
AB-INITIO NUCLEAR 
CALCULATIONS FOR 
NEUTRINO-NUCLEUS   
CROSS SECTIONS

erhtjhtyhy

ALESSANDRO LOVATO
Argonne National Laboratory 
&  
Istituto Nazionale di Fisica Nucleare 10-11 February 2021 

IPPP topical meeting on physics with high-brightness 
stored muon beams 



2

INTRODUCTION
Extracting oscillation parameters requires comparing the neutrino flux at near and far detectors
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The flux is extracted from the measured neutrino-nucleus interactions in a detector

Knowledge of the neutrino-nucleus cross section Precision on neutrino-oscillation parameters
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INTRODUCTION
Achieving a robust description of the reaction mechanisms at play in the DUNE energy regime is a 
formidable nuclear-theory challenge
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• Realistic description of nuclear 
correlations 

• Relativistic effects in the current 
operators and kinematics

• Description of resonance-
production and DIS region
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MICROSCOPIC MODEL OF NUCLEAR THEORY
• In the low-energy regime, quark and gluons are confined within hadrons.  
• The relevant degrees of freedoms are protons, neutrons, and pions 
• Effective field theories are the link between QCD and nuclear observables

Systematically improvable Hamiltonians and consistent electroweak currents 
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NUCLEAR 
MANY-BODY METHODS
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H| ni = En| ni
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MANY-BODY SCHRÖDINGER EQUATION

H n(x1, . . . , xA) = En n(x1, . . . , xA)
<latexit sha1_base64="Owcd4+qFIy0ojCiHoa16CxyKntE="></latexit>

xi = {ri, si,z, ti,z}

Non relativistic many body theory is aimed at solving the Schrödinger equation

An exact solution of this equation is an exponentially hard problem
<latexit sha1_base64="iTPPjrzN49ZOjkBqIdSr67iEyFw="></latexit>
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The majority of quantum states of interest for have distinctive features and intrinsic structure 
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MEAN-FIELD METHODS
Mean-field theory: nucleons are independent 
particles subject to an average nuclear potential
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The interaction is fitted on nuclear binding 
energies and charge radii of stable nuclei
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Best density functional 
for nuclear masses so 
far!

Nuclear Masses

Lu, Li, Li, Yao, Meng PRC 91, 027304 (2015)

Mass Difference: Mcal - Mexp

PC-PK1

Mean-Field

Mean-Field and Beyond

PC-PK1

Agbemava PRC 2014 
Geng PTP 2005

MeV

From Duguet 

Data from AME2012

PWZ, Li, Yao, Meng, PRC 82, 054319 (2010)

P. W. Zhao, et al. PRC 82, 054319 (2010)
MFT is the tool of choice for describing large nuclei:

• No clear way to derive effective currents
•  Nucleon-nucleon scattering data and deuteron properties are ignored

�0(x1, . . . , xA) = A[�n1(x1) . . .�nA(xA)]
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FIG. 1. (Color online) Ground-state energies per nucleon E/A
for selected closed-shell nuclei computed with the closed-shell
IMSRG [34] using the interactions of Ref. [41] in comparison
with experiment (black horizontal lines).

The two low-energy constants of the short-range part of
theNNN forces are adjusted to binding energy of the tri-
ton and the radius of the ↵ particle, following Ref. [59].
These interactions are quite soft (due to the relatively
small cuto↵s), which allows us to achieve reasonably well
converged binding energies and spectra in nuclei up to
neutron-rich 78Ni [47, 50], and in the neutron-deficient
tin isotopes considered in this work.

Figure 1 shows the computed ground-state energies per
nucleon for 4He, 16O, 40,48Ca, 56Ni, 90Zr, and 100Sn with
the single-reference IMSRG [34, 36]. The 1.8/2.0(EM)
interaction consistently yields the best agreement with
data. Presently, it is unclear what distinguishes this in-
teraction from the other similarly obtained interactions;
however this soft interaction puts us in a fortuitous situa-
tion to make theoretical predictions (albeit without rigor-
ous uncertainty quantification) for binding energies and
spectra in nuclei as heavy as 100Sn.

Coupled-cluster calculations use a Hartree-Fock basis
constructed from a harmonic-oscillator basis of up to 15
major oscillator shells. For VS-IMSRG we use a simi-
lar basis, except that the Hartree-Fock reference is con-
structed with respect to an ensemble state above the 80Zr
core following Ref. [52]. All calculations are performed
at oscillator frequencies in the range ~! = 12� 16 MeV,
which include the minimum in energy for the largest
model space we consider. We use the normal-ordered
two-body approximation [35, 40, 60] for the NNN in-
teraction with an additional energy cut on three-body
matrix elements e1 + e2 + e3  E3max. When E3max

is increased from 16 to 18, the binding energy of 100Sn
changes by 2% for the hardest interaction 2.0/2.0(PWA),
while for the softest interaction, 1.8/2.0(EM), the change
is less than 1%.

Method – The coupled-cluster method is an ideal
tool to compute doubly magic nuclei and their neigh-
bors [26, 29, 30, 32, 33, 38, 61–63]. This method com-
putes the similarity transform H ⌘ exp (�T )HN exp (T )
of the Hamiltonian HN , obtained by normal order-
ing the free-space Hamiltonian (1) with respect to the
closed-shell Hartree-Fock reference of 100Sn. The clus-

ter operator T includes particle-hole excitations and is
truncated at the coupled-cluster singles-doubles (CCSD)
level. Usually CCSD accounts for about 90% of the corre-
lation energy (i.e., the energy beyond Hartree Fock) [51].
For a higher precision of the ground-state energy, we in-
clude triples excitations of the cluster operator T per-
turbatively within the ⇤-CCSD(T) method [64]. Excited
states in 100Sn are computed with an equation-of-motion
(EOM) method including 3p-3h corrections via a general-
ization of the ground state ⇤-CCSD(T) approximations
to excited states with EOM-CCSD(T) [65]. The neigh-
boring nuclei 101,102Sn are computed as one- and two-
particle attached states [66–68] of the 100Sn similarity
transformed Hamiltonian H. The two-particle attached
states of 102Sn are truncated at the 3p-1h level, while
the particle-attached states of 101Sn are computed at the
2p-1h level with perturbative 3p-2h corrections included
(described below). Further details of the coupled-cluster
approach to nuclei are presented in a recent review [26].
We briefly describe our new approach to include

perturbative 3p-2h corrections to the particle-attached
states of 101Sn. Generalizing the completely renormal-
ized (CR) EOM-CCSD(T) approximation from quantum
chemistry [69, 70] and nuclear physics [38, 62, 71] to
particle-attached excited states yields the correction

�!
3p-2h
⌫ =

X

i<j

X

a<b<c

Labc
⌫,ijRabc

⌫,ijMabc
⌫,ij . (2)

Here ⌫ denotes the state of interest, i, j (and a, b, c) are
occupied (and unoccupied) orbitals in the 100Sn refer-
ence |�i, L⌫ and M⌫ represent the left and right 3p-2h
moments

Labc
⌫,ij = h�|L2p-1h

⌫ H|�abc
ij i , Mabc

⌫,ij = h�abc
ij |HR

2p-1h
⌫ |�i ,

|�abc
ij i are 3p-2h excited states, and R⌫ is the resolvent

Rabc
⌫,ij = h�abc

ij |(!2p-1h
⌫ �H)�1|�abc

ij i. (3)

