` = µ with a scale
Q =3 TeV and 5 TeV. For completeness, we have also in-
cluded the quarks q =

Pt
i=d(qi+ q̄i) and gluons from the

higher-order splittings. We give the averaged momen-
tum fractions hxfii =

R
xfi(x)dx carried by various par-

ton species in Table I. The two scale choices lead to less
than 20% di↵erence for the EW PDFs. As expected, the
fermionic states sharply peak at x ⇡ 1, while the bosonic
states peak at x ⇡ 0, reflecting the infrared behavior. It
is noted that there is an enhanced rate at small x for
the fermions, deviating from the leading order behavior
⇠ 1/(1�x). This is from the soft �⇤

/Z
⇤
/W

⇤ splitting at
higher orders. Owing to the large flux of photons at low
scales, the neutral EW PDFs are largest. Unlike all the
other EW PDFs that scale logarithmically with Q, the
longitudinal gauge bosons (WL, ZL) do not scale with Q

at the leading order [15, 16, 26] � an explicit example
for Bjorken-scaling restoration.

III. Cross sections for Semi-inclusive Processes in
µ
+
µ
� Collisions

We write the production cross section of an exclusive
final state F and the unspecified remnants X in terms
of the parton luminosity dLij/d⌧ and the corresponding
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Those processes take over the annihilation channels at
higher energies

p
s ⇡ 2.5, 4.5, 11 TeV for W+

W
�
, tt̄ and

tt̄H production, respectively, as shown in Fig. 1 by the
rising solid curves labelled by EPA. At

p
s ⇡ 30 TeV, the

production rate for �� ! tt̄ is higher by two orders of
magnitude than that for µ+

µ
�
! tt̄ annihilation.

However, this description becomes inadequate at some
high scales. First, at high energies E � m`, the collinear
logarithm (↵/2⇡) ln (E2

/m
2
`) may be sizeable and needs

to be resummed for reliable predictions. This leads to
the QED analogue of the Dokshitzer-Gribov-Lipatov-
Altarelli-Parisi (DGLAP) equations [9–11], the concept
of QED parton distribution functions (PDFs) for the pho-
ton and charged fermions [12–14]. To estimate the re-
summation e↵ects, we plot the cross sections with the
leading-order �-PDF with a scale Q =

p
ŝ/2, where

p
ŝ

is the �� c.m. energy. As shown in Fig. 1 by the dashed
rising curves below those of EPA, we see that the rates
are lowered as expected, and could be smaller by about
a factor of two at 30 TeV.

More importantly, as pointed out in Refs. [15–17] and
explored in details [18], at scales Q

2
� M

2
Z , the SM

gauge symmetry SU(2)L⌦U(1)Y is e↵ectively restored.
Consequently, the four EW gauge bosons (W±,3

, B) in
the SM must be taken into account all together coher-
ently with B-W 3 mixing and interference. The fermion
interactions are chiral and the couplings and states evolve
according to the SM unbroken gauge symmetry. One
needs to invoke the picture of electroweak parton distri-
bution functions (EW PDFs) [19–21] dynamically gener-
ated by the electroweak and Yukawa interactions. The
longitudinally polarized gauge bosons capture the rem-
nants of the EW symmetry breaking. The e↵ects are gov-
erned by power corrections of the order M2

Z/Q
2 [22, 23],

a measure of the Goldstone-Boson Equivalence violation
[15, 24], analogous to higher-twist e↵ects in QCD.

II. Electroweak Parton Distribution Functions
Below the EW scale Q < MZ , the e↵ects of the SU(2)L
gauge bosons are suppressed by g

2
/M

2
Z . The gauge bo-

son radiation o↵ a charged lepton beam (`± = e
±
, µ

±)
is essentially purely electromagnetic. At the EW scale
and above, all electroweak states in the unbroken SM are
dynamically activated. The massless states involved at
the leading order are

`R, `L, ⌫L and B,W
±,3

. (4)

We will not include the Higgs sector in the initial state
partons since the Yukawa couplings to e, µ are not rele-
vant for the current consideration. However, we must in-
clude the e↵ects of longitudinally polarized gauge bosons
characterized by power corrections of the order M2

Z/Q
2.

Denote an EW PDF as fi(x,Q2) with i labelling a par-
ticle with an energy fraction x at a factorization scale Q.
The EW PDFs evolve according to the full EW DGLAP
equations [16, 25]

dfi
d lnQ2

=
X

I

↵I

2⇡

X

j

P
I
i,j ⌦ fj , (5)

Q µ �, Z, �Z W
±

⌫ `sea q g

MZ 97.9 2.06 0 0 0.028 0.035 0.0062
3 TeV 91.5 3.61 1.10 3.59 0.069 0.13 0.019
5 TeV 89.9 3.82 1.24 4.82 0.077 0.16 0.022

TABLE I. Momentum fractions (%) carried by various parton
species. The sea leptons include `sea = µ̄+

P
i 6=µ(`i +

¯̀
i) and

⌫ =
P

i(⌫i + ⌫̄i). The quark components include all the 6
flavors.

where I specifies the gauge group, and the P
I
ij are the

splitting functions for j ! i. The complete list of the
EW splitting functions for the SM chiral states are avail-
able in Refs. [15, 16, 20]. The initial condition for a
lepton beam is f`(x,m2

