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OUTLINE
• Motivation. Why exclusive observables?

• How is it done in Monte Carlo generators?

• Theoretical framework: Valencia model

• More on 2p2h in Valencia model

• Conclusions & outlook
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MOTIVATION

MULTINUCLEON  
KNOCKOUT (2P2H)

W+(q0, ⃗q )
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DIP region quite 
often underestimated



MOTIVATION

• In every accelerator neutrino  
experiment we are sensitive to 
all dynamical mechanisms

• Spectrum is rich and mostly 
requires relativistic description 

CONTENTS 12
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Figure 3. Muon neutrino and muon anti-neutrino flux predictions from current and future
accelerator based neutrino experiments. Here, the top two plots are neutrino mode beam
muon neutrino flux predictions, where the bottom two plots are anti-neutrino mode beam
muon anti-neutrino flux predictions. Predictions are all arbitrary normalized. Left plots
are current experiments (T2K, MiniBooNE, MINERvA with low energy NuMI), and right
plots are current to future experiments (Hyper-Kamiokande, MicroBooNE, NOvA, DUNE,
MINERvA with medium energy NuMI).

• MINERvA, MINOS, and NOvA use NuMI neutrino beamline. The two important flux
configurations are low energy (LE) mode and medium energy (ME) mode. Also, detector
configurations can be on-axis or off-axis. Here, MINOS and MINERvA are both LE
and ME on-axis experiments, and NOvA is a ME off-axis experiment, and their flux
predictions are quite different. Note MINERvA does not provide neutrino flux below
1.5 GeV where flux systematic errors have not been evaluated yet.

• DUNE will use a dedicated beamline, which will have a wide-band beam to measure
neutrino oscillations not only the first maximum, but also the second oscillation
maximum [165].

• Hyper-Kamiokande uses higher power J-PARC off-axis neutrino beam [14], and here we
simply assumed the same shape with current T2K J-PARC off-axis neutrino beam.

The on-axis beam experiments, such as MiniBooNE, MINERvA, and DUNE have a
wider beam spectrum, and off-axis beam experiments, such as T2K and NOvA have narrower
spectrums. Although spectra are narrower for off-axis beams, they have long tails going to
higher energy. This is a standard feature for off-axis beams. Therefore understanding of
neutrino interactions are important in all 1-10 GeV spectrum for both on-axis and off-axis
beam experiments.

Figure 4 shows more detailed neutrino flux predictions. Here, we use T2K neutrino

• neutrino energy is unknown (flux is not 
monochromatic & uncertainties)

• Each experiment probes different energies 
(various physical mechanisms dominate)

From: T. Katori, M. Martini, J.Phys. G45 (2018)

From: P. Lipari et. atl., PRL 74 (1995) 4



ENERGY RECONSTRUCTION

p
νl

l−

p
π+

• depends on lepton reconstruction
• relies on identification of interaction 

channel. (for CCQE works well)

Kinematics

SK/HK

• energy conservation
• relies on visible energy
• hadron masses influence the energy 

balance

p
νl

p
π+

Calorimetry

DUNE

In both cases nuclear models play crucial role.
We need exclusive observables. 5



MONTE CARLO GENERATORS

cascadeprimary 
vertex

distribution 
of outgoing 

hadrons
• absorption
• charge exchange
• production

 νl

 l

Currently: 1. weight of the event  
2. outgoing nucleons distributed according 

to available phase-space

dσ/dq dω

What is the actual nucleons distribution from primary vertex?
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Physical processes factorised into 2 steps



THEORETICAL FRAMEWORK:  
VALENCIA MODEL

MULTINUCLEON  
KNOCKOUT (2P2H)

nuclear medium

various absorption modes are 
systematically incorporated
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THEORETICAL FRAMEWORK:  
VALENCIA MODEL

• Initial nuclear state: Local Fermi gas (Local density approximation)

• Polarisation (RPA) effects taken into account

• Particularly renowned for  -degrees of freedom (  self-energy) 
and pion production

• Spectral function of nucleons

• Predictions for other processes:   production…

Δ Δ

Σ, Λ, K
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THEORETICAL FRAMEWORK:  
VALENCIA MODEL
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NEUT implementation simultaneously compared to the most recent T2K 
and MINERvA charged current (CC) inclusive, CC0  and transverse variable 
results.

π

Figure 12. Inclusive |~pµ| (left) and ✓µ (right) distributions from the CC0⇡1p MINERvA sam-
ple [28]. Details of the comparison with NEUT results as in Fig. 8.

Figure 13. MINERVA CC0⇡1p di↵erential cross sections [28] in proton kinematics, momentum
(|~pp|) and angle (✓p), together with results from the current implementation of NEUT. Details of
the comparison with NEUT as in Fig. 8.

to the neutrino direction, momentum is computed as

|�~pT | ⌘ |~pT | =
|(~pµ + ~pp)⇥ ~p⌫ |

|~p⌫ |
(4.1)

In addition, the missing transverse momentum is separated in two components in relation

to the ⌫ � µ reaction plane, defined by the neutrino and the emitted charged lepton. One

– 17 –

Figure 14. MINERvA CC0⇡1p di↵erential cross sections in reconstructed |~pn|. Data from
Ref. [28]. We also show results from the current implementation of NEUT, with details of the
comparison as in Fig. 8.

of the transverse components is contained in the reaction plane �pTy , while the another

one, �pTx , is perpendicular to this plane.

On the other hand, the transverse angular variables read:

��T = arccos

�~pTp · ~pTµ

|~pTp ||~pTµ |

�
(4.2)

�↵T = arccos

 �~pT · ~pTµ

|~pT | · |~pTµ |

�
(4.3)

where ~pT = ~pTµ +~pTp , with ~pTµ (or ~p?, as used in Fig. 6) and ~pTp the transverse projections

of the muon and proton momenta to the neutrino direction. This discussion focuses on the

QE-like process ⌫µ+A ! µ�+p+X, where X is a final-state hadronic system consisting of

the nuclear remnant with possible additional protons but without pions that indicate reso-

nant or other processes. There is an imbalance, �~p, between the initial neutrino momentum

and the sum of final-state lepton and hadron momenta as a result of nuclear e↵ects. Under

the assumption that X is just the remnant nucleus, with (A� 1) nucleons, then |�~p | gives
the magnitude of its recoil momentum, which can be obtained [31] independently of the

unknown incident neutrino energy. Moreover, assuming perfect balance of momentum in

the reaction (Eq. (2.3)), |�~p | can be identified to the neutron target momentum, which is

then given in terms of measurable quantities [28]

|~pn| =
p

|~pT |2 + |~pL|2 (4.4)

with

|~pL| =
(MA � Eµ � E1

p + |~pLp |)2 � (M 0
A�1)

2 � |~pT |2

2(MA � Eµ � E1
p + |~pLp |+ |~pLµ |)

(4.5)

– 18 –
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WHAT IS NEW IN 2P2H MODEL?

1. How does the distribution of final nucleons look 
like?

2. Implement new Δ treatment in the Valencia model

3. To get information (1) in the Valencia model: 
disentangle 2p2h and 3p3h

4. Check previous implementation
 10



2P2H FORMALISM

J. NIEVES, I. RUIZ SIMO, AND M. J. VICENTE VACAS PHYSICAL REVIEW C 83, 045501 (2011)
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FIG. 2. (Color online) Left: Definition of the kinematical variables used in this work. Right: Model for the W+N → N ′π reaction. It
consists of seven diagrams: Direct and crossed "(1232)− (first row) and nucleon (second row) pole terms, contact and pion pole contribution
(third row), and finally the pion-in-flight term. Throughout this work, we will label these contributions by "P , C"P , NP , CNP , CT , PP ,
and PF , respectively. The circle in the diagrams stands for the weak transition vertex.

the final nucleus is left in a determined nuclear level. On
the other hand, the LFG description of the nucleus allows
for an accurate treatment of the dynamics of the elementary
processes (interaction of gauge bosons with nucleons, nucleon
resonances, and mesons, interaction between nucleons or
between mesons and nucleons, etc.) which occur inside the
nuclear medium. Within a finite nuclei scenario, such a
treatment becomes hard to implement, and often the dynamics
is simplified in order to deal with more elaborated nuclear
wave functions.

C. The virtual W self-energy in pion production:
1p1h1π contribution

In this section, we calculate the contribution to the cross
section from W+ gauge boson self-energy diagrams which
contains pion production in the intermediate states. We will
use the model for the CC neutrino-pion production reaction
off the nucleon,

νl(k) + N (p) → l− (k′) + N (p′) + π (kπ ), (10)

models are substantially different. Shell model distributions present
discrete contributions and in the continuum appear sharp scattering
resonances. Despite the fact that those distinctive features do not
appear in the LFG differential decay widths, the totally integrated
widths (inclusive observable) obtained from both descriptions of the
process do not differ by more than 5% or 10%. The typical nuclear
excitation energies in muon and radiative pion capture in nuclei are
small, of the order of 20 MeV, and thus one expects that at higher
excitation energies, where one should sum up over a larger number
of nuclear final states, the LFG predictions for inclusive observables
would become even more reliable.

derived in Refs. [32,35]. This process, at intermediate energies,
is traditionally described in the literature by means of the
weak excitation of the "(1232) resonance and its subsequent
decay into Nπ . In Ref. [32], some background terms required
by the pattern of spontaneous chiral symmetry breaking of
QCD are also included. Their contributions are sizable and
lead to significant effects in total and partially integrated pion
production cross sections even at the "(1232) resonance peak,
and they are dominant near pion threshold. The model consists
of seven diagrams (right panel of Fig. 2). The contributions of
the different diagrams are calculated by using the effective
Lagrangian of the SU(2) nonlinear σ model, supplemented
with some form factors (see Ref. [32] for details). In this work,
we will use the set IV of form factors compiled in Table I of
Ref. [35]. The available data set on neutrino and antineutrino
pion production on nucleons is described reasonably well.
Nonetheless, we must mention that the experimental data still
have large uncertainties and there exist conflicting data for
some channels.