Here !
2p-1h
⌫ is the 2p-1h energy corresponding to the

states L
2p-1h
⌫ and R

2p-1h
⌫ of 101Sn. We draw the

reader’s attention to the similar structure between the
bi-variational expression (2) and second-order perturba-
tion theory. This method is the completely renormalized
particle-attached equation-of-motion (CR-PA-EOM). In
our results for 101Sn, we used three di↵erent approxi-
mations (labeled A,B,C) for the energy denominator in
Eq. (3). Approximation A uses in place ofH the Hartree-
Fock single-particle energies, approximation B uses the
one-body part of H, and approximation C uses both the
one- and two-body parts of H. Thus, approximation C
is the most complete choice for the resolvent and most
accurately approximates the full calculation [62].
The IMSRG and its VS-IMSRG variant are e↵ective

tools for computing doubly magic nuclei and for con-
structing valence-space interactions from NN and NNN

8

BASIS-EXPANSION METHODS
Any fermionic wave-function may be written as a linear combination of Slater determinants 

Methods relying on single-particle basis expansions include the no-core shell model, the coupled-
cluster theory, the in-medium similarity renormalization group method

The can describe nuclei with up to to A=100 protons and neutrons starting from the individual 
interactions among their constituents

T. D. Morris at al., PRL 120, 152503 (2018)

<latexit sha1_base64="4WWwZJ1plA2kqp/Aga8Y8SPc64w="></latexit>

| 0i =
X

n

cn|�ni



9

QUANTUM MONTE CARLO
The variational Moment Carlo wave function has correlations built in

| T i =
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ijk
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Mean-field component: Slater determinant of single-particle orbitals
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|�J,Tz i

ET = h T |H| T i � E0
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QUANTUM MONTE CARLO
The variational Moment Carlo wave function has correlations built in

| T i =
⇣
1 +

X

ijk

Fijk

⌘⇣
S
Y

i<j

Fij

⌘
|�J,Tz i

<latexit sha1_base64="PM4oz8ONNF77xPJTf7NThT2nfmM="></latexit>

ET = h T |H| T i � E0
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The correlations are consistent with the underlying nuclear interaction
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QUANTUM MONTE CARLO
The trial wave function can be expanded in the set of the Hamiltonian eigenstates

The GFMC projects out the lowest-energy 
state
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B. Pudliner et al., PRC 56, 1720 (1997)
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FIG. 3. Spectra of A=4–12 nuclei. The energy spectra obtained with the NV2+3-Ia chi-

ral interactions are compared to experimental data. Also shown are results obtained with the

phenomenological AV18+IL7 interactions.

6 Stoks, V.G.J., Klomp, R.A.M., Rentmeester, M.C.M. & de Swart, J.J. Partial-wave analysis of

all nucleon-nucleon scattering data below 350 MeV. Phys. Rev. C 48, 792 (1993).

7 Friar, J.L., Gibson, B.F. & Payne, G.L. Recent Progress in Understanding Trinucleon Proper-

ties. Annu. Rev. Nucl. Part. Sci. 34, 403 (1984).

8 Pudliner, B.S., Pandharipande, V.R., Carlson, J., Pieper, S.C. &Wiringa, R.B. QuantumMonte

Carlo calculations of nuclei with A  7. Phys. Rev. C 56, 1720 (1997).

9 Navrátil, P., Vary, J.P. & Barrett, B.R. Large-basis ab initio no-core shell model and its appli-

cation to 12C. Phys. Rev. C 62, 054311 (2000).

10 Pieper, S.C., Pandharipande, V.R., Wiringa, R.B. & Carlson, J. Realistic models of pion-

exchange three-nucleon interactions. Phys. Rev. C 64, 014001 (2001).
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QUANTUM MONTE CARLO
GFMC solves the spectrum of light nuclei with percent-level accuracy

M. Piarulli, AL et al. PRL 120, 052503 (2018)
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NEUTRINO-NUCLEUS 
SCATTERING
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CONTENTS 20

final state
��Y f

↵
with momentum Pµ

f = (E f ,P f ), and momentum conservation implies qµ =

pµ
e � pe

0µ = Pµ
f �Pµ

i . Furthermore, the interaction proceeds through the exchange of a space-
like virtual photon, for which q2

µ = w2 �q2 < 0†. In electron-induced reactions w and q can
vary independently (provided that |q| > w), as opposed to reactions induced by real photons
where |q|= w . In elastic reactions w = 0 (neglecting the recoil of the nucleus), which implies
|Yii =

��Y f
↵
. Reactions in which w 6= 0 are instead called inelastic. To different values of

w = E f �Ei, correspond different excitation energies of the nucleus. As w increases to a
few MeV, low-lying (discrete) nuclear excited states can be accessed. For energies transferred
of the order of ⇠ 10� 30 MeV, giant resonance modes in the continuum spectrum of the
nucleus are excited, while for values of wq.e. ⇠ q2/(2m) quasi-elastic effects dominate, in
which the reaction is in first approximation well described as if electrons were scattered off
single nucleons. Beyond the quasi-elastic energy region, meson production can be observed.
A schematic representation of the double differential cross section for electron scattering at a
fixed value of momentum transfer q is provided in Figure 7.

Because in inelastic electron scattering w and q can vary independently, for each value
of excitation energy w , one can study the matrix elements’ behavior as a function of the
momentum transfer. In particular, by varying q one changes the spatial resolution of the
electron probe, which is µ 1/|q|. At low values of momentum transfer, electron scattering
reactions probe long ranged dynamics, while at higher values of momentum transfer shorter
distance phenomena are tested, where dynamics from heavier mesons and baryons become
relevant.

Figure 7. (Color online) Schematic representation of the double differential cross section at
fixed value of momentum transfer.

Cross sections for elastic scattering and scattering to discrete excited states, for which
the transferred energy w is fixed, are expressed in terms of longitudinal (or charge) and
transverse (or magnetic) form factors, which are functions of the momentum transferred
q = |q|, and provide information on the e.m. charge and current spatial distributions inside
the nucleus. The double differential cross section for inclusive processes, in which only
the scattered electron is detected, is expressed in terms of the longitudinal and transverse

† The four-vector squared qµ qµ is here denoted with q2
µ .

NEUTRINO-NUCLEUS SCATTERING
The inclusive cross section is characterized by a variety of reaction mechanisms 

The response functions contain all nuclear-dynamics information 

R↵�(!,q) =
X

f

h 0|J†
↵(q)| f ih f |J�(q)| 0i�(! � Ef + E0)

Courtesy of S. Pastore
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EUCLIDEAN RESPONSES
The integral transform of the response function is defined as

15

E↵�(�,q) ⌘
Z

d!K(�,!)R↵�(!,q)
<latexit sha1_base64="1AgycJCAs5eG/vCbYwJCtuvbUz8="></latexit>

=
X

f

Z
d!K(�,!)h 0|J†

↵(q)| f ih f |J�(q)| 0i�(! � Ef + E0)

Using the completeness of the final states, it is 
expressed as a ground-state expectation value

E↵�(�,q) = h 0|J†
↵(q)K(�, H � E0)J�(q)| 0i

K

Examples include the Lorentz and the Gauss 
integral transforms 
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MeV, in Fig. 14, we also show (in dark blue) the theo-
retical curves shifted on the experimental threshold en-
ergy. When integrating the theoretical photo-absorption
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Ahrens  et al.

LIT-CCSD

40Ca

FIG. 14. (Color online) Comparison of the LIT-CCSD
dipole cross section of 40Ca with the photoabsorption data of
Ref. [63]. The grey curve starts from the theoretical thresh-
old, while the dark/blue curve is shifted to the experimental
threshold.

cross section up to 100 MeV we obtain an enhancement
 = 0.69� 0.73 of the Thomas-Reiche-Kuhn sum rule.

Let us also consider the dipole polarizability because of
its considerable experimental and theoretical interest [71,
72]. From the dipole response function S(!) one can
obtain the electric dipole polarizability

↵E = 2↵

Z 1

!th

d!
S(!)