`) ⇡ �(1 � x) + O(↵) and it
evolves as ln
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. At the electroweak scale, the
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where sW = sin ✓W is the weak mixing angle. The mixed
PDF f�Z (or fBW 3) represents a mix state and is impor-
tant to account for the interference between the diagrams
involving �/Z (or B/W

3) [15, 16, 19]. Chiral couplings
and their RGE running are fully taken into account in-
cluding the correlation between the polarized PDFs and
the corresponding polarized scattering amplitudes. With
one-loop virtual corrections, our results are accurate at
the leading-log (LL) order. In Fig. 2(a), we present EW
PDFs for the states in Eq. (4) for ` = µ with a scale
Q =3 TeV and 5 TeV. For completeness, we have also in-
cluded the quarks q =

Pt
i=d(qi+ q̄i) and gluons from the

higher-order splittings. We give the averaged momen-
tum fractions hxfii =

R
xfi(x)dx carried by various par-

ton species in Table I. The two scale choices lead to less
than 20% di↵erence for the EW PDFs. As expected, the
fermionic states sharply peak at x ⇡ 1, while the bosonic
states peak at x ⇡ 0, reflecting the infrared behavior. It
is noted that there is an enhanced rate at small x for
the fermions, deviating from the leading order behavior
⇠ 1/(1�x). This is from the soft �⇤

/Z
⇤
/W

⇤ splitting at
higher orders. Owing to the large flux of photons at low
scales, the neutral EW PDFs are largest. Unlike all the
other EW PDFs that scale logarithmically with Q, the
longitudinal gauge bosons (WL, ZL) do not scale with Q

at the leading order [15, 16, 26] � an explicit example
for Bjorken-scaling restoration.

III. Cross sections for Semi-inclusive Processes in
µ
+
µ
� Collisions

We write the production cross section of an exclusive
final state F and the unspecified remnants X in terms
of the parton luminosity dLij/d⌧ and the corresponding
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rising solid curves labelled by EPA. At

p
s ⇡ 30 TeV, the

production rate for �� ! tt̄ is higher by two orders of
magnitude than that for µ+
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! tt̄ annihilation.

However, this description becomes inadequate at some
high scales. First, at high energies E � m`, the collinear
logarithm (↵/2⇡) ln (E2
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2
`) may be sizeable and needs

to be resummed for reliable predictions. This leads to
the QED analogue of the Dokshitzer-Gribov-Lipatov-
Altarelli-Parisi (DGLAP) equations [9–11], the concept
of QED parton distribution functions (PDFs) for the pho-
ton and charged fermions [12–14]. To estimate the re-
summation e↵ects, we plot the cross sections with the
leading-order �-PDF with a scale Q =
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ŝ/2, where
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is the �� c.m. energy. As shown in Fig. 1 by the dashed
rising curves below those of EPA, we see that the rates
are lowered as expected, and could be smaller by about
a factor of two at 30 TeV.

More importantly, as pointed out in Refs. [15–17] and
explored in details [18], at scales Q
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Z , the SM

gauge symmetry SU(2)L⌦U(1)Y is e↵ectively restored.
Consequently, the four EW gauge bosons (W±,3

, B) in
the SM must be taken into account all together coher-
ently with B-W 3 mixing and interference. The fermion
interactions are chiral and the couplings and states evolve
according to the SM unbroken gauge symmetry. One
needs to invoke the picture of electroweak parton distri-
bution functions (EW PDFs) [19–21] dynamically gener-
ated by the electroweak and Yukawa interactions. The
longitudinally polarized gauge bosons capture the rem-
nants of the EW symmetry breaking. The e↵ects are gov-
erned by power corrections of the order M2

Z/Q
2 [22, 23],

a measure of the Goldstone-Boson Equivalence violation
[15, 24], analogous to higher-twist e↵ects in QCD.

II. Electroweak Parton Distribution Functions
Below the EW scale Q < MZ , the e↵ects of the SU(2)L
gauge bosons are suppressed by g
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2
Z . The gauge bo-

son radiation o↵ a charged lepton beam (`± = e
±
, µ

±)
is essentially purely electromagnetic. At the EW scale
and above, all electroweak states in the unbroken SM are
dynamically activated. The massless states involved at
the leading order are

`R, `L, ⌫L and B,W
±,3

. (4)

We will not include the Higgs sector in the initial state
partons since the Yukawa couplings to e, µ are not rele-
vant for the current consideration. However, we must in-
clude the e↵ects of longitudinally polarized gauge bosons
characterized by power corrections of the order M2

Z/Q
2.