The discussed model can be considered an extension of
that developed in Ref. [1] for the eN → e′Nπ reaction. For
the latter case, the model, which contains a theoretically well-
founded description of the background amplitudes, provides
the same level of accuracy [36] as the MAID model [46], which
ensures its applicability to the leptoproduction processes at
least up to W < 1.4 GeV, W being the outgoing πN invariant
mass.

We move now to the computation of the W+ gauge boson
self-energy diagrams which contain pion production in the
intermediate states. This is readily accomplished by taking the
W+N → πN ′ amplitude of Fig. 2 and folding it with itself.
One gets then the diagram of Fig. 3, where the circle stands for
any of the seven terms of the elementary model for WN →
πN ′. The solid lines going up and down in Fig. 3 follow the

045501-4

h h

p p

interaction vertex? 
NN potential?

initial nucleons 
distributionLocal Fermi Gas 

Interaction 
vertex

NN potential

4

We introduced F⇡(p2) form factor to account for o↵-shell e↵ects on the ⇡NN vertex and f2
⇡NN/4⇡ = 0.08. The

potential V⇡(p) can be split into scalar and tensor parts:

(~�1 · p̂) (~�2 · p̂) =
1

3
~�1 · ~�2 +

1

3
S12(p̂) (6)

with the tensor operator S12(p̂) = 3(~�1 · p̂) (~�2 · p̂) � ~�1 · ~�2. The Fourier transform to the coordinate space, in the
static limit (p0 = 0) and neglecting the F⇡(p2) form factor, of the scalar potential gives rise to

V⇡(~r ) =
1

3

f2
⇡NN

m2
⇡

✓
�3(~r)� m2

⇡

4⇡

e�m⇡|~r|

|~r|

◆
~�1 · ~�2 ~⌧1 · ~⌧2 (7)

with |~r| , the NN relative distance. The term proportional to �3(~r) comes from the construction of the potential
when nucleons are treated as point-like particles. This is not a correct physical behaviour and it is firstly corrected
by the form-factor F⇡(p2). Nevertheless, it is well known that the strong short-range correlations prevent nucleons
from getting close to each other, and thus at shorter distances, two pion exchange mechanism gains on importance.
One pion exchange describes the long-range part of interaction, corresponding to distances |~r | � �⇡ = 1

m⇡
⇡ 1.4 fm.

Moreover, short-range correlations are modified inside of the nuclear medium.
In addition, the vector-isovector channel of the NN interaction is also strongly influenced by the ⇢�meson (trans-

verse) exchange:

V⇢(p) = C⇢
f2
⇡NN

m2
⇡

F 2
⇢ (p

2) ~p 2D⇢(p
2) (~�1 ⇥ p̂) (~�2 ⇥ p̂) ~⌧1 · ~⌧2 (8)

with

D⇢(p
2) =

1

p2 �m2
⇢ + i✏

, F⇢(p
2) =

⇤2
⇢ �m2

⇢

⇤2
⇢ � p2

, ⇤⇢ = 2500 MeV , m⇢ = 770 MeV , C⇢ = 2 (9)

Again, it can be separated into the scalar and tensor parts,

(~�1 ⇥ p̂) (~�2 ⇥ p̂) =
2

3
~�1 · ~�2 �

1

3
S12(p̂) (10)

with the former one also giving rise to a non-regularized �3(~r ) term. On the other hand, the tensor components have
an opposite sign for longitudinal and transverse parts and thus partially cancel (compare Eqs. (6) and (10)). The
approach of describing the nucleon-nucleon interaction in terms of meson-exchanges breaks down at short distances
where the potential is known to be strongly repulsive.3 At this stage we follow Ref. [7] and introduce the e↵ective
terms g0l and g0t to account for short-range e↵ects of the NN ��⌧⌧ interaction inside of the nuclear medium,

V (p) = V⇡(p) + V⇢(p) +
f2
⇡NN

m2
⇡

g0l(p) (~�1 · p̂) (~�2 · p̂) ~⌧1 · ~⌧2 + C⇢
f2
⇡NN

m2
⇡

g0t(p) (~�1 ⇥ p̂) (~�2 ⇥ p̂) ~⌧1 · ~⌧2 (11)

To obtain g0l and g0t, we follow the discussion of Ref [31], where a phenomenological correlation function ⌦(~r ) was
introduced, fulfilling the conditions:

⌦(~r = ~0 ) = 0 , ⌦(~r ) u 1 for |~r | ' rc . (12)

with rc a distance between nucleons below which they feel a strong repulsion whose details cannot be disentangle
in the medium. The distance rc is estimated to be around 2.6 fm, which corresponds to the mass of the ! meson,
qc = 780 MeV. The desired behaviour of the potential is imposed by modulating the potential with the short-distance
function,

V (~r ) =
⇥
V⇡(~r ) + V⇢(~r )

⇤
⌦(~r ) (13)

3
In the calculations presented in this work the main strength will come from low and medium values of transferred momenta ~p between

nucleons (for neutrinos E⌫  2 GeV, |~p | peaks below 0.5 GeV, see the right panel in Fig. 2). These values of momenta probe mainly

the region described by one and two pion exchange potential.

 11 Much more than one-pion exchange



INTERACTION  VERTEX
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FIG. 2. (Color online) Left: Definition of the kinematical variables used in this work. Right: Model for the W+N → N ′π reaction. It
consists of seven diagrams: Direct and crossed "(1232)− (first row) and nucleon (second row) pole terms, contact and pion pole contribution
(third row), and finally the pion-in-flight term. Throughout this work, we will label these contributions by "P , C"P , NP , CNP , CT , PP ,
and PF , respectively. The circle in the diagrams stands for the weak transition vertex.

the final nucleus is left in a determined nuclear level. On
the other hand, the LFG description of the nucleus allows
for an accurate treatment of the dynamics of the elementary
processes (interaction of gauge bosons with nucleons, nucleon
resonances, and mesons, interaction between nucleons or
between mesons and nucleons, etc.) which occur inside the
nuclear medium. Within a finite nuclei scenario, such a
treatment becomes hard to implement, and often the dynamics
is simplified in order to deal with more elaborated nuclear
wave functions.

C. The virtual W self-energy in pion production:
1p1h1π contribution

In this section, we calculate the contribution to the cross
section from W+ gauge boson self-energy diagrams which
contains pion production in the intermediate states. We will
use the model for the CC neutrino-pion production reaction
off the nucleon,

νl(k) + N (p) → l− (k′) + N (p′) + π (kπ ), (10)

models are substantially different. Shell model distributions present
discrete contributions and in the continuum appear sharp scattering
resonances. Despite the fact that those distinctive features do not
appear in the LFG differential decay widths, the totally integrated
widths (inclusive observable) obtained from both descriptions of the
process do not differ by more than 5% or 10%. The typical nuclear
excitation energies in muon and radiative pion capture in nuclei are
small, of the order of 20 MeV, and thus one expects that at higher
excitation energies, where one should sum up over a larger number
of nuclear final states, the LFG predictions for inclusive observables
would become even more reliable.

derived in Refs. [32,35]. This process, at intermediate energies,
is traditionally described in the literature by means of the
weak excitation of the "(1232) resonance and its subsequent
decay into Nπ . In Ref. [32], some background terms required
by the pattern of spontaneous chiral symmetry breaking of
QCD are also included. Their contributions are sizable and
lead to significant effects in total and partially integrated pion
production cross sections even at the "(1232) resonance peak,
and they are dominant near pion threshold. The model consists
of seven diagrams (right panel of Fig. 2). The contributions of
the different diagrams are calculated by using the effective
Lagrangian of the SU(2) nonlinear σ model, supplemented
with some form factors (see Ref. [32] for details). In this work,
we will use the set IV of form factors compiled in Table I of
Ref. [35]. The available data set on neutrino and antineutrino
pion production on nucleons is described reasonably well.
Nonetheless, we must mention that the experimental data still
have large uncertainties and there exist conflicting data for
some channels.

The discussed model can be considered an extension of
that developed in Ref. [1] for the eN → e′Nπ reaction. For
the latter case, the model, which contains a theoretically well-
founded description of the background amplitudes, provides
the same level of accuracy [36] as the MAID model [46], which
ensures its applicability to the leptoproduction processes at
least up to W < 1.4 GeV, W being the outgoing πN invariant
mass.

We move now to the computation of the W+ gauge boson
self-energy diagrams which contain pion production in the
intermediate states. This is readily accomplished by taking the
W+N → πN ′ amplitude of Fig. 2 and folding it with itself.
One gets then the diagram of Fig. 3, where the circle stands for
any of the seven terms of the elementary model for WN →
πN ′. The solid lines going up and down in Fig. 3 follow the

045501-4

The same set of diagrams as 
for the pion production.