!
(52)

as an inverse energy weighted sum rule. In analogy
to Ref. [73], electric dipole polarizability can be also
obtained directly from the Lanczos approach [74–76],
avoiding the inversion of the integral transform. The
removal of center of mass spuriosities for this observable
can be done in the same way as explained in Section III C.
In this case

↵E = 2↵
X

⌫

|h'N
⌫ |⇥|0i|2

✏N⌫

(53)

and the spurious states can be removed from the sum.
Both from the Lanczos approach and integrating the re-
sponse function up to 100 MeV we obtain ↵E = 1.47 fm3

within 5%. With the present N3LO nucleon-nucleon in-
teraction we predict a polarizability for 40Ca, which is
rather low in comparison to the experimental value of
↵
exp
E = 2.23(3) fm3 [63]. If we integrate the strength after

shifting it to the experimental threshold (dark/blue curve
in Fig. 14) we obtain roughly ↵E = 1.82 fm3, thus mov-
ing in the direction of the experimental value. We also

note that if we integrate the cross section data by Ahrens
et al. [63] we obtain 1.95(26) fm3 for the dipole polar-
izability. It is worth to mention that with the present
nucleon-nucleon interaction 40Ca is about 20 MeV over-
bound and with a charge radius Rch = 3.05 fm, which
is considerably smaller than the experimental value of
3.4776(19) fm [77]. This points towards a general prob-
lem of the present Hamiltonian, which does not provide
good saturation properties of nuclei, leading to too small
radii and consequently too small polarizabilities.

VIII. CONCLUSIONS

We presented in detail an approach that combines
the Lorentz integral transform with the coupled-cluster
method, named LIT-CC, for the computation of the
dipole response function in 4He, 16,22O and 40Ca. The
benchmark of this method against the EIHH in 4He gives
us the necessary confidence for the computation in heav-
ier nuclei. The LIT-CCSD approximation yielded results
for the total photonuclear dipole cross section of oxy-
gen and calcium isotopes that are in semi-quantitative
agreement with data. This opens the way for interesting
investigations of the response functions of heavier nuclei,
also beyond the stability valley.
The comparison of the LITs of the response functions

of 16O and 22O shows a larger total area of the latter
(corresponding to the relative bremsstrahlung sum rule)
and a slight shift of the peak to lower energy. Such a shift
already envisages the possibility of more strength in that
region. This becomes manifest after the inversion. For
22O we found a very interesting dipole cross section ex-
hibiting two peaks: A small one at 8-9 MeV and a larger
one at 21-22 MeV. We also extend our calculations fur-
ther out in mass number, presenting first results on the
GDR of 40Ca. In this case we observe that, with re-
spect to experiment, the N3LO nucleon-nucleon interac-
tion leads to larger excitation energy of the GDR, which
is consistent with the over-binding, the too small charge
radius and dipole polarizability we obtain for 40Ca. The
results presented here also open the way to systematic
investigations of more general electro-weak responses of
medium-mass nuclei with an ab-initio approach.
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EUCLIDEAN RESPONSES
Another type of integral transform is the Laplace 
transform

At finite imaginary time the contributions from 
large energy transfer are quickly suppressed

E↵�(⌧,q) ⌘
Z

d!e�!⌧R↵�(!,q)

y

yXyR

yXyk

yXyj
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R )
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RxxUÊ, [V
· 4 yXyyR J2o≠R
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Quantum Monte Carlo

Zero Temperature
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X

i

p
2
i

2m
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Diffusion Branching
In nuclear physics, we have a!
set of amplitudes for each spin !
and isospin

Brownian motion

 =
X
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X

�(⌧)

a(�(�),�(⌧)) |��i |�⌧ i

E↵�(⌧,q) = h 0|J†
↵
(q)e�(H�E0)⌧J�(q)| 0i

X

f

| f ih f |
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The system is first heated up by the transition 
operator. Its cooling determines the Euclidean 
response of the system



EUCLIDEAN RESPONSES
Inverting the Euclidean response is an ill posed problem: any set of observations is limited and 
noisy and the situation is even worse since the kernel is a smoothing operator.
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We find Maximum-entropy techniques to be reliable enough for quasi-elastic responses



VALIDATION WITH ELECTRON SCATTERING
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FIG. 2. (Color online) Same as Fig. 1 but for the electromag-
netic transverse response functions. Since pion production
mechanisms are not included, the present theory underesti-
mates the (transverse) strength in the � peak region, see in
particular the q=570 MeV/c case.

of R↵(q,!)—so called Euclidean response [11]—which we
define as

E↵(q, ⌧) =

Z 1

!
+
el

d! e�!⌧
R↵(q,!)

[Gp

E
(q,!)]2

, (2)

where Gp

E
(q,!) is the (free) proton electric form factor

and the integration excludes the contribution due to elas-
tic scattering (!el is the energy of the recoiling ground
state). We elaborate this issue further below; for now
it su�ces to note that, in the specific case of 12C, the
ground state has quantum numbers J⇡ =0+ and there-
fore the elastic contribution vanishes in the transverse
channel. With the definition given in Eq. (2), the Eu-
clidean response function above can be thought of as be-
ing due to point-like, but strongly interacting, nucleons,
and can simply be expressed as

E↵(q, ⌧)=h0|O†
↵
(q)e�(H�E0)⌧O↵(q)|0i� |F↵(q)|2e�⌧!el ,

(3)
where H is the nuclear Hamiltonian (here, the AV18/IL7
model), F↵(q) = h0|O↵(q)|0i is the elastic form fac-
tor, and in the electromagnetic operators O↵(q) the de-

pendence on the energy transfer ! has been removed
by dividing the current j↵(q,!) by Gp

E
(q,!) [15]. The

calculation of this matrix element is then carried out
with GFMC methods [11] similar to those used in pro-
jecting out the exact ground state of H from a trial
state [28]. It proceeds in two steps. First, an un-
constrained imaginary-time propagation of the state |0i
is performed and saved. Next, the states O↵(q)|0i
are evolved in imaginary time following the path pre-
viously saved. During this latter imaginary-time evolu-
tion, scalar products of exp [�(H�E0) ⌧i]O↵(q)|0i with
O↵(q)|0i are evaluated on a grid of ⌧i values, and from
these scalar products estimates for E↵(q, ⌧i) are obtained
(a complete discussion of the methods is in Refs. [11, 29]).
Following Ref. [15] (see also extended material submit-

ted in support of that publication), we have exploited
maximum entropy techniques [13, 14] to perform the an-
alytic continuation of the Euclidean response function—
corresponding to the inversion of the Laplace transform
of Eq. (2). However, we have improved on the inver-
sion procedure described in [15] in order to better prop-
agate the statistical errors associated with E↵(q, ⌧) into
R↵(q,!). Specifically, the smallest possible value for pa-
rameter ↵ (see Ref. [15]) has been chosen to perform a
first inversion of the Laplace transform, which is then in-
dependent on the prior. The resulting response function
R(0) is the one whose Laplace transform E(0) is the clos-
est to the original average GFMC Euclidean response.
Then, N = 100 Euclidean response functions are sam-
pled from a multivariate gaussian distribution, with mean
value E(0) and covariance estimated from the original set
of GFMC Euclidean responses. The corresponding re-
sponse functions, obtained using the so called “historic
maximum entropy” technique, are used to estimate the
mean value and the variance of the final inverted response
function.

q (MeV/c) 2+ 0+ 4+

300 0.1286 0.0311 0.0060
380 0.0745 0.0051 0.0075
570 0.0064 0.0046 0.0037

TABLE I. Measured longitudinal transition form factors, de-
fined as hf |OL(q)|0i/Z, to the f =2+, 0+ (Hoyle), and 4+
states in 12C. Experimental data are from Refs. [30–32], and
have been divided by the proton electric form factorGp

E(q,!f )
with !f = Ef � E0.