Denote an EW PDF as fi(x,Q2) with i labelling a par-
ticle with an energy fraction x at a factorization scale Q.
The EW PDFs evolve according to the full EW DGLAP
equations [16, 25]
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d lnQ2

=
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i,j ⌦ fj , (5)
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MZ 97.9 2.06 0 0 0.028 0.035 0.0062
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i) and
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where I specifies the gauge group, and the P
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ij are the

splitting functions for j ! i. The complete list of the
EW splitting functions for the SM chiral states are avail-
able in Refs. [15, 16, 20]. The initial condition for a
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where sW = sin ✓W is the weak mixing angle. The mixed
PDF f�Z (or fBW 3) represents a mix state and is impor-
tant to account for the interference between the diagrams
involving �/Z (or B/W

3) [15, 16, 19]. Chiral couplings
and their RGE running are fully taken into account in-
cluding the correlation between the polarized PDFs and
the corresponding polarized scattering amplitudes. With
one-loop virtual corrections, our results are accurate at
the leading-log (LL) order. In Fig. 2(a), we present EW
PDFs for the states in Eq. (4) for ` = µ with a scale
Q =3 TeV and 5 TeV. For completeness, we have also in-
cluded the quarks q =

Pt
i=d(qi+ q̄i) and gluons from the

higher-order splittings. We give the averaged momen-
tum fractions hxfii =

R
xfi(x)dx carried by various par-

ton species in Table I. The two scale choices lead to less
than 20% di↵erence for the EW PDFs. As expected, the
fermionic states sharply peak at x ⇡ 1, while the bosonic
states peak at x ⇡ 0, reflecting the infrared behavior. It
is noted that there is an enhanced rate at small x for
the fermions, deviating from the leading order behavior
⇠ 1/(1�x). This is from the soft �⇤

/Z
⇤
/W

⇤ splitting at
higher orders. Owing to the large flux of photons at low
scales, the neutral EW PDFs are largest. Unlike all the
other EW PDFs that scale logarithmically with Q, the
longitudinal gauge bosons (WL, ZL) do not scale with Q

at the leading order [15, 16, 26] � an explicit example
for Bjorken-scaling restoration.

III. Cross sections for Semi-inclusive Processes in
µ
+
µ
� Collisions

We write the production cross section of an exclusive
final state F and the unspecified remnants X in terms
of the parton luminosity dLij/d⌧ and the corresponding

: the valance. : LO sea.
Quarks: NLO; gluons: NNLO.
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Underlying sub-processes:
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• Jets at low energies
For !+!- annihilation:

For partonic fusion:

�ann ⇠ ↵2

s
<latexit sha1_base64="qOmqpliZCLwUYF2x0+KM88aCovo="></latexit>

�fusion ⇠ ↵2

m2
jj

log2(
Q2

m2
)

<latexit sha1_base64="Dqg6UpoAM2cC6mTSRS4jC1aXj0I="></latexit>

Di-jet production: QCD dominates

10

(muon) colliders. The ISR e↵ect for light-particle production (⌧+⌧�, qq̄) is larger than the
massive one (W+

W
�), because of the lower threshold, i.e., ŝ > m

2
jj versus ŝ > (2MW )2.

In such a way, the Z resonance enhances light-particle cross section significantly. Another
factor also makes a di↵erence due to the s-channel behavior of 1/ŝ in the ISR is much larger
for light particles.

(shall we leave out a few dotted lines? they are only for illustration of the
di↵erence, not useful to keep them all.)

Particularly important channels of our current interests are the jet production via the
fusion mechanism, which would be the dominant phenomena at low energies. The production
channels include

�� ! qq̄, �g ! qq̄, �q ! gq,

qq ! qq(gg), gq ! gq, and gg ! gg(qq̄),
(27)

where q includes d, u, s, c, b and the possible anti-quarks as well. The PDFs and the corre-
sponding luminosity are already shown in Fig. 1-2. We present the cross sections for di-jet
production versus the collider c.m. energy at an e

+
e
� collider (left panel) and a µ+

µ
� collider

(right panel) in Fig. 4.
For the quark pair through �� fusion (�� ! qq̄), we obtain the cross section about

20%(10%) less than the EPA results in Fig. 3 for electron (muon) colliders. Two factors
contribute to this di↵erence. First, in the EPA calculation, we take a the fixed QED coupling,
↵e = 1/132.5, which corresponds to the running coupling around Q = 10 GeV. However, the
photon PDF is obtained through evolving the DGLAP equation, in which the coupling runs
with scale as well. Due to the sharp peak of mjj distribution around the invariant mass cut,
the scale Q =

p
ŝ/2 for most events are around half of mjj cut, which are 15 (25) GeV. In

the DGLAP running from m` up to 15 (25) GeV, the couplings at low energies accumulates
more weight, and, therefore, the averaged one is smaller than the fixed value in the EPA
calculation. Another factor contributes is that the higher order splitting � ! `

+
`
�
, qq̄ will

take away a part of the momentum fraction from the photon.
More interestingly, we see that the QCD parton initialed subprocesses exceed the photon

fusion by 3(2) magnitudes for the electron (muon) beam. Even the �g fusion becomes
larger than the �� fusion for the electron collider. For the muon collider case, the �g

fusion process can reach the same size as the �� fusion, depending on the kinematic cuts.
This indicate the importance of quark and gluon PDFs for a high-energy leptonic collider.
When focusing on the quark and gluon initiated processes, we see gluon ones dominate and
increases drastically with the increment of collision energy. The cross over of the gg fusion
and the qg scattering happens around 4 ⇠ 6 TeV for electron collider and 10 ⇠ 15 TeV for
muon collider. When comparing di↵erent acceptance cuts, we obtain a significant impact on
the total cross sections. Generally, the total cross section goes inversely with the cuts on the
jet invariant mass and angles. In the low invariant mass region, the cross section increases
drastically when lowering down the invariant masses.