Recently benchmarked with 
electron data and with Sato-

Lee and DCC models  
(Phys. Rev. D98. 073001)

full HNV model, leading to an excellent description of the
experimental distribution. This is particularly reassuring
because, though the HNV model uses vector form factors
that have been in principle fitted to data, its latest refine-
ment [22] (modification of the Δ propagator, motivated by
the use of the so-called consistent couplings [28]) was
derived only from neutrino pion production data. Note
that the final pπ0 and nπþ states in the electron-induced
reactions are not purely isospin 3=2 states, and thus they
receive sizable contributions from nonresonant mecha-
nisms, in particular from the Δ crossed term which is
corrected by the use of consistent couplings.
For electrons we have access to very precise experi-

mental measurements of the pion angular distributions. It is
common to write the differential cross section as [see
Eq. (D4)]

dσem
dΩ0dE0dΩ"

π
¼ Γem

n
σT þ εσL þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2εð1þ εÞ

p
σLT cosϕ"

π

þ h
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2εð1− εÞ

p
σLT0 sinϕ"

π þ εσTT cos 2ϕ"
π

o

ð58Þ

where the different quantities have been introduced in
Appendix D. It is a valid expression when both electrons
are ultrarelativistic and the initial electron is polarized with
well-defined helicity h. As also mentioned in Sec. III B
and the Appendix D, the presence of the sinϕ"

π term does
not imply parity violation in this case, since the helicity
also changes sign under parity. It is straightforward to
see a direct correspondence of the terms σT þ εσL, σLT , σTT
and σLT 0 and the A", B", C" and D" structure functions
introduced for neutrinos in Eq. (31).
After integrating over Ω"

π, only the σT and σL terms
contribute to the dσem=ðdΩ0dE0Þ differential cross section.
These partially integrated distributions

σ̃T ¼
Z

σTdΩ"
π; σ̃L ¼

Z
σLdΩ"

π

have been measured for various values of Q2 and WπN . In
Fig. 23, we present the predictions for σ̃T;L obtained from
the DCC, SL and HNV models and they are compared to
the data of Ref. [38]. Not much can be said about the
accuracy of the predictions for σ̃L because of the large
experimental uncertainties. For σ̃T, which largely domi-
nates over σ̃L, we find an acceptable description of the
data, and we observe a similar behavior as in the case of
dσem=ðdΩ0dE0Þ presented in Fig. 22: the HNV predicts less
strength below the Δ peak, while the SL model under-
estimates the experimental points above it.
In the following, we shall further compare the theoretical

pion angular distributions for the e−p → e−pπ0 and
e−p → e−nπþ channels, for WπN invariant masses in the
vicinity of the Δ peak and for two Q2 values for which
precise data are available. In Fig. 24, we show results for
WπN ¼ 1.221GeV and a very low Q2 ¼ 0.06GeV2=c2

value and compare them to data taken from Ref. [39]. The
latter correspond to the lowest Q2 measurement of these
observables that has been performed so far. They cover a
small θ"π range, above 140°, and only for the e−p → e−pπ0

channel. We show results from the three models, for both
pπ0 and nπþ final states, and the full θ"π range. For the
e−p → e−nπþ channel (right panels in Fig. 24) all models
give very similar results for all the structure functions. For
e−p → e−pπ0 (left panels in Fig. 24), the theoretical
predictions differ for the transverse-longitudinal interfer-
ence terms, σLT 0 and σLT , and also for the longitudinal σL
differential cross section. These contributions are much
smaller than σT (≤ 5%), in particular σL, so that all models
would predict similar dσ=dQ2dWπN cross sections. As it
has been discussed at the end of Sec. III B 1, in the case
of the HNV model, σLT 0 (or correspondingly the D"

function for neutrinos) appears as a consequence of
interference between the ΔP term and the background
contributions (which have different phases mainly because
of the nonzero imaginary part of the Δ propagator).
Background terms in the e−p → e−pπ0 channel are small
within the HNV model (isospin symmetry forbids the CT

FIG. 23. Data and theoretical predictions for the σ̃T ¼
R
σTdΩ"

π and σ̃L ¼
R
σLdΩ"

π inclusive cross sections off protons (pπ0 þnπþ),
as a function of the πN invariant mass, and for two fixed values of Q2 ¼ 0.2 GeV2 (left panel) and Q2 ¼ 0.5 GeV2 (right panel). Data
are taken from Ref. [38].

ANGULAR DISTRIBUTIONS IN ELECTROWEAK PION … PHYS. REV. D 98, 073001 (2018)
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INITIAL / FINAL STATE 
CORRELATIONS

SOBCZYK, NIEVES, AND SÁNCHEZ PHYSICAL REVIEW C 102, 024601 (2020)

AISC = AMEC = AFSC =

|AISC|2 ∝ |AMEC|2 ∝ |AFSC|2 ∝

FIG. 2. Feynman open (first row) and many-body (second row) diagrams for three possible 2p2h mechanisms: diagonal ISC, MEC, and
FSC terms. In the second row, horizontal dotted lines stand for the Cutkosky cuts which put on the mass shell the 2p2h excitation. The blue
dots in the MEC diagrams stand for a general interaction vertex, which in our model consists of five contributions: ! and crossed-! exchange,
pion in flight, pion pole, and contact term (see Fig. 2 in Ref. [18]). The baryon-baryon interactions are described in Sec. II B and include both
short- and long- (RPA) range correlations.

Expressions for the hadron tensor corresponding to the 2p2h
diagrams in Fig. 1 can be found in Eqs. (27), (35), (36), and
(40) of Ref. [18]. However, in the calculations presented in
this work we will not perform an average over the initial
nucleons momenta that appear in the electroweak amplitudes,
as done in Ref. [18] [see the discussion around Eqs. (18)
and (19) in the latter reference]. As was explained there, the
difference between this approximated calculation and the full
one is not large for inclusive cross sections. Here, however, we
want to analyze exclusive hadronic final states which might
be more sensitive to the averages done in the integrations. Let
us also notice that in this way we automatically include the
integration of Eq. (31) of Ref. [18] which was introduced to
deal with the pole of nucleon propagator (see the discussion
above Eq. (31) of Ref. [18]).

A. Initial- and final-state correlations

Having said what the classes of diagrams included in the
formalism adopted here are, depicted in Fig. 1 and described
in more detail in Ref. [18], we discuss the framework in a
more general context of nuclear reactions, for which both the
initial and final many-body states are composed of correlated
nucleons. The effects of these correlations can be rigorously
taken into account in a variety of ab initioapproaches which
recently have reached maturity to be able to calculate many-
body nuclear transitions triggered by external electroweak
probes [8]. Nevertheless, as already mentioned, these calcu-
lations are still limited by the size of nuclear system and
transferred energies by the problems to properly account for
pion production and the excitation of ! degrees of freedom.
In addition, they can be applied only to predict inclusive cross

sections, while we aim here at obtaining outgoing nucleon
distributions, which can be also confronted with data.

Some more phenomenological treatments might work bet-
ter in regards to these limitations, at the price of only partially
or effectively taking into account some of the correlation
effects. In the approach used in this work [18,25], correlations
beyond the statistical ones are neglected in the distribution
of initial nucleons. Within the local density approximation,
the nuclear density is treated as a small expansion parameter,
which can be translated into the number of hole state propaga-
tors involved in each diagram. This guides us to sum classes
of diagrams which give important contributions to the cross
section, while neglecting others, with larger number of hole
state propagators [25,39] (see also Ref. [40]).

With this in mind, let us consider in Fig. 2 three contribu-
tions to the inclusive nuclear cross section, for which the W
gauge boson gets absorbed by two nucleons in the primary
(weak) reaction. Looking at the open diagrams shown in the
first row of the figure, we see that the first and third ones
account for nuclear effects due to ISC and FSC, respectively,
of the involved nucleons, this is, absorption by a pair of
correlated nucleons. The second diagram stands for a MEC
mechanism, where the W emits a virtual pion (pion pole)
or is absorbed by an exchanged pion (pion in flight) or
its absorption involves an N-to-! transition. There is also
a contact term, required by chiral symmetry, in the model
for MEC [16]. In the second row of Fig. 2, we show the
corresponding many-body diagrams associated to the squared
amplitudes of those depicted in the first row, when they are cut
by the horizontal dotted line and the 2p2h are placed on shell
(Cutkosky’s rule). In addition, one has to take into account
all possible interference terms, for instance, the two diagrams

024601-4

J. NIEVES, I. RUIZ SIMO, AND M. J. VICENTE VACAS PHYSICAL REVIEW C 83, 045501 (2011)

W+

∆

N ∆
N’

π π

+

+

N’

πW W

N NN N

+W

N

π

N’

W

N π

N’

π
π

W

W

+

+

N’

N’

π

π

N

N
’

N

k

θ

kπ

θπ

Z

Xφπ

  Y

’

q

k’

+

FIG. 2. (Color online) Left: Definition of the kinematical variables used in this work. Right: Model for the W+N → N ′π reaction. It
consists of seven diagrams: Direct and crossed "(1232)− (first row) and nucleon (second row) pole terms, contact and pion pole contribution
(third row), and finally the pion-in-flight term. Throughout this work, we will label these contributions by "P , C"P , NP , CNP , CT , PP ,
and PF , respectively. The circle in the diagrams stands for the weak transition vertex.

the final nucleus is left in a determined nuclear level. On
the other hand, the LFG description of the nucleus allows
for an accurate treatment of the dynamics of the elementary
processes (interaction of gauge bosons with nucleons, nucleon
resonances, and mesons, interaction between nucleons or
between mesons and nucleons, etc.) which occur inside the
nuclear medium. Within a finite nuclei scenario, such a
treatment becomes hard to implement, and often the dynamics
is simplified in order to deal with more elaborated nuclear
wave functions.