We now proceed to address the issue alluded to earlier.
The low-lying spectrum of 12C consists of J⇡ =2+, 0+

(Hoyle), and 4+ states with excitation energies E?

f
� E0

experimentally known to be, respectively, 4.44, 7.65, and
14.08 in MeV units [33]. The contributions of these states
to the quasi-elastic longitudinal and transverse response
functions extracted from inclusive (e, e0) cross section
measurements are not included. Therefore, before com-

2

to self-consistently account for nucleon and nuclear struc-
ture [24, 25], leads to a reduction of the proton elec-
tric form factor, and, as a consequence, to a significant
quenching of the longitudinal response function of nu-
clear matter and associated Coulomb sum rule [18]. Such
a model does not explain the large enhancement of the
transverse response or the momentum-transfer depen-
dence in the quenching of the longitudinal one. It should
also be noted that medium modifications are not an in-
evitable consequence of the quark substructure of the nu-
cleon. For example, a study of the two-nucleon problem
in a flux-tube model of six quarks interacting via single
gluon and pion exchanges [26] indicates that the nucle-
ons retain their individual identities down to very short
separations, with little distortion of their substructures.

Figures 1–2, showing a comparison between the exper-
imental and theoretical RL(q,!) and RT (q,!) for mo-
mentum transfer values in the range 300–570 MeV/c,
immediately lead to the main conclusions of the present
work: (i) the dynamical approach outlined above (with
free nucleon electromagnetic form factors) is in excellent
agreement with experiment in both the longitudinal and
transverse channels; (ii) as illustrated by the di↵erence
between the plane-wave-impulse-approximation (PWIA)
and GFMC one-body-current predictions (curves labeled
PWIA and GFMC-O1b), correlations and interaction ef-
fects in the final states redistribute strength from the
quasi-elastic peak to the threshold and high-energy trans-
fer regions; and (iii) while the contributions from two-
body charge operators tend to slightly reduce RL(q,!)
in the threshold region, those from two-body currents
generate a large excess of strength in RT (q,!) over
the whole !-spectrum (curves labeled GFMC-O1b and
GFMC-O1b+2b), thus o↵setting the quenching noted in
(ii) in the quasi-elastic peak.

As a result of the present study, a consistent picture
of the electromagnetic response of nuclei emerges, which
is at variance with the conventional one of quasi-elastic
scattering as being dominated by single-nucleon knock-
out. This fact also has implications for the nuclear weak
response probed in inclusive neutrino scattering induced
by charge-changing and neutral current processes. In
particular, the energy dependence of the cross section
is quite important in extracting neutrino oscillation pa-
rameters. An earlier study of the sum rules associated
with the weak transverse and vector-axial interference re-
sponse functions in 12C found [27] a large enhancement
due to two-body currents in both the vector and axial
components of the neutral current. Only neutral weak
processes have been considered so far, but one would
expect these conclusions to remain valid in the case of
charge-changing ones. In this connection, it is important
to realize that neutrino and anti-neutrino cross sections
only di↵er in the sign of this vector-axial interference re-
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FIG. 1. (Color online) Electromagnetic longitudinal response
functions of 12C for q in the range (300–570) MeV. Exper-
imental data are from Refs. [9, 10]. See text for further
explanations.

sponse, and that this di↵erence is crucial for inferring the
charge-conjugation and parity violating phase, one of the
fundamental parameters of neutrino physics, to be mea-
sured at DUNE. The rest of this paper deals succinctly
with the most salient aspects of the present calculations.

The longitudinal and transverse response functions are
defined as

R↵(q,!) =
X

f

hf |j↵(q,!)|0ihf |j↵(q,!)|0i⇤

⇥ �(Ef � ! � E0) , ↵ = L, T (1)

where |0i and |fi represent the nuclear initial and final
states of energies E0 and Ef , and jL(q,!) and jT (q,!)
are the electromagnetic charge and current operators, re-
spectively. A direct calculation of R↵(q,!) is impractical,
since it would require evaluating each individual transi-
tion amplitude |0i �! |fi induced by the charge and cur-
rent operators. To circumvent this di�culty, the use of
integral transform techniques has proven to be quite help-
ful. One such approach is based on the Laplace transform

 Two-body currents generate additional strength in over the whole quasi-elastic region

 Correlations redistribute strength from the quasi-elastic peak to high-energy transfer regions 
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to self-consistently account for nucleon and nuclear struc-
ture [24, 25], leads to a reduction of the proton elec-
tric form factor, and, as a consequence, to a significant
quenching of the longitudinal response function of nu-
clear matter and associated Coulomb sum rule [18]. Such
a model does not explain the large enhancement of the
transverse response or the momentum-transfer depen-
dence in the quenching of the longitudinal one. It should
also be noted that medium modifications are not an in-
evitable consequence of the quark substructure of the nu-
cleon. For example, a study of the two-nucleon problem
in a flux-tube model of six quarks interacting via single
gluon and pion exchanges [26] indicates that the nucle-
ons retain their individual identities down to very short
separations, with little distortion of their substructures.

Figures 1–2, showing a comparison between the exper-
imental and theoretical RL(q,!) and RT (q,!) for mo-
mentum transfer values in the range 300–570 MeV/c,
immediately lead to the main conclusions of the present
work: (i) the dynamical approach outlined above (with
free nucleon electromagnetic form factors) is in excellent
agreement with experiment in both the longitudinal and
transverse channels; (ii) as illustrated by the di↵erence
between the plane-wave-impulse-approximation (PWIA)
and GFMC one-body-current predictions (curves labeled
PWIA and GFMC-O1b), correlations and interaction ef-
fects in the final states redistribute strength from the
quasi-elastic peak to the threshold and high-energy trans-
fer regions; and (iii) while the contributions from two-
body charge operators tend to slightly reduce RL(q,!)
in the threshold region, those from two-body currents
generate a large excess of strength in RT (q,!) over
the whole !-spectrum (curves labeled GFMC-O1b and
GFMC-O1b+2b), thus o↵setting the quenching noted in
(ii) in the quasi-elastic peak.

As a result of the present study, a consistent picture
of the electromagnetic response of nuclei emerges, which
is at variance with the conventional one of quasi-elastic
scattering as being dominated by single-nucleon knock-
out. This fact also has implications for the nuclear weak
response probed in inclusive neutrino scattering induced
by charge-changing and neutral current processes. In
particular, the energy dependence of the cross section
is quite important in extracting neutrino oscillation pa-
rameters. An earlier study of the sum rules associated
with the weak transverse and vector-axial interference re-
sponse functions in 12C found [27] a large enhancement
due to two-body currents in both the vector and axial
components of the neutral current. Only neutral weak
processes have been considered so far, but one would
expect these conclusions to remain valid in the case of
charge-changing ones. In this connection, it is important
to realize that neutrino and anti-neutrino cross sections
only di↵er in the sign of this vector-axial interference re-
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FIG. 1. (Color online) Electromagnetic longitudinal response
functions of 12C for q in the range (300–570) MeV. Exper-
imental data are from Refs. [9, 10]. See text for further
explanations.

sponse, and that this di↵erence is crucial for inferring the
charge-conjugation and parity violating phase, one of the
fundamental parameters of neutrino physics, to be mea-
sured at DUNE. The rest of this paper deals succinctly
with the most salient aspects of the present calculations.