[Keping: Do we want to move it to the summary section?] We summarize some
representative cross sections in e

+
e
� (µ+

µ
�) collisions for a variety of energies in Table II.

The total cross sections include both annihilation and fusion processes. We include the H

and tt̄ production as well, with the fixed order calculation. The kinematic cuts in Eq. (26)
are employed to the Higgs boson and top quarks. The Higgs cross sections are the same for
e
+
e
� and µ

+
µ
� colliders, as the Higgs is produced through WW fusion, which is the same

for e+e� and µ
+
µ
� colliders.

One of the most striking aspects at a lepton collider is the characteristically di↵erent

TH, Yang Ma, Keping Xie, to appear soon.
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• Unique kinematic features:

p
s (TeV) 3 6 10 14 30

benchmark lumi (ab�1) 1 4 10 20 90
� (fb): WW ! H 490 700 830 950 1200

ZZ ! H 51 72 89 96 120
WW ! HH 0.80 1.8 3.2 4.3 6.7
ZZ ! HH 0.11 0.24 0.43 0.57 0.91
WW ! ZH 9.5 22 33 42 67
WW ! tt̄H 0.012 0.046 0.090 0.14 0.28
WW ! Z 2200 3100 3600 4200 5200
WW ! ZZ 57 130 200 260 420

Table 1: SM Higgs boson production cross sections in units of fb at a muon collider for
various energies. For comparison, the SM background processes of Z and ZZ production are
also shown.

an integrated luminosity of 10 ab�1, we may expect the production of about 107 Higgs bosons
and 3.6 ⇥ 104 Higgs pairs. For comparison, we have also included in Table 1 the SM irre-
ducible backgrounds µ

+
µ
� VBF

! Z,ZZ, which are also largely from the VBF mechanism, in
Table 1. Although the background rates are larger than the signals by a factor of 4 (55) for
the H (HH) process, they populate different kinematical regions from the signals and can be
reduced by appropriate kinematic cuts.

3 V V H Couplings

At high energy lepton colliders, the cross section for single H production via the Higgs-
strahlung µ

+
µ
�

! ZH falls as 1/s. The high statistics channels for measurements of V V H

couplings rely on the WW and ZZ fusion via the VBF topology:

µ
+
µ
�

! ⌫µ⌫̄µ H (WW fusion), (3.1)
µ
+
µ
�

! µ
+
µ
�
H (ZZ fusion). (3.2)

See Fig. 1 for a representative Feynman diagram. It would be desirable to separate these
two classes of events by tagging the outgoing muons and achieve independent measurements
on WWH and ZZH couplings. However, for the VBF topology, the outgoing muons have a
tendency to stay in the forward region due to the t-channel propagator shown in Fig. 2(a).
Although the transverse momentum of the outgoing muons is sizable and governed by the
propagator mass p

µ

T
⇠ MZ , at very high energies the muons are all extremely forward with

a polar angle typically ✓µ ⇡ MZ/Eµ. In Fig. 3(a), we show the angular distributions of the
outgoing muons at

p
s = 3, 10, 30 TeV. One can see that, for example, the scattering angle for

a muon is peaked near ✓µ ⇠ 0.02 ⇡ 1.2� at 10 TeV. These very forward muons would most
likely escape the detection in a detector at a few degrees away from colliding beams. This

– 5 –

• Forward tagging:

p
s (TeV) 3 6 10 14 30

benchmark lumi (ab�1) 1 4 10 20 90
� (fb): WW ! H 490 700 830 950 1200

ZZ ! H 51 72 89 96 120
WW ! HH 0.80 1.8 3.2 4.3 6.7
ZZ ! HH 0.11 0.24 0.43 0.57 0.91
WW ! ZH 9.5 22 33 42 67
WW ! tt̄H 0.012 0.046 0.090 0.14 0.28
WW ! Z 2200 3100 3600 4200 5200
WW ! ZZ 57 130 200 260 420

Table 1: SM Higgs boson production cross sections in units of fb at a muon collider for
various energies. For comparison, the SM background processes of Z and ZZ production are
also shown.

an integrated luminosity of 10 ab�1, we may expect the production of about 107 Higgs bosons
and 3.6 ⇥ 104 Higgs pairs. For comparison, we have also included in Table 1 the SM irre-
ducible backgrounds µ

+
µ
� VBF

! Z,ZZ, which are also largely from the VBF mechanism, in
Table 1. Although the background rates are larger than the signals by a factor of 4 (55) for
the H (HH) process, they populate different kinematical regions from the signals and can be
reduced by appropriate kinematic cuts.