C. The virtual W self-energy in pion production:
1p1h1π contribution

In this section, we calculate the contribution to the cross
section from W+ gauge boson self-energy diagrams which
contains pion production in the intermediate states. We will
use the model for the CC neutrino-pion production reaction
off the nucleon,

νl(k) + N (p) → l− (k′) + N (p′) + π (kπ ), (10)

models are substantially different. Shell model distributions present
discrete contributions and in the continuum appear sharp scattering
resonances. Despite the fact that those distinctive features do not
appear in the LFG differential decay widths, the totally integrated
widths (inclusive observable) obtained from both descriptions of the
process do not differ by more than 5% or 10%. The typical nuclear
excitation energies in muon and radiative pion capture in nuclei are
small, of the order of 20 MeV, and thus one expects that at higher
excitation energies, where one should sum up over a larger number
of nuclear final states, the LFG predictions for inclusive observables
would become even more reliable.

derived in Refs. [32,35]. This process, at intermediate energies,
is traditionally described in the literature by means of the
weak excitation of the "(1232) resonance and its subsequent
decay into Nπ . In Ref. [32], some background terms required
by the pattern of spontaneous chiral symmetry breaking of
QCD are also included. Their contributions are sizable and
lead to significant effects in total and partially integrated pion
production cross sections even at the "(1232) resonance peak,
and they are dominant near pion threshold. The model consists
of seven diagrams (right panel of Fig. 2). The contributions of
the different diagrams are calculated by using the effective
Lagrangian of the SU(2) nonlinear σ model, supplemented
with some form factors (see Ref. [32] for details). In this work,
we will use the set IV of form factors compiled in Table I of
Ref. [35]. The available data set on neutrino and antineutrino
pion production on nucleons is described reasonably well.
Nonetheless, we must mention that the experimental data still
have large uncertainties and there exist conflicting data for
some channels.

The discussed model can be considered an extension of
that developed in Ref. [1] for the eN → e′Nπ reaction. For
the latter case, the model, which contains a theoretically well-
founded description of the background amplitudes, provides
the same level of accuracy [36] as the MAID model [46], which
ensures its applicability to the leptoproduction processes at
least up to W < 1.4 GeV, W being the outgoing πN invariant
mass.

We move now to the computation of the W+ gauge boson
self-energy diagrams which contain pion production in the
intermediate states. This is readily accomplished by taking the
W+N → πN ′ amplitude of Fig. 2 and folding it with itself.
One gets then the diagram of Fig. 3, where the circle stands for
any of the seven terms of the elementary model for WN →
πN ′. The solid lines going up and down in Fig. 3 follow the
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the final nucleus is left in a determined nuclear level. On
the other hand, the LFG description of the nucleus allows
for an accurate treatment of the dynamics of the elementary
processes (interaction of gauge bosons with nucleons, nucleon
resonances, and mesons, interaction between nucleons or
between mesons and nucleons, etc.) which occur inside the
nuclear medium. Within a finite nuclei scenario, such a
treatment becomes hard to implement, and often the dynamics
is simplified in order to deal with more elaborated nuclear
wave functions.

C. The virtual W self-energy in pion production:
1p1h1π contribution

In this section, we calculate the contribution to the cross
section from W+ gauge boson self-energy diagrams which
contains pion production in the intermediate states. We will
use the model for the CC neutrino-pion production reaction
off the nucleon,

νl(k) + N (p) → l− (k′) + N (p′) + π (kπ ), (10)

models are substantially different. Shell model distributions present
discrete contributions and in the continuum appear sharp scattering
resonances. Despite the fact that those distinctive features do not
appear in the LFG differential decay widths, the totally integrated
widths (inclusive observable) obtained from both descriptions of the
process do not differ by more than 5% or 10%. The typical nuclear
excitation energies in muon and radiative pion capture in nuclei are
small, of the order of 20 MeV, and thus one expects that at higher
excitation energies, where one should sum up over a larger number
of nuclear final states, the LFG predictions for inclusive observables
would become even more reliable.

derived in Refs. [32,35]. This process, at intermediate energies,
is traditionally described in the literature by means of the
weak excitation of the "(1232) resonance and its subsequent
decay into Nπ . In Ref. [32], some background terms required
by the pattern of spontaneous chiral symmetry breaking of
QCD are also included. Their contributions are sizable and
lead to significant effects in total and partially integrated pion
production cross sections even at the "(1232) resonance peak,
and they are dominant near pion threshold. The model consists
of seven diagrams (right panel of Fig. 2). The contributions of
the different diagrams are calculated by using the effective
Lagrangian of the SU(2) nonlinear σ model, supplemented
with some form factors (see Ref. [32] for details). In this work,
we will use the set IV of form factors compiled in Table I of
Ref. [35]. The available data set on neutrino and antineutrino
pion production on nucleons is described reasonably well.
Nonetheless, we must mention that the experimental data still
have large uncertainties and there exist conflicting data for
some channels.

The discussed model can be considered an extension of
that developed in Ref. [1] for the eN → e′Nπ reaction. For
the latter case, the model, which contains a theoretically well-
founded description of the background amplitudes, provides
the same level of accuracy [36] as the MAID model [46], which
ensures its applicability to the leptoproduction processes at
least up to W < 1.4 GeV, W being the outgoing πN invariant
mass.

We move now to the computation of the W+ gauge boson
self-energy diagrams which contain pion production in the
intermediate states. This is readily accomplished by taking the
W+N → πN ′ amplitude of Fig. 2 and folding it with itself.
One gets then the diagram of Fig. 3, where the circle stands for
any of the seven terms of the elementary model for WN →
πN ′. The solid lines going up and down in Fig. 3 follow the
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FIG. 2. Feynman open (first row) and many-body (second row) diagrams for three possible 2p2h mechanisms: diagonal ISC, MEC, and
FSC terms. In the second row, horizontal dotted lines stand for the Cutkosky cuts which put on the mass shell the 2p2h excitation. The blue
dots in the MEC diagrams stand for a general interaction vertex, which in our model consists of five contributions: ! and crossed-! exchange,
pion in flight, pion pole, and contact term (see Fig. 2 in Ref. [18]). The baryon-baryon interactions are described in Sec. II B and include both
short- and long- (RPA) range correlations.

Expressions for the hadron tensor corresponding to the 2p2h
diagrams in Fig. 1 can be found in Eqs. (27), (35), (36), and
(40) of Ref. [18]. However, in the calculations presented in
this work we will not perform an average over the initial
nucleons momenta that appear in the electroweak amplitudes,
as done in Ref. [18] [see the discussion around Eqs. (18)
and (19) in the latter reference]. As was explained there, the
difference between this approximated calculation and the full
one is not large for inclusive cross sections. Here, however, we
want to analyze exclusive hadronic final states which might
be more sensitive to the averages done in the integrations. Let
us also notice that in this way we automatically include the
integration of Eq. (31) of Ref. [18] which was introduced to
deal with the pole of nucleon propagator (see the discussion
above Eq. (31) of Ref. [18]).

A. Initial- and final-state correlations

Having said what the classes of diagrams included in the
formalism adopted here are, depicted in Fig. 1 and described
in more detail in Ref. [18], we discuss the framework in a
more general context of nuclear reactions, for which both the
initial and final many-body states are composed of correlated
nucleons. The effects of these correlations can be rigorously
taken into account in a variety of ab initioapproaches which
recently have reached maturity to be able to calculate many-
body nuclear transitions triggered by external electroweak
probes [8]. Nevertheless, as already mentioned, these calcu-
lations are still limited by the size of nuclear system and
transferred energies by the problems to properly account for
pion production and the excitation of ! degrees of freedom.
In addition, they can be applied only to predict inclusive cross

sections, while we aim here at obtaining outgoing nucleon
distributions, which can be also confronted with data.

Some more phenomenological treatments might work bet-
ter in regards to these limitations, at the price of only partially
or effectively taking into account some of the correlation
effects. In the approach used in this work [18,25], correlations
beyond the statistical ones are neglected in the distribution
of initial nucleons. Within the local density approximation,
the nuclear density is treated as a small expansion parameter,
which can be translated into the number of hole state propaga-
tors involved in each diagram. This guides us to sum classes
of diagrams which give important contributions to the cross
section, while neglecting others, with larger number of hole
state propagators [25,39] (see also Ref. [40]).

With this in mind, let us consider in Fig. 2 three contribu-
tions to the inclusive nuclear cross section, for which the W
gauge boson gets absorbed by two nucleons in the primary
(weak) reaction. Looking at the open diagrams shown in the
first row of the figure, we see that the first and third ones
account for nuclear effects due to ISC and FSC, respectively,
of the involved nucleons, this is, absorption by a pair of
correlated nucleons. The second diagram stands for a MEC
mechanism, where the W emits a virtual pion (pion pole)
or is absorbed by an exchanged pion (pion in flight) or
its absorption involves an N-to-! transition. There is also
a contact term, required by chiral symmetry, in the model
for MEC [16]. In the second row of Fig. 2, we show the
corresponding many-body diagrams associated to the squared
amplitudes of those depicted in the first row, when they are cut
by the horizontal dotted line and the 2p2h are placed on shell
(Cutkosky’s rule). In addition, one has to take into account
all possible interference terms, for instance, the two diagrams
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the final nucleus is left in a determined nuclear level. On
the other hand, the LFG description of the nucleus allows
for an accurate treatment of the dynamics of the elementary
processes (interaction of gauge bosons with nucleons, nucleon
resonances, and mesons, interaction between nucleons or
between mesons and nucleons, etc.) which occur inside the
nuclear medium. Within a finite nuclei scenario, such a
treatment becomes hard to implement, and often the dynamics
is simplified in order to deal with more elaborated nuclear
wave functions.