The longitudinal and transverse response functions are
defined as

R↵(q,!) =
X

f

hf |j↵(q,!)|0ihf |j↵(q,!)|0i⇤

⇥ �(Ef � ! � E0) , ↵ = L, T (1)

where |0i and |fi represent the nuclear initial and final
states of energies E0 and Ef , and jL(q,!) and jT (q,!)
are the electromagnetic charge and current operators, re-
spectively. A direct calculation of R↵(q,!) is impractical,
since it would require evaluating each individual transi-
tion amplitude |0i �! |fi induced by the charge and cur-
rent operators. To circumvent this di�culty, the use of
integral transform techniques has proven to be quite help-
ful. One such approach is based on the Laplace transform

12C, q=570 MeV
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12C CHARGED-CURRENT CROSS SECTIONS
To obtain the inclusive cross section, we fold the MiniBooNE and T2K fluxes

⌧
d�

dTµ d cos ✓µ

�
=

Z
dE⌫ �(E⌫)

d�(E⌫)

dTµ d cos ✓µ
,
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FIG. 4. Normalized ⌫µ fluxes of MiniBooNE and T2K, and
normalized ⌫µ flux of MiniBooNE.

the various response functions, as outlined at the end of
the previous section. The large cancellation between the
dominant terms proportional to vxx Rxx and vxy Rxy in
antineutrino cross sections leads to somewhat broader er-
ror bands than for the neutrino cross sections, for which
those terms add up. Furthermore, we note that the cross-
section scales in Figs. 5 and 6 are di↵erent, those for the
⌫µ-CCQE data being a factor of about 2 to 10 smaller
than for the ⌫-CCQE data as the muon scattering angle
increases from 0� to 90�.

Overall, the MiniBooNE ⌫µ and ⌫µ, and T2K ⌫µ, data
are in good agreement with theory, when including the
contributions of two-body currents. This is especially no-
ticeable in the case of the MiniBooNE ⌫µ data at forward
scattering angles. However, the calculated cross sections
underestimate somewhat the MiniBooNE ⌫µ data at pro-
gressively larger muon kinetic energy Tµ and backward
scattering angles ✓µ, and the ⌫µ data at forward ✓µ over
the whole Tµ range. By contrast, the full theory (with
one- and two-body currents) appears to provide a good
eye-fit to the T2K ⌫µ data over the whole measured re-
gion.

For a given initial neutrino energy E⌫ , the calculated
cross section is largest at the muon energy Tµ correspond-
ing to that of the quasielastic peak,

T
qe
µ

+mµ ⇡ E⌫

1 + 2 (E⌫/m) sin2 ✓µ/2
, (10)

wherem is nucleon mass, and on the r.h.s. of the equation

above we have neglected the muon mass. The position
of the quasielastic peak then moves to the left, towards
lower and lower T

qe
µ
, as ✓µ changes from the forward to

the backward hemisphere. The general trend expected on
the basis of this simple picture is reflected in the calcula-
tion and data, even though the cross sections in Figs. 5-7
result from a folding with the neutrino flux, which is far
from being monochromatic. Nevertheless, the correlation
between peak location in the flux-averaged cross sections
and ✓µ remains. For example, the T2K flux is largest
at E⌫ ⇡ 560 MeV and fairly narrow; hence, one would
expect the T2K flux-averaged cross section be peaked at
the muon momentum p

qe
µ

⇡ 550 MeV for cos ✓µ =1, and
p
qe
µ

⇡ 450 MeV for cos ✓µ =0.65, in reasonable accord
with the data of Fig. 7.

IV. CONCLUSIONS
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MINIBOONE CROSS SECTIONS
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FIG. 4. MiniBooNE flux-folded double di↵erential cross sections per target neutron for ⌫µ-CCQE scattering on 12C, displayed
as a function of the muon kinetic energy (Tµ) for di↵erent ranges of cos ✓µ. The experimental data and their shape uncertainties
are from Ref. [41]. The additional 10.7% normalization uncertainty is not shown here.

the (spurious) excess strength in the PWIA cross sections
(in the same forward-angle kinematics) matches the in-
crease produced by two-body currents in the GFMC cal-
culations (di↵erence between the GFMC 1b and GFMC
12b curves). This should be viewed as accidental.

Second, the PWIA and PWIA-R cross sections are
very close to each other, except in the ⌫ case at back-
ward angles. In this kinematical regime there are large
cancelations between the dominant terms proportional
to the transverse and interference response functions; in-
deed, as ✓µ changes from 0� to about 90�, the ⌫ cross
section drops by an order of magnitude. As already
noted, these cancellations are also observed in the com-
plete (GFMC 12b) calculation, and lead to the rather
broad uncertainty bands in Fig. 5. Aside from this qual-
ification, however, the closeness between the PWIA and
PWIA-R results provides corroboration for the validity
of the rescaling procedure of the electroweak form fac-
tors, needed to carry out the GFMC computation of the
Euclidean response functions.

IV. CONCLUSIONS

We have reported on an ab initio study, based on re-
alistic nuclear interactions and electroweak currents, of
neutrino (and antineutrino) inclusive scattering on 12C in
the CCQE regime of the MiniBooNE and T2K data. Nu-
clear response functions have been calculated with QMC
methods and, therefore, within the description of nuclear
dynamics that we have adopted here, fully include the
e↵ects of many-body correlations induced by the inter-
actions in the initial and final states, and correctly ac-
count for the important (constructive) interference be-
tween one- and two-body current contributions. This
interference leads to a significant increase in the cross-
section results obtained in impulse approximation, and
is important for bringing theory into much better agree-
ment with experiment.

The nucleon and nucleon-to-� electroweak form fac-
tors entering the currents have been taken from mod-
ern parameterizations of elastic electron scattering data
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FIG. 4. MiniBooNE flux-folded double di↵erential cross sections per target neutron for ⌫µ-CCQE scattering on 12C, displayed
as a function of the muon kinetic energy (Tµ) for di↵erent ranges of cos ✓µ. The experimental data and their shape uncertainties
are from Ref. [41]. The additional 10.7% normalization uncertainty is not shown here.

the (spurious) excess strength in the PWIA cross sections
(in the same forward-angle kinematics) matches the in-
crease produced by two-body currents in the GFMC cal-
culations (di↵erence between the GFMC 1b and GFMC
12b curves). This should be viewed as accidental.

Second, the PWIA and PWIA-R cross sections are
very close to each other, except in the ⌫ case at back-
ward angles. In this kinematical regime there are large
cancelations between the dominant terms proportional
to the transverse and interference response functions; in-
deed, as ✓µ changes from 0� to about 90�, the ⌫ cross
section drops by an order of magnitude. As already
noted, these cancellations are also observed in the com-
plete (GFMC 12b) calculation, and lead to the rather
broad uncertainty bands in Fig. 5. Aside from this qual-
ification, however, the closeness between the PWIA and
PWIA-R results provides corroboration for the validity
of the rescaling procedure of the electroweak form fac-
tors, needed to carry out the GFMC computation of the
Euclidean response functions.

IV. CONCLUSIONS

We have reported on an ab initio study, based on re-
alistic nuclear interactions and electroweak currents, of
neutrino (and antineutrino) inclusive scattering on 12C in
the CCQE regime of the MiniBooNE and T2K data. Nu-
clear response functions have been calculated with QMC
methods and, therefore, within the description of nuclear
dynamics that we have adopted here, fully include the
e↵ects of many-body correlations induced by the inter-
actions in the initial and final states, and correctly ac-
count for the important (constructive) interference be-
tween one- and two-body current contributions. This
interference leads to a significant increase in the cross-
section results obtained in impulse approximation, and
is important for bringing theory into much better agree-
ment with experiment.

The nucleon and nucleon-to-� electroweak form fac-
tors entering the currents have been taken from mod-
ern parameterizations of elastic electron scattering data
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FIG. 4. MiniBooNE flux-folded double di↵erential cross sections per target neutron for ⌫µ-CCQE scattering on 12C, displayed
as a function of the muon kinetic energy (Tµ) for di↵erent ranges of cos ✓µ. The experimental data and their shape uncertainties
are from Ref. [41]. The additional 10.7% normalization uncertainty is not shown here.

the (spurious) excess strength in the PWIA cross sections
(in the same forward-angle kinematics) matches the in-
crease produced by two-body currents in the GFMC cal-
culations (di↵erence between the GFMC 1b and GFMC
12b curves). This should be viewed as accidental.