3 V V H Couplings

At high energy lepton colliders, the cross section for single H production via the Higgs-
strahlung µ

+
µ
�

! ZH falls as 1/s. The high statistics channels for measurements of V V H

couplings rely on the WW and ZZ fusion via the VBF topology:

µ
+
µ
�

! ⌫µ⌫̄µ H (WW fusion), (3.1)
µ
+
µ
�

! µ
+
µ
�
H (ZZ fusion). (3.2)

See Fig. 1 for a representative Feynman diagram. It would be desirable to separate these
two classes of events by tagging the outgoing muons and achieve independent measurements
on WWH and ZZH couplings. However, for the VBF topology, the outgoing muons have a
tendency to stay in the forward region due to the t-channel propagator shown in Fig. 2(a).
Although the transverse momentum of the outgoing muons is sizable and governed by the
propagator mass p

µ

T
⇠ MZ , at very high energies the muons are all extremely forward with

a polar angle typically ✓µ ⇡ MZ/Eµ. In Fig. 3(a), we show the angular distributions of the
outgoing muons at

p
s = 3, 10, 30 TeV. One can see that, for example, the scattering angle for

a muon is peaked near ✓µ ⇠ 0.02 ⇡ 1.2� at 10 TeV. These very forward muons would most
likely escape the detection in a detector at a few degrees away from colliding beams. This

– 5 –1/(pµT )
2 pµT ⇠ MZ Z

✓µ ⇠ MZ/Eµf

sin ✓ > 0.17

pT O(1)

µ+µ�
! µ+µ�⌫⌫̄.

�⇤�⇤, �⇤Z,ZZ ZZ !

µ+µ� ⌫⌫̄

Z

mµ+µ� > 300 GeV, mmissing = (pinµ+ + pinµ� � poutµ+ � poutµ� )2 > 4m2
�.

|⌘| < 2.5

10� < ✓ < 170�
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Figure 5: (a) p
H

T
distribution of the Higgs boson in 1µ channel (b) Separation of the b jets

from H ! bb̄.

background is µ
+
µ
�

! ZZ ! µ
+
µ
�
Z with Z ! bb̄. There is no WW fusion analogue for

this channel. We adopt the same basic cuts as in Eqs. (3.3), (3.4) and (3.6). The background
is highly suppressed. In addition, we require the presence of at least one muon to be in

10� < ✓µ± < 170�. (3.8)

This turns out to be very costly to the signal, since the majority of the muons have ✓µ < 10�,
as already seen in Fig. 3. As such, the signal reconstruction efficiencies for this channel are
very low and are shown in Table 2, together with the predicted cross sections in the middle
rows. With the high luminosity expected, the 95% C.L. on the coupling measurements is
shown also in Table 3 for the exclusive 1µ channel. Although the result at a 3 TeV collider
is comparable to that from the inclusive channel, at higher energies the estimated precision
is worse than the inclusive channel despite the higher energies and more luminosities. This is
mainly due to the significantly reduced number of events from the tagging requirement for a
forward-backward muon.

It is important to note another significant consequence of requiring one muon in the range
of 10� < ✓µ± < 170�. For highly energetic muons, this large scattering angle leads to a high
transverse momentum p

µ

T
> 0.17Eµ and, consequently, induces a strong recoil in the Higgs

boson produced in the final state. In Fig. 5 we show the pT distribution of the Higgs boson
in (a) for the 1µ channel as well as Rbb in (b), the separation of the b-jets from H ! bb̄. In
particular, at

p
s = 30 TeV, the Higgs boson tend to have a large pT , in the order of 2.5 TeV,

and the resulting decay is boosted with Rbb ⇠ 0.2. Care needs to be taken when reconstructing
such boosted events.
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p
s (TeV) 3 6 10 14 30

benchmark lumi (ab�1) 1 4 10 20 90
� (fb): WW ! H 490 700 830 950 1200

ZZ ! H 51 72 89 96 120
WW ! HH 0.80 1.8 3.2 4.3 6.7
ZZ ! HH 0.11 0.24 0.43 0.57 0.91
WW ! ZH 9.5 22 33 42 67
WW ! tt̄H 0.012 0.046 0.090 0.14 0.28
WW ! Z 2200 3100 3600 4200 5200
WW ! ZZ 57 130 200 260 420

Table 1: SM Higgs boson production cross sections in units of fb at a muon collider for
various energies. For comparison, the SM background processes of Z and ZZ production are
also shown.

an integrated luminosity of 10 ab�1, we may expect the production of about 107 Higgs bosons
and 3.6 ⇥ 104 Higgs pairs. For comparison, we have also included in Table 1 the SM irre-
ducible backgrounds µ

+
µ
� VBF

! Z,ZZ, which are also largely from the VBF mechanism, in
Table 1. Although the background rates are larger than the signals by a factor of 4 (55) for
the H (HH) process, they populate different kinematical regions from the signals and can be
reduced by appropriate kinematic cuts.