C. The virtual W self-energy in pion production:
1p1h1π contribution

In this section, we calculate the contribution to the cross
section from W+ gauge boson self-energy diagrams which
contains pion production in the intermediate states. We will
use the model for the CC neutrino-pion production reaction
off the nucleon,

νl(k) + N (p) → l− (k′) + N (p′) + π (kπ ), (10)

models are substantially different. Shell model distributions present
discrete contributions and in the continuum appear sharp scattering
resonances. Despite the fact that those distinctive features do not
appear in the LFG differential decay widths, the totally integrated
widths (inclusive observable) obtained from both descriptions of the
process do not differ by more than 5% or 10%. The typical nuclear
excitation energies in muon and radiative pion capture in nuclei are
small, of the order of 20 MeV, and thus one expects that at higher
excitation energies, where one should sum up over a larger number
of nuclear final states, the LFG predictions for inclusive observables
would become even more reliable.

derived in Refs. [32,35]. This process, at intermediate energies,
is traditionally described in the literature by means of the
weak excitation of the "(1232) resonance and its subsequent
decay into Nπ . In Ref. [32], some background terms required
by the pattern of spontaneous chiral symmetry breaking of
QCD are also included. Their contributions are sizable and
lead to significant effects in total and partially integrated pion
production cross sections even at the "(1232) resonance peak,
and they are dominant near pion threshold. The model consists
of seven diagrams (right panel of Fig. 2). The contributions of
the different diagrams are calculated by using the effective
Lagrangian of the SU(2) nonlinear σ model, supplemented
with some form factors (see Ref. [32] for details). In this work,
we will use the set IV of form factors compiled in Table I of
Ref. [35]. The available data set on neutrino and antineutrino
pion production on nucleons is described reasonably well.
Nonetheless, we must mention that the experimental data still
have large uncertainties and there exist conflicting data for
some channels.

The discussed model can be considered an extension of
that developed in Ref. [1] for the eN → e′Nπ reaction. For
the latter case, the model, which contains a theoretically well-
founded description of the background amplitudes, provides
the same level of accuracy [36] as the MAID model [46], which
ensures its applicability to the leptoproduction processes at
least up to W < 1.4 GeV, W being the outgoing πN invariant
mass.

We move now to the computation of the W+ gauge boson
self-energy diagrams which contain pion production in the
intermediate states. This is readily accomplished by taking the
W+N → πN ′ amplitude of Fig. 2 and folding it with itself.
One gets then the diagram of Fig. 3, where the circle stands for
any of the seven terms of the elementary model for WN →
πN ′. The solid lines going up and down in Fig. 3 follow the
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the final nucleus is left in a determined nuclear level. On
the other hand, the LFG description of the nucleus allows
for an accurate treatment of the dynamics of the elementary
processes (interaction of gauge bosons with nucleons, nucleon
resonances, and mesons, interaction between nucleons or
between mesons and nucleons, etc.) which occur inside the
nuclear medium. Within a finite nuclei scenario, such a
treatment becomes hard to implement, and often the dynamics
is simplified in order to deal with more elaborated nuclear
wave functions.

C. The virtual W self-energy in pion production:
1p1h1π contribution

In this section, we calculate the contribution to the cross
section from W+ gauge boson self-energy diagrams which
contains pion production in the intermediate states. We will
use the model for the CC neutrino-pion production reaction
off the nucleon,

νl(k) + N (p) → l− (k′) + N (p′) + π (kπ ), (10)

models are substantially different. Shell model distributions present
discrete contributions and in the continuum appear sharp scattering
resonances. Despite the fact that those distinctive features do not
appear in the LFG differential decay widths, the totally integrated
widths (inclusive observable) obtained from both descriptions of the
process do not differ by more than 5% or 10%. The typical nuclear
excitation energies in muon and radiative pion capture in nuclei are
small, of the order of 20 MeV, and thus one expects that at higher
excitation energies, where one should sum up over a larger number
of nuclear final states, the LFG predictions for inclusive observables
would become even more reliable.

derived in Refs. [32,35]. This process, at intermediate energies,
is traditionally described in the literature by means of the
weak excitation of the "(1232) resonance and its subsequent
decay into Nπ . In Ref. [32], some background terms required
by the pattern of spontaneous chiral symmetry breaking of
QCD are also included. Their contributions are sizable and
lead to significant effects in total and partially integrated pion
production cross sections even at the "(1232) resonance peak,
and they are dominant near pion threshold. The model consists
of seven diagrams (right panel of Fig. 2). The contributions of
the different diagrams are calculated by using the effective
Lagrangian of the SU(2) nonlinear σ model, supplemented
with some form factors (see Ref. [32] for details). In this work,
we will use the set IV of form factors compiled in Table I of
Ref. [35]. The available data set on neutrino and antineutrino
pion production on nucleons is described reasonably well.
Nonetheless, we must mention that the experimental data still
have large uncertainties and there exist conflicting data for
some channels.

The discussed model can be considered an extension of
that developed in Ref. [1] for the eN → e′Nπ reaction. For
the latter case, the model, which contains a theoretically well-
founded description of the background amplitudes, provides
the same level of accuracy [36] as the MAID model [46], which
ensures its applicability to the leptoproduction processes at
least up to W < 1.4 GeV, W being the outgoing πN invariant
mass.

We move now to the computation of the W+ gauge boson
self-energy diagrams which contain pion production in the
intermediate states. This is readily accomplished by taking the
W+N → πN ′ amplitude of Fig. 2 and folding it with itself.
One gets then the diagram of Fig. 3, where the circle stands for
any of the seven terms of the elementary model for WN →
πN ′. The solid lines going up and down in Fig. 3 follow the
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the final nucleus is left in a determined nuclear level. On
the other hand, the LFG description of the nucleus allows
for an accurate treatment of the dynamics of the elementary
processes (interaction of gauge bosons with nucleons, nucleon
resonances, and mesons, interaction between nucleons or
between mesons and nucleons, etc.) which occur inside the
nuclear medium. Within a finite nuclei scenario, such a
treatment becomes hard to implement, and often the dynamics
is simplified in order to deal with more elaborated nuclear
wave functions.

C. The virtual W self-energy in pion production:
1p1h1π contribution

In this section, we calculate the contribution to the cross
section from W+ gauge boson self-energy diagrams which
contains pion production in the intermediate states. We will
use the model for the CC neutrino-pion production reaction
off the nucleon,

νl(k) + N (p) → l− (k′) + N (p′) + π (kπ ), (10)

models are substantially different. Shell model distributions present
discrete contributions and in the continuum appear sharp scattering
resonances. Despite the fact that those distinctive features do not
appear in the LFG differential decay widths, the totally integrated
widths (inclusive observable) obtained from both descriptions of the
process do not differ by more than 5% or 10%. The typical nuclear
excitation energies in muon and radiative pion capture in nuclei are
small, of the order of 20 MeV, and thus one expects that at higher
excitation energies, where one should sum up over a larger number
of nuclear final states, the LFG predictions for inclusive observables
would become even more reliable.

derived in Refs. [32,35]. This process, at intermediate energies,
is traditionally described in the literature by means of the
weak excitation of the "(1232) resonance and its subsequent
decay into Nπ . In Ref. [32], some background terms required
by the pattern of spontaneous chiral symmetry breaking of
QCD are also included. Their contributions are sizable and
lead to significant effects in total and partially integrated pion
production cross sections even at the "(1232) resonance peak,
and they are dominant near pion threshold. The model consists
of seven diagrams (right panel of Fig. 2). The contributions of
the different diagrams are calculated by using the effective
Lagrangian of the SU(2) nonlinear σ model, supplemented
with some form factors (see Ref. [32] for details). In this work,
we will use the set IV of form factors compiled in Table I of
Ref. [35]. The available data set on neutrino and antineutrino
pion production on nucleons is described reasonably well.
Nonetheless, we must mention that the experimental data still
have large uncertainties and there exist conflicting data for
some channels.

The discussed model can be considered an extension of
that developed in Ref. [1] for the eN → e′Nπ reaction. For
the latter case, the model, which contains a theoretically well-
founded description of the background amplitudes, provides
the same level of accuracy [36] as the MAID model [46], which
ensures its applicability to the leptoproduction processes at
least up to W < 1.4 GeV, W being the outgoing πN invariant
mass.

We move now to the computation of the W+ gauge boson
self-energy diagrams which contain pion production in the
intermediate states. This is readily accomplished by taking the
W+N → πN ′ amplitude of Fig. 2 and folding it with itself.
One gets then the diagram of Fig. 3, where the circle stands for
any of the seven terms of the elementary model for WN →
πN ′. The solid lines going up and down in Fig. 3 follow the
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IV. RESULTS

As we have stated in Subsec. IID, in the following analysis we will treat separately the 3p3h contribution to the �
self-energy, while the NEUT results are shown with both 2p2h and 3p3h inclusions according to the current model
implementation.