Second, the PWIA and PWIA-R cross sections are
very close to each other, except in the ⌫ case at back-
ward angles. In this kinematical regime there are large
cancelations between the dominant terms proportional
to the transverse and interference response functions; in-
deed, as ✓µ changes from 0� to about 90�, the ⌫ cross
section drops by an order of magnitude. As already
noted, these cancellations are also observed in the com-
plete (GFMC 12b) calculation, and lead to the rather
broad uncertainty bands in Fig. 5. Aside from this qual-
ification, however, the closeness between the PWIA and
PWIA-R results provides corroboration for the validity
of the rescaling procedure of the electroweak form fac-
tors, needed to carry out the GFMC computation of the
Euclidean response functions.

IV. CONCLUSIONS

We have reported on an ab initio study, based on re-
alistic nuclear interactions and electroweak currents, of
neutrino (and antineutrino) inclusive scattering on 12C in
the CCQE regime of the MiniBooNE and T2K data. Nu-
clear response functions have been calculated with QMC
methods and, therefore, within the description of nuclear
dynamics that we have adopted here, fully include the
e↵ects of many-body correlations induced by the inter-
actions in the initial and final states, and correctly ac-
count for the important (constructive) interference be-
tween one- and two-body current contributions. This
interference leads to a significant increase in the cross-
section results obtained in impulse approximation, and
is important for bringing theory into much better agree-
ment with experiment.

The nucleon and nucleon-to-� electroweak form fac-
tors entering the currents have been taken from mod-
ern parameterizations of elastic electron scattering data

8

yXy

yX8

RXy

RX8

kXy

kX8

� ��� ��� ��� ��� ���� ���� ���� ���� ���� ����

ԓᅼ�ԓԉ ᇋԓ
DPTᅲ ᇋ<�

�਷Κφ DN.F7਷φ >

ԉᇋ(J2o)

yXNIDPT ᅲᇋIR

2tT
:6J* R#

:6J* Rk#
SqA�

SqA�@_

yXy

yX8

RXy

RX8

kXy

kX8

� ��� ��� ��� ��� ���� ���� ���� ���� ����

ԓᅼ�ԓԉ ᇋԓ
DPTᅲ ᇋ<�

�਷Κφ DN.F7਷φ >

ԉᇋ(J2o)

yX3IDPT ᅲᇋIyXN

yXy

yX8

RXy

RX8

kXy

kX8

� ��� ��� ��� ��� ���� ���� ���� ����

ᅼ�ԓԉ ᇋԓD
PTᅲ ᇋ<��਷Κφ DN.F7਷φ >

ԉᇋ(J2o)

yXdIDPT ᅲᇋIyX3

yXy
yXk
yX9
yXe
yX3
RXy
RXk
RX9

RXe
RX3
kXy

� ��� ��� ��� ��� ���� ���� ����

ԓᅼ�ԓԉ ᇋԓ
DPTᅲ ᇋ<�

�਷Κφ DN.F7਷φ >

ԉᇋ(J2o)

yXeIDPT ᅲᇋIyXd

yXy

yXk

yX9

yXe

yX3

RXy

RXk

RX9

RXe

RX3

� ��� ��� ��� ��� ��� ��� ��� ��� ��� ����

ԓᅼ�ԓԉ ᇋԓ
DPTᅲ ᇋ<�

�਷Κφ DN.F7਷φ >

ԉᇋ(J2o)

yX8IDPT ᅲᇋIyXe

yXy

yXk

yX9

yXe

yX3

RXy

RXk

RX9

RXe

� ��� ��� ��� ��� ��� ��� ��� ��� ��� ����

ԓᅼ�ԓԉ ᇋԓ
DPTᅲ ᇋ<�

�਷Κφ DN.F7਷φ >

ԉᇋ(J2o)

yX9IDPT ᅲᇋIyX8

yXy

yXk

yX9

yXe

yX3

RXy

RXk

RX9

� ��� ��� ��� ��� ��� ��� ��� ��� ���

ԓᅼ�ԓԉ ᇋԓ
DPTᅲ ᇋ<�

�਷Κφ DN.F7਷φ >

ԉᇋ(J2o)

yXjIDPT ᅲᇋIyX9

yXy

yXk

yX9

yXe

yX3

RXy

RXk

RX9

� ��� ��� ��� ��� ��� ��� ��� ��� ���
ԓᅼ�ԓԉ ᇋԓ

DPTᅲ ᇋ<�
�਷Κφ DN.F7਷φ >

ԉᇋ(J2o)

yXkIDPT ᅲᇋIyXj

yXy

yXk

yX9

yXe

yX3

RXy

RXk

� ��� ��� ��� ��� ��� ��� ��� ���

ԓᅼ�ԓԉ ᇋԓ
DPTᅲ ᇋ<�

�਷Κφ DN.F7਷φ >

ԉᇋ(J2o)

yXRIDPT ᅲᇋIyXk

FIG. 4. MiniBooNE flux-folded double di↵erential cross sections per target neutron for ⌫µ-CCQE scattering on 12C, displayed
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the (spurious) excess strength in the PWIA cross sections
(in the same forward-angle kinematics) matches the in-
crease produced by two-body currents in the GFMC cal-
culations (di↵erence between the GFMC 1b and GFMC
12b curves). This should be viewed as accidental.

Second, the PWIA and PWIA-R cross sections are
very close to each other, except in the ⌫ case at back-
ward angles. In this kinematical regime there are large
cancelations between the dominant terms proportional
to the transverse and interference response functions; in-
deed, as ✓µ changes from 0� to about 90�, the ⌫ cross
section drops by an order of magnitude. As already
noted, these cancellations are also observed in the com-
plete (GFMC 12b) calculation, and lead to the rather
broad uncertainty bands in Fig. 5. Aside from this qual-
ification, however, the closeness between the PWIA and
PWIA-R results provides corroboration for the validity
of the rescaling procedure of the electroweak form fac-
tors, needed to carry out the GFMC computation of the
Euclidean response functions.

IV. CONCLUSIONS

We have reported on an ab initio study, based on re-
alistic nuclear interactions and electroweak currents, of
neutrino (and antineutrino) inclusive scattering on 12C in
the CCQE regime of the MiniBooNE and T2K data. Nu-
clear response functions have been calculated with QMC
methods and, therefore, within the description of nuclear
dynamics that we have adopted here, fully include the
e↵ects of many-body correlations induced by the inter-
actions in the initial and final states, and correctly ac-
count for the important (constructive) interference be-
tween one- and two-body current contributions. This
interference leads to a significant increase in the cross-
section results obtained in impulse approximation, and
is important for bringing theory into much better agree-
ment with experiment.

The nucleon and nucleon-to-� electroweak form fac-
tors entering the currents have been taken from mod-
ern parameterizations of elastic electron scattering data
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FIG. 6. T2K flux-folded double di↵erential cross sections per target neutron for ⌫µ-CCQE scattering on 12C, displayed as a
function of the muon momentum pµ for di↵erent ranges of cos ✓µ. The experimental data and their shape uncertainties are
from Ref. [43].

view of the large errors and large normalization uncer-
tainties of the MiniBooNE and T2K data, however, we
caution the reader from drawing too definite conclusions
from the present analysis.