3 V V H Couplings

At high energy lepton colliders, the cross section for single H production via the Higgs-
strahlung µ

+
µ
�

! ZH falls as 1/s. The high statistics channels for measurements of V V H

couplings rely on the WW and ZZ fusion via the VBF topology:

µ
+
µ
�

! ⌫µ⌫̄µ H (WW fusion), (3.1)
µ
+
µ
�

! µ
+
µ
�
H (ZZ fusion). (3.2)

See Fig. 1 for a representative Feynman diagram. It would be desirable to separate these
two classes of events by tagging the outgoing muons and achieve independent measurements
on WWH and ZZH couplings. However, for the VBF topology, the outgoing muons have a
tendency to stay in the forward region due to the t-channel propagator shown in Fig. 2(a).
Although the transverse momentum of the outgoing muons is sizable and governed by the
propagator mass p

µ

T
⇠ MZ , at very high energies the muons are all extremely forward with

a polar angle typically ✓µ ⇡ MZ/Eµ. In Fig. 3(a), we show the angular distributions of the
outgoing muons at

p
s = 3, 10, 30 TeV. One can see that, for example, the scattering angle for

a muon is peaked near ✓µ ⇠ 0.02 ⇡ 1.2� at 10 TeV. These very forward muons would most
likely escape the detection in a detector at a few degrees away from colliding beams. This
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WWH / ZZH couplings

HHH / WWHH  couplings:

Figure 1: VBF production of a single Higgs boson at a high energy muon collider via WW

fusion. For ZZ fusion, replace the W propagator by the Z propagator and the outgoing
neutrinos by muons.

(a) (b) (c)

Figure 2: Double Higgs production at a high energy muon collider via WW fusion. The
production goes through the VBF topology, as in Fig. 1.

2 Higgs Boson Production at a High-energy Muon Collider

The Higgs boson couples predominantly to heavier particles. The production of a Higgs boson
thus involves other heavy particles in the SM. At high energies, gauge bosons will copiously
radiate off the colliding beams. Therefore, the vector boson fusion (VBF) mechanism are the
dominant source for the Higgs boson production at a high-energy muon collider [29, 30]. The
production processes involving the Higgs boson at a high-energy muon collider include

µ
+
µ
� VBF

�! H, ZH, HH and tt̄H , (2.1)

which are all dominantly from the VBF processes. We list the production cross sections in
Table 1 for those Higgs production processes with a few representative benchmark energy
choices. Cross sections are computed using the package MadGraph [34]. Recently it has been
advocated that, in high energy collisions, it may be appropriate to adopt the approach of elec-
troweak parton distribution functions (EW PDF) [30] to resum the potentially large collinear
logarithms at high scales. For the processes under consideration, the difference is insignificant
since the single Higgs production is set by a low scale mH , while the Higgs pair production HH

is dominated by the longitudinal gauge boson fusion (WLWL), that has no scale dependence
at the leading order.

We will examine the precision measurements of the Higgs boson couplings via the pro-
duction processes as depicted in Figs. 1 and 2. For instance, at a 10 TeV muon collider with
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3. Precision Higgs Physics

p
s (TeV) 3 6 10 14 30

benchmark lumi (ab�1) 1 4 10 20 90
� (fb): WW ! H 490 700 830 950 1200

ZZ ! H 51 72 89 96 120
WW ! HH 0.80 1.8 3.2 4.3 6.7
ZZ ! HH 0.11 0.24 0.43 0.57 0.91
WW ! ZH 9.5 22 33 42 67
WW ! tt̄H 0.012 0.046 0.090 0.14 0.28
WW ! Z 2200 3100 3600 4200 5200
WW ! ZZ 57 130 200 260 420

Table 1: SM Higgs boson production cross sections in units of fb at a muon collider for
various energies. For comparison, the SM background processes of Z and ZZ production are
also shown.

an integrated luminosity of 10 ab�1, we may expect the production of about 107 Higgs bosons
and 3.6 ⇥ 104 Higgs pairs. For comparison, we have also included in Table 1 the SM irre-
ducible backgrounds µ

+
µ
� VBF

! Z,ZZ, which are also largely from the VBF mechanism, in
Table 1. Although the background rates are larger than the signals by a factor of 4 (55) for
the H (HH) process, they populate different kinematical regions from the signals and can be
reduced by appropriate kinematic cuts.

3 V V H Couplings

At high energy lepton colliders, the cross section for single H production via the Higgs-
strahlung µ

+
µ
�

! ZH falls as 1/s. The high statistics channels for measurements of V V H

couplings rely on the WW and ZZ fusion via the VBF topology:

µ
+
µ
�

! ⌫µ⌫̄µ H (WW fusion), (3.1)
µ
+
µ
�

! µ
+
µ
�
H (ZZ fusion). (3.2)

See Fig. 1 for a representative Feynman diagram. It would be desirable to separate these
two classes of events by tagging the outgoing muons and achieve independent measurements
on WWH and ZZH couplings. However, for the VBF topology, the outgoing muons have a
tendency to stay in the forward region due to the t-channel propagator shown in Fig. 2(a).
Although the transverse momentum of the outgoing muons is sizable and governed by the
propagator mass p

µ

T
⇠ MZ , at very high energies the muons are all extremely forward with

a polar angle typically ✓µ ⇡ MZ/Eµ. In Fig. 3(a), we show the angular distributions of the
outgoing muons at

p
s = 3, 10, 30 TeV. One can see that, for example, the scattering angle for

a muon is peaked near ✓µ ⇠ 0.02 ⇡ 1.2� at 10 TeV. These very forward muons would most
likely escape the detection in a detector at a few degrees away from colliding beams. This
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Figure 8: Summary of the expected accuracies at 95% C.L. for the Higgs couplings at a
variety of muon collider collider energies and luminosities. The upper horizontal axis marks
the accessible scale ⇤, assuming c6,H ⇠ O(1).