A. Total cross section and lepton di↵erential distributions

In Fig. 4 we show the total cross section for both 2p2h and 3p3h mechanisms on 12C. With the solid red line we plot
the result obtained with the present calculation. The dashed-dotted black line labeled “2p2h (prev)” corresponds to
the 2p2h result in which we include Im⌃� as in Ref. [14].4 We interpret the di↵erence between the two calculations
as a theoretical uncertainty of our approach, which is at the order of 5 � 10%. In the latter one, the 2p2h inclusion
into the � self-energy was parametrized (thus introducing some approximations). The 3p3h contribution, calculated
according to Ref. [7], is shown by the green dotted line. It corresponds to around 20% of the total 2p2h cross section
for neutrino energies above 1 GeV. This prediction should be treated with some caution. In principle a more careful
3p3h calculation could be performed but, as mentioned, it is technically complicated and the smallness of the expected
di↵erences discourage for the time being from further inquiries. Still, the approach we follow is one of the very few
existing and the most widely used in the studies of neutrino induced reactions.

All the curves in Fig. 4 have a similar energy dependence, with a plateau above E⌫ ⇡ 1.1 GeV. The reason for
this behaviour is a cut we impose in the momentum transfer |~q | < 1.2 GeV, which a↵ects largely the cross section
for E⌫ > 1 GeV. Thus, for instance, for E⌫ = 1.5 GeV this cut is responsible for neglecting around 10% of the
available phase space. Our model cannot probe high energy momentum transfers for various reasons. First of all, the
non-resonant terms of W±⇡N vertex are obtained within the chiral perturbation theory and can be safely used only
for low and moderate energy-momentum transfers. Besides, we do not include higher resonances above � exchange.
Moreover, our model for e↵ective in-medium interactions was constructed to describe exchange of moderate momenta
between ph or �h excitations. This momentum transfer sharp-cuto↵ corrects for the growth of the 2p2h+3p3h cross
section with the neutrino energy, for E⌫ > 1.2 GeV, found in the previous results of [14] (see for instance green squares
in Fig.5 of Ref. [2]). Below, E⌫ < 1.2 GeV, we successfully re-obtain the bulk of the results already published. There
exist minor di↵erences that can be ascribed to the new treatment of the �. We will see below that this is also the
case for the outgoing lepton di↵erential distributions.
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FIG. 4: Total cross section � [10�38cm2] on 12C as a function of incoming neutrino energy E⌫ . The solid red and dashed-dotted
black curves correspond to two calculations of the 2p2h explained in the text. The di↵erence between both cross sections can
be understood as a theoretical uncertainty of our approach. The dotted green curve corresponds to 3p3h and should be added
to the 2p2h contribution. In all cases, the cut | ~q |< 1.2 GeV in the momentum transfer is applied.

4
It means that we do not follow modifications described in Subsec. II B to compute the �� � contribution, however, we do introduce

the refinements described in Subsecs. II A, II C.

Cut in momentum 
transfer

 |q | ≤ 1.2 GeV
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Red: new calculation
Black: using Δ self-energy parametrisation

region mostly 
affected by the cut
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In Figs. 5 and 6 we show the d�/dq0 and d�/d✓µ lepton di↵erential cross sections respectively, for three incoming
neutrino energies, E⌫ = 0.5, 1, 1.5 GeV (rows) and for three cases of the isospin state of final nucleons: either summed
over isospin states (left), or for two protons (middle), or for neutron-proton final state (right). The dashed blue line
corresponds to the NEUT result, which follows the approach of Ref. [14] (we remind that in this case the 3p3h
contribution is included). For the d�/dq0 distribution at E⌫ = 1 GeV (the middle row in Fig. 5) we can clearly

�
���

�
���

�

� ��� ��� ��� ��� ���
ԓᅼ�ԓԠЈ <��ϯ΅ +K

ϵ �:2o>

ԠЈ (:2o)

�HH +?�MM2Hb- Ӻᇌ � ��� :2o

kTk?
kTk? UT`2pV

L1lh
jTj?

�
���

�
���

�

� ��� ��� ��� ��� ���

ԓᅼ�ԓԠЈ <��ϯ΅ +K
ϵ �:2o>

ԠЈ (:2o)

S`QiQM@T`QiQM BM i?2 }M�H bi�i2- Ӻᇌ � ��� :2o

kTk?
kTk? UT`2pV

L1lh

�
���

�
���

�

� ��� ��� ��� ��� ���

ԓᅼ�ԓԠЈ <��ϯ΅ +K
ϵ �:2o>

ԠЈ (:2o)

L2mi`QM@T`QiQM BM i?2 }M�H bi�i2- Ӻᇌ � ��� :2o

kTk?
kTk? UT`2pV

L1lh

�
���

�
���

�
���

� ��� ��� ��� ��� ��� ��� ��� ��� ��� �

ԓᅼ�ԠЈ <��ϯ΅ +K
ϵ �:2o>

ԠЈ (:2o)

�HH +?�MM2Hb- Ӻᇌ � � :2o

kTk?
kTk? UT`2pV

L1lh
jTj?

�
���

�
���

�
���

� ��� ��� ��� ��� ��� ��� ��� ��� ��� �
ԓᅼ�ԠЈ <��ϯ΅ +K

ϵ �:2o>
ԠЈ (:2o)

S`QiQM@T`QiQM BM i?2 }M�H bi�i2- Ӻᇌ � � :2o

kTk?
kTk? UT`2pV

L1lh

�
���

�
���

�
���

� ��� ��� ��� ��� ��� ��� ��� ��� ��� �

ԓᅼ�ԠЈ <��ϯ΅ +K
ϵ �:2o>

ԠЈ (:2o)

L2mi`QM@T`QiQM BM i?2 }M�H bi�i2- Ӻᇌ � � :2o

kTk?
kTk? UT`2pV

L1lh

�
���

�
���

�
���

� ��� ��� ��� ��� � ��� ���

ԓᅼ�ԓԠЈ <��ϯ΅ +K
ϵ �:2o>

ԠЈ (:2o)

�HH +?�MM2Hb- Ӻᇌ � ��� :2o

kTk?
kTk? UT`2pV

L1lh
jTj?

�
���

�
���

�
���

� ��� ��� ��� ��� � ��� ���

ԓᅼ�ԓԠЈ <��ϯ΅ +K
ϵ �:2o>

ԠЈ (:2o)

S`QiQM@T`QiQM BM i?2 }M�H bi�i2- Ӻᇌ � ��� :2o

kTk?
kTk? UT`2pV

L1lh

�
���

�
���

�
���

� ��� ��� ��� ��� � ��� ���
ԓᅼ�ԓԠЈ <��ϯ΅ +K

ϵ �:2o>
ԠЈ (:2o)

L2mi`QM@T`QiQM BM i?2 }M�H bi�i2- Ӻᇌ � ��� :2o

kTk?
kTk? UT`2pV

L1lh

FIG. 5: d�/dq0 di↵erential cross section on 12C for three di↵erent incoming neutrino energies: E⌫ = 0.5, 1 and 1.5 GeV,
displayed in the top, middle and bottom rows, respectively. Results in the left column are summed over isospin, while the
central (right) column corresponds to two protons (one neutron and one proton) in the final state. In all cases, the cut | ~q |< 1.2
GeV in the momentum transfer is applied.

observe two peaks, at q0 ' 0.15 GeV and q0 ' 0.45 GeV both for the NEUT and for the 2p2h distributions. They
correspond to two distinct dynamical mechanisms which dominate the total cross section. The first one (which peaks
at lower energy transfers) is the contribution driven by the interference N�-diagram (see the last plot in Fig. 3). The
second one comes from the ��-diagram (first one in Fig. 3). Their relative position can be understood since a �
resonance has a mass around 0.3 GeV higher than a nucleon and therefore N�- and ��-diagrams produce peaks
which are around 0.3 GeV apart. Consequently, the theoretical uncertainty of our approach a↵ects mostly the region
of the second peak since it is driven by the treatment of 2p2h inclusion to Im⌃�. This can be observed in all the
panels of Fig. 5 where this peak is slightly lower and shifted towards higher energy transfers when comparing the
“2p2h” to “2p2h (prev)” results. The total 3p3h strength for each considered energy is consistent with the results of
Fig. 4, and it is almost negligible for E⌫ = 0.5 GeV and then grows up to E⌫ ⇡ 1.1 GeV, when it stabilizes thanks
to the implementation of the cuto↵ in the transferred momentum. The 3p3h d�/dq0 distribution is shifted towards
high energy transfers where larger phase-space is available and, thus, three particles can be easier produced. This
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FIG. 8: Outgoing nucleons distribution d�/ d|~p1|d|~p2| [10�38cm2/GeV2] for two protons in the final state. The momentum |~p1|
corresponds to higher energetic (leading) proton, while |~p2|, to the subleading one. The panels from the left to right are for
incoming neutrino energies of E⌫ = 0.5, 1 and 1.5 GeV, respectively. In all cases, the target nucleus is 12C. Upper panels show
the results for the “2p2h” model, while the bottom ones have been obtained using NEUT.

strength for energy-momentum transfer regions. It would be therefore interesting and useful to redo the calculation
of Ref. [7], in the same way as we did for the 2p2h, to get further insight into the strength coming from di↵erent
isospin channels of this process. The transferred energy this time would be divided into three outgoing nucleons, thus
making them on average less energetic (and more di�cult to observe because of the detector’s threshold). We suspect
that – the same way as in the 2p2h case – the momentum distribution of the outgoing particles would be asymmetric
with one leading nucleon.