Of course, many challenges lie ahead, to mention just
three: the inclusion of relativity and pion-production
mechanisms, and the treatment of heavier nuclei (no-
tably 40Ar). While some of these issues, for example the
implementation of relativistic dynamics via a relativistic
Hamiltonian along the lines of Ref. [66], could conceiv-
ably be incorporated in the present GFMC approach, it
is out of the question that such an approach could be uti-
lized to describe the �-resonance region of the cross sec-
tion or, even more remotely, extended to nuclei with mass
number much larger than 12, at least for the foreseeable
future. In fact, it maybe unnecessary, as more approxi-
mate methods exist to deal e↵ectively with some of these
challenges, including factorization approaches based on
one- and two-nucleon spectral functions [24, 67] or on
the short-time approximation of the nuclear many-body

propagator [63] for relativity and pion production, and
auxiliary-field-di↵usion Monte Carlo methods [68] to de-
scribe the ground states of medium-weight nuclei. We
are optimistic that the next few years will witness sub-
stantive progress in the further development and imple-
mentation of these approximate methods to address the
high-energy region of the nuclear electroweak response.
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FIG. 6. T2K flux-folded double di↵erential cross sections per target neutron for ⌫µ-CCQE scattering on 12C, displayed as a
function of the muon momentum pµ for di↵erent ranges of cos ✓µ. The experimental data and their shape uncertainties are
from Ref. [43].

view of the large errors and large normalization uncer-
tainties of the MiniBooNE and T2K data, however, we
caution the reader from drawing too definite conclusions
from the present analysis.

Of course, many challenges lie ahead, to mention just
three: the inclusion of relativity and pion-production
mechanisms, and the treatment of heavier nuclei (no-
tably 40Ar). While some of these issues, for example the
implementation of relativistic dynamics via a relativistic
Hamiltonian along the lines of Ref. [66], could conceiv-
ably be incorporated in the present GFMC approach, it
is out of the question that such an approach could be uti-
lized to describe the �-resonance region of the cross sec-
tion or, even more remotely, extended to nuclei with mass
number much larger than 12, at least for the foreseeable
future. In fact, it maybe unnecessary, as more approxi-
mate methods exist to deal e↵ectively with some of these
challenges, including factorization approaches based on
one- and two-nucleon spectral functions [24, 67] or on
the short-time approximation of the nuclear many-body

propagator [63] for relativity and pion production, and
auxiliary-field-di↵usion Monte Carlo methods [68] to de-
scribe the ground states of medium-weight nuclei. We
are optimistic that the next few years will witness sub-
stantive progress in the further development and imple-
mentation of these approximate methods to address the
high-energy region of the nuclear electroweak response.
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FIG. 6. T2K flux-folded double di↵erential cross sections per target neutron for ⌫µ-CCQE scattering on 12C, displayed as a
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from Ref. [43].

view of the large errors and large normalization uncer-
tainties of the MiniBooNE and T2K data, however, we
caution the reader from drawing too definite conclusions
from the present analysis.

Of course, many challenges lie ahead, to mention just
three: the inclusion of relativity and pion-production
mechanisms, and the treatment of heavier nuclei (no-
tably 40Ar). While some of these issues, for example the
implementation of relativistic dynamics via a relativistic
Hamiltonian along the lines of Ref. [66], could conceiv-
ably be incorporated in the present GFMC approach, it
is out of the question that such an approach could be uti-
lized to describe the �-resonance region of the cross sec-
tion or, even more remotely, extended to nuclei with mass
number much larger than 12, at least for the foreseeable
future. In fact, it maybe unnecessary, as more approxi-
mate methods exist to deal e↵ectively with some of these
challenges, including factorization approaches based on
one- and two-nucleon spectral functions [24, 67] or on
the short-time approximation of the nuclear many-body

propagator [63] for relativity and pion production, and
auxiliary-field-di↵usion Monte Carlo methods [68] to de-
scribe the ground states of medium-weight nuclei. We
are optimistic that the next few years will witness sub-
stantive progress in the further development and imple-
mentation of these approximate methods to address the
high-energy region of the nuclear electroweak response.
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FIG. 6. T2K flux-folded double di↵erential cross sections per target neutron for ⌫µ-CCQE scattering on 12C, displayed as a
function of the muon momentum pµ for di↵erent ranges of cos ✓µ. The experimental data and their shape uncertainties are
from Ref. [43].

view of the large errors and large normalization uncer-
tainties of the MiniBooNE and T2K data, however, we
caution the reader from drawing too definite conclusions
from the present analysis.

Of course, many challenges lie ahead, to mention just
three: the inclusion of relativity and pion-production
mechanisms, and the treatment of heavier nuclei (no-
tably 40Ar). While some of these issues, for example the
implementation of relativistic dynamics via a relativistic
Hamiltonian along the lines of Ref. [66], could conceiv-
ably be incorporated in the present GFMC approach, it
is out of the question that such an approach could be uti-
lized to describe the �-resonance region of the cross sec-
tion or, even more remotely, extended to nuclei with mass
number much larger than 12, at least for the foreseeable
future. In fact, it maybe unnecessary, as more approxi-
mate methods exist to deal e↵ectively with some of these
challenges, including factorization approaches based on
one- and two-nucleon spectral functions [24, 67] or on
the short-time approximation of the nuclear many-body

propagator [63] for relativity and pion production, and
auxiliary-field-di↵usion Monte Carlo methods [68] to de-
scribe the ground states of medium-weight nuclei. We
are optimistic that the next few years will witness sub-
stantive progress in the further development and imple-
mentation of these approximate methods to address the
high-energy region of the nuclear electroweak response.

ACKNOWLEDGMENTS

The present research is supported by the U.S. De-
partment of Energy, O�ce of Science, O�ce of Nu-
clear Physics, under contracts DE-AC02-06CH11357
(A.L. and N.R.), DE-AC52-06NA25396 (S.G. and J.C.),
DE-AC05-06OR23177 (R.S.), and by the NUCLEI Sci-
DAC and LANL LDRD programs. Under an award of
computer time provided by the INCITE program, this
work used resources of the Argonne Leadership Comput-

21



22

ADDRESSING DUNE’S PHYSICS

d�

d⌦dE0

Energy transfer !
!e ⇠

q2

2m

QE

MEC

RES

DIS

QE MEC RES DIS
p

p
n p

π
π
p
n

Δ



FACTORIZATION SCHEME
At large momentum transfer, the scattering reduces to the sum of individual terms

Jµ !
X

i

jµi | A
f i ! |pi ⌦ | A�1

f i
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Ef = EA�1
f + e(p)
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The incoherent contribution of the one-body response reads
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We include excitations of the A-1 final state with two nucleons in the continuum
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NUCLEAR CORRELATIONS IN LIQUID ARGON
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EXTENDED FACTORIZATION SCHEME
Using relativistic MEC requires extending the factorization scheme to two-nucleon emissions

| A
f i ! |p1p2i ⌦ | A�2

f i
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We compute electron and neutrino inclusive cross sections using CBF and SCGF spectral functions

3

e↵ect, not accounted for within the independent particle
model. As a consequence, the calculation of Wµ⌫

2p2h,11,
describing processes in which the momentum q is trans-
ferred to a single high-momentum nucleon, requires the
continuum component of the hole spectral function.

The second term in the right hand side of Eq. (7),

involving the matrix elements of the two-nucleon current,
is written in terms of the two-nucleon spectral function
[17]. The explicit expressions of Wµ⌫

2p2h,11 and Wµ⌫
2p2h,22

are reported in Ref. [16].
Finally, Wµ⌫

2p2h,12, taking into account interference con-
tributions, involves the nuclear overlaps defined in both
Eqs. (4) and (6). The resulting expression is

Wµ⌫
2p2h,12 =

Z
d3k d3⇠ d3⇠0 d3h d3h0d3p d3p0�hh0

⇠⇠0
⇤ h

�hh0p0

k hk|jµ1 |pi + �hh0p
k hk|jµ2 |p0i

i
(8)

⇥ hpp0|j⌫12|⇠, ⇠0i �(h+ h0 + q � p � p0)�(! + eh + eh0 � ep � ep0)✓(|p| � kF )✓(|p0| � kF ) + h.c. .