TeV at a collider of (10 � 30) TeV, we would be probing new physics at very high scales or
deeply into quantum effects.

p
s (lumi.) 3 TeV (1 ab�1) 6 (4) 10 (10) 14 (20) 30 (90) Comparison

WWH (�W ) 0.26% 0.12% 0.073% 0.050% 0.023% 0.1% [41]
⇤/

p
c
i
(TeV) 4.7 7.0 9.0 11 16 (68% C.L.)

ZZH (�Z) 1.4% 0.89% 0.61% 0.46% 0.21% 0.13% [17]
⇤/

p
c
i
(TeV) 2.1 2.6 3.2 3.6 5.3 (95% C.L.)

WWHH (�W2) 5.3% 1.3% 0.62% 0.41% 0.20% 5% [36]
⇤/

p
c
i
(TeV) 1.1 2.1 3.1 3.8 5.5 (68% C.L.)

HHH (�3) 25% 10% 5.6% 3.9% 2.0% 5% [22, 23]
⇤/

p
c
i
(TeV) 0.49 0.77 1.0 1.2 1.7 (68% C.L.)

Table 7: Summary table of the expected accuracies at 95% C.L. for the Higgs couplings at a
variety of muon collider collider energies and luminosities.

In our analyses, we only focused on the leading decay channel H ! bb̄. A more com-
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1 Introduction

The discovery of the Higgs boson at the CERN Large Hadron Collider (LHC) opens a new
avenue in particle physics. On the one hand, the existence of the Higgs boson completes the
particle spectrum in the Standard Model (SM) and provides a self-consistent mechanism in
quantum field theory for mass generation of elementary particles. On the other hand, the SM
does not address the underlying mechanism for the electroweak symmetry breaking (EWSB)
and thus fails to understand the stability of the weak scale with respect to the Planck scale. In
order to gain further insight for those fundamental questions, it is of high priority to study the
Higgs boson properties to high precision in the hope to identify hints for new physics beyond
the SM.

In the SM, the Higgs sector is constructed from a complex scalar doublet �. After
the EWSB, the neutral real component is the Higgs boson excitation H and the other three
degrees of freedom become the longitudinal components of the massive gauge bosons. As such,
studying the Higgs-gauge boson couplings would be the most direct probe to the underlying
mechanism of the electroweak symmetry breaking. After the EWSB, the Higgs sector can be
parameterized as

L �

✓
M

2
WW

+
µ W

�µ +
1

2
M

2
ZZµZ

µ

◆✓
V

2H

v
+ V2

H
2

v2

◆
�

m
2
H

2v

✓
3H

3 +
1

4v
4H

4

◆
, (1.1)

where v = 246 GeV is the vacuum expectation value of the Higgs field and i = 1 for the SM
couplings at tree-level. This “-scheme” is a convenient phenomenological parameterization
of deviations from the SM expectations, which is suitable for the exploratory nature of the
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(a) (b)

Figure 5: (a) p
H

T
distribution of the Higgs boson in 1µ channel (b) Separation of the b jets

from H ! bb̄.

background is µ
+
µ
�

! ZZ ! µ
+
µ
�
Z with Z ! bb̄. There is no WW fusion analogue for

this channel. We adopt the same basic cuts as in Eqs. (3.3), (3.4) and (3.6). The background
is highly suppressed. In addition, we require the presence of at least one muon to be in

10� < ✓µ± < 170�. (3.8)

This turns out to be very costly to the signal, since the majority of the muons have ✓µ < 10�,
as already seen in Fig. 3. As such, the signal reconstruction efficiencies for this channel are
very low and are shown in Table 2, together with the predicted cross sections in the middle
rows. With the high luminosity expected, the 95% C.L. on the coupling measurements is
shown also in Table 3 for the exclusive 1µ channel. Although the result at a 3 TeV collider
is comparable to that from the inclusive channel, at higher energies the estimated precision
is worse than the inclusive channel despite the higher energies and more luminosities. This is
mainly due to the significantly reduced number of events from the tagging requirement for a
forward-backward muon.

It is important to note another significant consequence of requiring one muon in the range
of 10� < ✓µ± < 170�. For highly energetic muons, this large scattering angle leads to a high
transverse momentum p

µ

T
> 0.17Eµ and, consequently, induces a strong recoil in the Higgs

boson produced in the final state. In Fig. 5 we show the pT distribution of the Higgs boson
in (a) for the 1µ channel as well as Rbb in (b), the separation of the b-jets from H ! bb̄. In
particular, at

p
s = 30 TeV, the Higgs boson tend to have a large pT , in the order of 2.5 TeV,

and the resulting decay is boosted with Rbb ⇠ 0.2. Care needs to be taken when reconstructing
such boosted events.
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p
s [TeV] �SM [fb] R1 R2 R3 R4 R5

3 TeV 0.91 �3.5 �0.65 3.1 14 0.49

6 TeV 2.0 �3.9 �0.50 2.8 29 0.35

10 TeV 3.6 �4.3 �0.43 2.7 54 0.29

14 TeV 4.9 �4.4 �0.38 2.6 80 0.25

30 TeV 7.6 �4.4 �0.28 2.3 210 0.19

Table 4: Predicted cross sections of the inclusive µ
+
µ
�

! HH +X, as given in Eq. (4.2) at
different muon collider energies.