Further analysis of multinucleon knockout cross sections for antineutrino-induced and neutral-current driven pro-
cesses are natural continuation of the present work and we are already working on them. Available antineutrino-
nucleus scattering data is less accurate due to lower event-rate (and therefore higher statistical uncertainties), leading
to weaker constraints for theoretical models. Still, this channel will play a crucial role in the experimental programs
aiming at measuring the CP-violating phase. The NC 2p2h is a less explored channel due to the experimental di�culty
of performing a measurement. However, it should also be included in the Monte Carlo generators, treating it as a
background process. An analysis of how its presence a↵ects the experimental studies is hence a important topic for
future work.
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FIG. 8: Outgoing nucleons distribution d�/ d|~p1|d|~p2| [10�38cm2/GeV2] for two protons in the final state. The momentum |~p1|
corresponds to higher energetic (leading) proton, while |~p2|, to the subleading one. The panels from the left to right are for
incoming neutrino energies of E⌫ = 0.5, 1 and 1.5 GeV, respectively. In all cases, the target nucleus is 12C. Upper panels show
the results for the “2p2h” model, while the bottom ones have been obtained using NEUT.

strength for energy-momentum transfer regions. It would be therefore interesting and useful to redo the calculation
of Ref. [7], in the same way as we did for the 2p2h, to get further insight into the strength coming from di↵erent
isospin channels of this process. The transferred energy this time would be divided into three outgoing nucleons, thus
making them on average less energetic (and more di�cult to observe because of the detector’s threshold). We suspect
that – the same way as in the 2p2h case – the momentum distribution of the outgoing particles would be asymmetric
with one leading nucleon.

Further analysis of multinucleon knockout cross sections for antineutrino-induced and neutral-current driven pro-
cesses are natural continuation of the present work and we are already working on them. Available antineutrino-
nucleus scattering data is less accurate due to lower event-rate (and therefore higher statistical uncertainties), leading
to weaker constraints for theoretical models. Still, this channel will play a crucial role in the experimental programs
aiming at measuring the CP-violating phase. The NC 2p2h is a less explored channel due to the experimental di�culty
of performing a measurement. However, it should also be included in the Monte Carlo generators, treating it as a
background process. An analysis of how its presence a↵ects the experimental studies is hence a important topic for
future work.
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FIG. 9: Outgoing nucleons distribution d�/ d|~p1|d|~p2| [10�38cm2/GeV2] in the case of neutron-proton pair produced in the
final state. The panels from the left to right correspond to incoming neutrino energy E⌫ = 0.5, 1, 1.5 GeV on 12C. Upper
panels show the results for the “2p2h” model, while the bottom ones for NEUT.
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The generation of accurate neutrino-nucleus cross-section models needed for neutrino oscillation
experiments require simultaneously the description of many degrees of freedom and precise calculations
to model nuclear responses. The detailed calculation of complete models makes the Monte Carlo
generators slow and impractical. We present Exhaustive Neural Importance Sampling (ENIS),
a method based on normalizing flows to find a suitable proposal density for rejection sampling
automatically and e�ciently, and discuss how this technique solves common issues of the rejection
algorithm.

I. MOTIVATION

In modern science and engineering disciplines, the gen-
eration of random samples from a probability density
function to obtain data sets or compute expectation val-
ues has become an essential tool. These theoretical models
can be described by a target probability density function
p (x). Ideally, to generate samples following p (x), the
inverse transformation method is used. To perform the
inverse transformation, the cumulative probability has
to be calculated and the inverse to this function has to
be found. Numerical methods have to be applied to ob-
tain the Monte Carlo (MC) samples when this is not
feasible computationally. This is especially true for high-
dimensional spaces, where the integrals required to find
such inverse transformation become analytically challeng-
ing.
A standard numerical method to obtain such data set

is to perform a Markov Chain Monte Carlo (MCMC)
algorithm [1], which provides good results for expected
value calculations. Compared to other methods, it has
the advantage that, in general, it requires very little
calibration, and high dimensions can be broken down into
conditional smaller dimension densities [2]. However, the
MCMC method produces samples that form a correlated
sequence. Also, the convergence of the samples’ chain to
the target density cannot be guaranteed for all possible
models.
Another standard algorithm to produce MC samples

is the acceptance-rejection or simply rejection sampling
[3–6], which produces i.i.d. (independent and identically
distributed) samples from the target density via an auxil-
iary proposal function. The proposal has to satisfy being
a density which can both be sampled from and evaluated
e�ciently, as well as being as close to the target density
as possible. The main disadvantages of the method are
the following [7]:

⇤ pinas@aia.es

1. Designing the proposal function close to a particular
target density can be very costly in human time.

2. If a generic proposal function is taken, such as a
uniform distribution over the domain, the algorithm
is usually very ine�cient.

3. The sampling e�ciency decreases rapidly with the
number of dimensions.

Ideally, to avoid these inconveniences, one would like to
have a method to find a proposal function that adapts
to a given target density automatically. This would solve
simultaneously the human time cost as well as the ine�-
ciency of generic proposal densities.

An approach of the usage of normalizing flows to find a
suitable proposal for a given target density has been sug-
gested previously as Neural Importance Sampling (NIS)
[8], focused on the integration of functions via importance
sampling [9]. Normalizing flows provide an expressive
family of parametrized density functions q� (x) through
neural networks, by defining a di↵erentiable and invertible
transformation from a base distribution to a target dis-
tribution, allowing to evaluate and sample from complex
distributions by transforming simpler ones. The concept
of integrating via importance sampling with normalizing
flows for High Energy Physics (HEP) has been explored
in other works to obtain top-quark pair production and
gluon-induced multi-jet production [10] or to simulate
collider experimental observables for the Large Hadron
Collider [11].
In this work we further explore the possibility of uti-

lizing normalizing flows to find a proposal function for a
given target density to perform rejection sampling for MC
samples, and analyze its viability through the following
points:

• We discuss the importance of adding an additional
density (background) to the target one to assure the
coverage of the whole phase space when performing
rejection sampling.

• We define a two-phase training scheme for the nor-
malizing flow to boost initial ine�ciency in the
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CONCLUSIONS

• We revised a computation of 2p2h in Valencia model. It does not influence 
the inclusive x-section too much. But we get an insight into the nucleons 
distribution.

• We predict a strong asymmetric signal for proton-proton final state (some 
differences should be visible due to the proton’s momentum thresholds + 
might help to discern between various theoretical approaches)

• 3p3h amounts to ~20% of 2p2h strength (but difficult to calculate)

• Next step: benchmark of theoretical models for semi-exclusive processes 
(combine it with a cascade model)
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WHY IS 2P2H IMPORTANT?

differently. Indeed, as we observed in Ref. [4], the proce-
dure is completely reversible and can be used in both
directions. Here we calculate the theoretical prediction
for electron events energy distribution for a given value
of the oscillation parameter. We then transform this distri-
bution into one in terms of the reconstructed energy value,
which can be directly compared to the experimental
distribution. In principle, we are then in a situation to
investigate which oscillation parameter best fits the data.
We also apply our smearing procedure to disappearance
effects for the muon neutrinos in the T2K beam.

A. Formalism

The number of charged current events in a target for
neutrinos of energy between E! and E! þ dE!, for an
energy transferred to the nuclear system, !, and a lepton
emission angle ", is related to the double differential cross
section by

gðE!; !; cos"ÞdE!d!d cos"

¼ d2#

d!d cos"
!ðE!ÞdE!d!d cos": (1)

The quantity g is the triple density, in terms of the three
variables, E!,!, and cos". For our problem it is convenient
to switch to another set of variables, E!, El (the energy of
the lepton produced) and the reconstructed neutrino energy
"E!. The relations between the two sets of variables are,
first, ! ¼ E! % El. In addition, cos" is related to the new
variables El and "E! by

"E!Pl cos"þMð "E! % ElÞ % "E!El þ
m 2

l

2
¼ 0; (2)

where Pl is the lepton momentum, m l is the charged
lepton mass, and M is the nucleon mass. The modulus of
the Jacobian for these variables transformations is ðMEl%
m 2

l =2Þð "E2
!PlÞ%1, and the new density GðE!;El; "E!Þ is

GðE!; El; "E!Þ dE! dEl d "E!

¼ dE! dEl d "E! !ðE!Þ
ðMEl % m 2

l =2Þ
"E2
!Pl

&
!

d2#

d!d cos"

"

!¼E!%El; cos"¼cos"ðEl; "E!Þ
; (3)

where cos"ðEl; "E!Þ is the solution of Eq. (2). After inte-
gration over the lepton energy, this density can be used in
both directions: either to extract a distribution in terms of
the real neutrino energy from a distribution in recon-
structed energies, as was done in our previous work [4]
where we had used normalized probabilities; or in the
opposite direction, we start from a theoretical distribution
expressed with real energies then we perform the smearing
procedure to deduce the corresponding distribution of the
events in terms of the reconstructed energy. For this, we
integrate over the lepton energy and over the real neutrino

energy distribution, which provides the distribution,
D recð "E!Þ, in terms of the reconstructed energy which can
be compared to the data

D recð "E!Þ ¼
Z

dE!!ðE!Þ
Z Emax

l

Emin
l

dEl
ðMEl % m 2

l =2Þ
"E2
!Pl

&
!

d2#

d!d cos"

"

!¼E!%El; cos"¼cos"ðEl; "E!Þ
; (4)

where the quantities Emin
l and Emax

l are the minimum and
maximum values of the charged lepton energy for a given
value of "E!. They are obtained by taking cos" ¼ 1ð%1Þ in
Eq. (2), with the additional restriction, m l < El < E!. The
second integral on the right-hand side of Eq. (4), which
represents the spreading function, depends on E! and "E!;
we denote it as dðE!; "E!Þ. We give in Fig. 1 some examples
of its "E! dependence for several E! values. The np-nh low
energy tail is the counterpart, in these variables, of the high
energy one that we stressed in our previous work [4].

III. APPLICATIONS

A. T2K

Here the situation is relatively simple as one deals with a
long baseline experiment [10,11] with oscillation mass
parameters already known to a good accuracy. We have
pointed out [4] the interest of the study for T2K of the
muon events spectrum both in the close detector and in the
far detector since the two corresponding muonic neutrino
beams have different energy distributions. The study of the
reconstruction influence on the electron events in the far
SuperKamiokande detector was performed in our Ref. [4];
it is discussed again here in our new reversed perspective.
The two muon beams in the close and far detectors and the
oscillated electron beam at the far detector having widely

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

Eν (GeV)

0

10

20

30

40

50

60

d(
E

ν,E
ν) (

10
-3

9 cm
2 /G

eV
) 0.2

0.6
1.0

Eν (GeV)

FIG. 1 (color online). The spreading function dðE!; "E!Þ of
Eq. (4) per neutron of 12C in the case of electrons evaluated
for three E! values. The genuine quasielastic (dashed lines) and
the multinucleon (dotted lines) contributions are also shown
separately.
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reconstructed energy

assuming   

energy reconstruction  

νl + n → l− + p

Erec =
MEl − m2

l /2
M − El + |pl |cos θl

MC generators should 
correct for this bias 

2p2h mechanism 
responsible for this tail 25



AVAILABLE ENERGY

11

B. Available energy

In several neutrino oscillation experiments the neutrino energy is reconstructed using a calorimetric approach, i.e.
by measuring the energy deposited by the outgoing hadrons simultaneously detecting the final lepton. For this kind
of analysis (e.g. performed by the MINERvA experiment [39]) the concept of available energy is used, as an attempt
to reconstruct the total hadronic energy. For this comparison, we estimate the available energy as the sum of the
kinetic energy of all the protons leaving the nucleus.

The MINERvA results [39] point out to a deficit of events with two nucleons in the final state in the predictions
obtained from the implementation of theoretical model derived in Ref. [14], within the GENIE Monte Carlo event
generator. The 1p1h and 2p2h models used in this Monte Carlo generator are similar to the ones implemented in
NEUT. The purpose of this section is to identify whether and how a more accurate description of the final state a↵ects
the prediction of the available energy.

When a neutron-proton pair is produced, the visible energy strongly depends on how the energy is distributed
between the two nucleons. In turn, when two protons are produced, in first approximation, the total energy of the
final state should be just a function of the energy transferred to the final state hadrons, and thus it should not depend
on how the energy is shared between the two final protons. This statement might not be totally correct and can be
altered by the final state transport of the nucleons through the nucleus. This is because the intranuclear cascade
depends on the kinetic energy of the traveling nucleons. It is therefore critical to convolute the predictions of the model
for the first step (primary reaction) with a reasonable description of the nucleon transport in the nucleus, accounting
for secondary collisions. To perform this calculation we used migration matrices, generated by the NEUT’s cascade,
which transform the neutron and proton kinetic energies obtained at the primary vertex into the distribution of energy
of outgoing protons after the internuclear cascade. Nucleons su↵er mostly elastic scatterings, which cause a smearing
of the kinetic energy. Only a small ratio of neutrons transform into protons. Note that these latter e↵ects were not
considered in the previous Figs. 5 and 6.

Using the NEUT migration matrices, we obtain the energy distribution of the outgoing protons after the cascade, or
equivalently the available energy. In Fig. 7 we show such distribution both for NEUT and for our present calculation,
for E⌫ = 1.5 GeV. In the left panel we show the situation for two protons in the final state. The di↵erence in
normalization comes from the di↵erences between NEUT and present calculation mentioned before. Nevertheless, we
observe very similar shapes of the distributions. This should not be surprising for the primary vertex, since – as we
have said before – the total kinetic energy of the outgoing protons depends on the energy transferred to the nucleus
and not on the details of how the energy is distributed between the two outgoing nucleons. The cascade smears the
two-peaks structure (whose origin we have already attributed to two dynamical mechanisms represented by the N�
and �� diagrams), and shifts strength towards lower energies.

The right panel of Fig. 7 corresponds to the neutron-proton final state. In all the cases the distribution peaks at
around 0.075 GeV (corresponding to a proton with a momentum of approximately 375 MeV). We do not observe the
characteristic two-peak structure and the e↵ect of the intranuclear cascade is milder than for the proton-proton final
state. Still, the di↵erence between the two approaches is well visible. Apart from the normalization factor, the tail of
the distribution is much steeper for the “2p2h” predictions. This behaviour can be better understood when we look
at the two dimensional momentum distributions of the final nucleons, presented in the next subsection.
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FIG. 7: Available energy for E⌫ = 1.5 GeV. Left: Results for two protons produced in the primary vertex. Right: Results for
proton-neutron final state in the primary vertex. Curves denoted as “FSI” were obtained with the migration matrices generated
with the NEUT Monte Carlo event generator.
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Kinetic energy of outgoing proton(s)

• we implement FSI taking the migration matrices from NEUT
• we observe the energy dissipation

two protons proton+neutron

We predict less energetic proton 
than in isotropic distribution



INTERACTION  VERTEX

J. NIEVES, I. RUIZ SIMO, AND M. J. VICENTE VACAS PHYSICAL REVIEW C 83, 045501 (2011)
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FIG. 2. (Color online) Left: Definition of the kinematical variables used in this work. Right: Model for the W+N → N ′π reaction. It
consists of seven diagrams: Direct and crossed "(1232)− (first row) and nucleon (second row) pole terms, contact and pion pole contribution
(third row), and finally the pion-in-flight term. Throughout this work, we will label these contributions by "P , C"P , NP , CNP , CT , PP ,
and PF , respectively. The circle in the diagrams stands for the weak transition vertex.

the final nucleus is left in a determined nuclear level. On
the other hand, the LFG description of the nucleus allows
for an accurate treatment of the dynamics of the elementary
processes (interaction of gauge bosons with nucleons, nucleon
resonances, and mesons, interaction between nucleons or
between mesons and nucleons, etc.) which occur inside the
nuclear medium. Within a finite nuclei scenario, such a
treatment becomes hard to implement, and often the dynamics
is simplified in order to deal with more elaborated nuclear
wave functions.

C. The virtual W self-energy in pion production:
1p1h1π contribution

In this section, we calculate the contribution to the cross
section from W+ gauge boson self-energy diagrams which
contains pion production in the intermediate states. We will
use the model for the CC neutrino-pion production reaction
off the nucleon,

νl(k) + N (p) → l− (k′) + N (p′) + π (kπ ), (10)

models are substantially different. Shell model distributions present
discrete contributions and in the continuum appear sharp scattering
resonances. Despite the fact that those distinctive features do not
appear in the LFG differential decay widths, the totally integrated
widths (inclusive observable) obtained from both descriptions of the
process do not differ by more than 5% or 10%. The typical nuclear
excitation energies in muon and radiative pion capture in nuclei are
small, of the order of 20 MeV, and thus one expects that at higher
excitation energies, where one should sum up over a larger number
of nuclear final states, the LFG predictions for inclusive observables
would become even more reliable.

derived in Refs. [32,35]. This process, at intermediate energies,
is traditionally described in the literature by means of the
weak excitation of the "(1232) resonance and its subsequent
decay into Nπ . In Ref. [32], some background terms required
by the pattern of spontaneous chiral symmetry breaking of
QCD are also included. Their contributions are sizable and
lead to significant effects in total and partially integrated pion
production cross sections even at the "(1232) resonance peak,
and they are dominant near pion threshold. The model consists
of seven diagrams (right panel of Fig. 2). The contributions of
the different diagrams are calculated by using the effective
Lagrangian of the SU(2) nonlinear σ model, supplemented
with some form factors (see Ref. [32] for details). In this work,
we will use the set IV of form factors compiled in Table I of
Ref. [35]. The available data set on neutrino and antineutrino
pion production on nucleons is described reasonably well.
Nonetheless, we must mention that the experimental data still
have large uncertainties and there exist conflicting data for
some channels.

The discussed model can be considered an extension of
that developed in Ref. [1] for the eN → e′Nπ reaction. For
the latter case, the model, which contains a theoretically well-
founded description of the background amplitudes, provides
the same level of accuracy [36] as the MAID model [46], which
ensures its applicability to the leptoproduction processes at
least up to W < 1.4 GeV, W being the outgoing πN invariant
mass.

We move now to the computation of the W+ gauge boson
self-energy diagrams which contain pion production in the
intermediate states. This is readily accomplished by taking the
W+N → πN ′ amplitude of Fig. 2 and folding it with itself.
One gets then the diagram of Fig. 3, where the circle stands for
any of the seven terms of the elementary model for WN →
πN ′. The solid lines going up and down in Fig. 3 follow the
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WHAT IS NEW?

W

W
With this cut we get insight 

into nucleon distribution

We separate 2p2h and 3p3h 
contribution (earlier they were 

taken together)
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RPA EFFECTS
Effective Landau-Migdal interaction

 V( ⃗r1, ⃗r2) = c0δ( ⃗r1 − ⃗r2) ( f0(ρ)+f′�0(ρ) ⃗τ1 ⃗τ2+g0(ρ) ⃗σ 1 ⃗σ 2+g′�0(ρ) ⃗σ 1 ⃗σ 2τ1 ⃗τ2 )
isoscalar
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