where ASM, A2 ⇠ constant, and A1 ⇠ E
2 at high energies E � MW . Because of the energy

growing behavior of A1, the cross section has a strong dependence on �W2 over a large
range of phase space. As a result, we expect to be able to constrain W2 better than 3.
This argument also shows, when extracting the trilinear Higgs self-coupling it is important to
consider the impact from the quartic V V HH coupling. In this study, we have assumed the
HHV V vertex is modified only in its strength for simplicity, while in many well-motivated new
physics models the tensor structure of the quartic coupling could also be corrected [37, 38].
It will be interesting to further assess the impact of these additional modifications on the
extraction of 3 [39].

For the Higgs decays, we once again focus on the leading decay channel HH ! bb̄ bb̄,
which has a SM branching fraction BR(4b) ' 34%. We impose basic acceptance cuts

pT (b) > 30 GeV, 10� < ✓b < 170�, �Rbb > 0.4. (4.4)

As before, we further assume the jet energy resolution to be �E/E = 10%.
The Higgs candidates are reconstructed from the four most energetic jets. The four jets

are paired by minimizing
(mj1j2 � mH)2 + (mj3j4 � mH)2. (4.5)

And for each Higgs candidate, we impose

|mjj � mH | < 15 GeV (4.6)

to reject background from Z and W resonances. We also require the recoil mass

Mrecoil =
q

(pµ+ + pµ� � pH1 � pH2)
2 > 200 GeV. (4.7)

The signal selection efficiencies and the corresponding cross sections are listed in Table 2. If
we tighten the angular cut to 20�, the efficiencies would drop by a factor of 3 – 4.

We again perform a simultaneous fit to 3 and W2 using binned maximum likelihood
fit. Given the different energy dependence in the subamplitudes controlled by 3 and W2 , we
decided to bin the mHH distribution into the following intervals2

mHH = [0, 350, 450, 550, 650, 750, 950, 1350, 5000] GeV. (4.8)
2
A similar procedure for double Higgs production in hadron colliders can be found in Ref. [40].
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Achievable accuracies

Leading channel H à bb:

TH, D. Liu, I. Low, X. Wang, arXiv:2008.12204



An exciting journey ahead! 

Summary 

• Multi-TeV colliders:
- Unprecedented accuracies for WWH, WWHH, H3, H4

- Decisive coverage for minimal WIMP DM M ~ 0.5 Ecm

- New particle (H) mass coverage MH ~ (0.5 – 1)Ecm
- Further complementarity: Astro/Cosmo/GW etc. 
- Bread & butter SM EW physics in the new territory:

EW factorization theorem violation;
Goldstone boson equivalence violation

• s-channel Higgs factory:
- Direct measurements on !" & #H
- Other BRs comparable to e+e- Higgs factories

Please join the efforts at:  International muon collider collaboration: 
https://simba3.web.cern.ch/simba3/SelfSubscription.aspx?groupName=MUONCOLLIDER-
DETECTOR-PHYSICS
Muon Collider Forum: SNOWMASS-MUON-COLLIDER-FORUM@FNAL.GOV
at https://snowmass21.org/energy/start#communications.  

https://nam05.safelinks.protection.outlook.com/?url=https://simba3.web.cern.ch/simba3/SelfSubscription.aspx?groupName=MUONCOLLIDER-DETECTOR-PHYSICS&data=02%7C01%7Cthan@pitt.edu%7C9b3d25cc697b4008c77708d836314b2d%7C9ef9f489e0a04eeb87cc3a526112fd0d%7C1%7C0%7C637318932624096167&sdata=xRU4hUsGICeH7BzAYg1O7na9vcHViJkfpoP4Yri8Z0Q=&reserved=0
mailto:SNOWMASS-MUON-COLLIDER-FORUM@FNAL.GOV
https://nam12.safelinks.protection.outlook.com/?url=https://urldefense.proofpoint.com/v2/url?u=https-3A__snowmass21.org_energy_start-23communications&d=DwMFaQ&c=gRgGjJ3BkIsb5y6s49QqsA&r=Mji3c6H1ZAQD960evmeRmhbYZWWYXQRDJqIRn3H3r90AfibmRTXJt3ONh9D-8S4U&m=C2gkEMR080VPztIa7ug38w5_m_DBTwJKdfPI4MYrGt8&s=LyuqqA9rnnocFLft7rjEooFgOQfXQU87koE0aHqMoAE&e=&data=04%7C01%7Cthan@PITT.EDU%7C5654c307dd974455ebcc08d8bcfb91a5%7C9ef9f489e0a04eeb87cc3a526112fd0d%7C1%7C0%7C637467135971198461%7CUnknown%7CTWFpbGZsb3d8eyJWIjoiMC4wLjAwMDAiLCJQIjoiV2luMzIiLCJBTiI6Ik1haWwiLCJXVCI6Mn0=%7C2000&sdata=hZ7xaD616POUeYrjQdmZtUlOkFHdvujRkE/+Cq4YNWU=&reserved=0