We have compared the results of our approach to the
measured electron-carbon cross sections in two di↵erent
kinematical setups, corresponding to momentum transfer
300 . |q| . 800 MeV. The calculations have been car-
ried out using the carbon spectral function of Ref. [18]
and the 1h contribution to the nuclear matter spectral
function of Ref. [19], as discussed in Ref. [16]. The 2h1p
amplitude, needed to evaluate the interference term, has
been also computed for nuclear matter at equilibrium
density. In the quasi elastic channel we have used the
parametrization of the vector form factors of Ref. [20],
whereas the inelastic nucleon structure functions have
been taken from Refs. [21, 22].

Figure 2 shows the electron-carbon cross section at
beam energy Ee = 680 MeV and scattering angle ✓e =
36 deg (A) , Ee = 1300 MeV and ✓e = 37.5 deg (B) .
The solid and dashed lines correspond to the results of
the full calculation and to the one-body current contribu-
tion, respectively. The pure two-body current contribu-
tion and the one arising from interference are illustrated
by the dot-dash and dotted line, respectively. In the
kinematics of panel (A) the two-body currents play an
almost negligible role. The significant lack of strength in
the �-production region, discussed in Ref. [25], is likely
to be due to inadequacy of the structure functions of
Refs. [21, 22] to describe the region of Q2 <⇠ 0.2 GeV2,
while the shift in the position of the quasi-elastic peak
has to be ascribed to the e↵ects of FSI, which are not
taken into account.

At the larger beam energy and Q2 corresponding to
panel (B), the agreement between theory and data is
significantly improved, and the contribution of the two-
nucleon current turns out to substantially increase the
cross section in the dip region.

In inclusive processes, FSI have two e↵ects: a shift of
the cross section, arising from the interaction between
the struck nucleon and the mean field generated by the
spectator particles, and a redistribution of the strength
from the quasi-elastic peak to the tails. The theoretical
approach for the description of FSI within the spectral
function formalism is discussed in Refs. [12, 13, 26].

FIG. 2. (color online) (A): Double di↵erential cross section
of the process e + 12C ! e0 + X at beam energy Ee = 680
MeV and scattering angle ✓e = 37.5 deg. The solid line shows
the result of the full calculation, while the dashed line has
been obtained including the one-body current only. The con-
tributions arising from the two-nucleon current are illustrated
by the dot-dash and dotted lines, corresponding to the pure
two-body current transition probability and to the interfer-
ence term, respectively. The experimental data are taken
from Ref. [23]. (B) same as (A) but for Ee = 1300 MeV and
✓e = 37.5 deg.The experimental data are taken from Ref. [24].

According to Ref. [26], the di↵erential cross section can
be written in the convolution form

d�FSI(!) =

Z
d!0fq(! � !0 � UV )d�(!

0) , (9)

where d� denotes the cross section in the absence of FSI,
the e↵ects of which are accounted for by the folding func-
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FIG. 5. Same as for Fig. 3 but for the NC inclusive di↵erential cross sections.

nian, as well as a more accurate treatment of FSI.
The results for the NC double di↵erential cross sec-

tions of ⌫µ and ⌫̄µ scattering o↵ 12C and 16O nuclei are
displayed in Fig. 5 and Fig. 6, respectively. We consider
the same kinematics as before, namely E⌫ = 1 GeV and
✓µ = 30� and ✓µ = 70�. There is an overall good agree-
ment between the CBF and SCGF predictions, particu-
larly apparent for the 12C nucleus, as already observed
for CC transitions. Consistently with the CC case, two-
body terms mostly a↵ect the dip region, although for
anti-neutrino scattering and 70� they also provide excess
strength in the quasielastic-peak region.

In Fig. 7 we display the total cross section per nu-
cleon as a function of the neutrino energy, compared to
the values extracted from the analysis carried out by the
MiniBooNE collaboration [35, 87]. Consistently with our
findings relative to the double-di↵erential cross sections,

MEC substantially increase one-body results over the en-
tire range of incoming neutrino energy. We also note
that the curves referring to the CBF and SCGF hole SFs
are almost superimposed, a further validation of the ro-
bustness of our predictions. The overall good agreement
with experimental values, achieved once that two-body
currents are accounted for, must not be overrated, for
at least two main reasons. When reconstructing the in-
coming energy, a relativistic Fermi gas is employed in
the event-generator and only one-body scattering pro-
cesses are accounted for. It has been argued that both
two-body currents [22, 88, 89] and a realistic description
of the target state are likely to alter the reconstructed
value of E⌫,⌫̄ . In addition, the MiniBooNE analysis of
the data corrects (through a Monte Carlo estimate) for
some of these events, where in the neutrino interaction
a real pion is produced, but it escapes detection because

N. Rocco, et al. PRL. 116 192501 (2016) N. Rocco, et al. PRC 99 025502 (2019)
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FIG. 5. Same as for Fig. 3 but for the NC inclusive di↵erential cross sections.

nian, as well as a more accurate treatment of FSI.
The results for the NC double di↵erential cross sec-

tions of ⌫µ and ⌫̄µ scattering o↵ 12C and 16O nuclei are
displayed in Fig. 5 and Fig. 6, respectively. We consider
the same kinematics as before, namely E⌫ = 1 GeV and
✓µ = 30� and ✓µ = 70�. There is an overall good agree-
ment between the CBF and SCGF predictions, particu-
larly apparent for the 12C nucleus, as already observed
for CC transitions. Consistently with the CC case, two-
body terms mostly a↵ect the dip region, although for
anti-neutrino scattering and 70� they also provide excess
strength in the quasielastic-peak region.

In Fig. 7 we display the total cross section per nu-
cleon as a function of the neutrino energy, compared to
the values extracted from the analysis carried out by the
MiniBooNE collaboration [35, 87]. Consistently with our
findings relative to the double-di↵erential cross sections,

MEC substantially increase one-body results over the en-
tire range of incoming neutrino energy. We also note
that the curves referring to the CBF and SCGF hole SFs
are almost superimposed, a further validation of the ro-
bustness of our predictions. The overall good agreement
with experimental values, achieved once that two-body
currents are accounted for, must not be overrated, for
at least two main reasons. When reconstructing the in-
coming energy, a relativistic Fermi gas is employed in
the event-generator and only one-body scattering pro-
cesses are accounted for. It has been argued that both
two-body currents [22, 88, 89] and a realistic description
of the target state are likely to alter the reconstructed
value of E⌫,⌫̄ . In addition, the MiniBooNE analysis of
the data corrects (through a Monte Carlo estimate) for
some of these events, where in the neutrino interaction
a real pion is produced, but it escapes detection because
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EXTENDED FACTORIZATION SCHEME
The factorization scheme can be further extended to include real pions in the final state

The DCC model, suitable to accurately describe single-nucleon pion-production, is folded with a 
realistic spectral function  

N. Rocco, et al. PRC 100, 045503 (2019)

| A
f i ! |p1, p⇡i ⌦ | A�1

f i
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FIG. 11. Double-di↵erential cross section for the ⌫µ + 12C ! µ� + X process at E⌫ = 1000MeV,

✓µ = 30� (upper panel), and E⌫ = 1000MeV, ✓µ = 70� (lower panel). The di↵erent curves are the

same as in Fig. 10.

V. ACKNOWLEDGMENTS

This research is supported by the U.S. Department of Energy, O�ce of Science, O�ce of

Nuclear Physics, under contracts DE-AC02-06CH11357 (A.L. and N.R.), by Fermi Research

Alliance, LLC, under Contract No. DE-AC02-07CH11359 with the U.S. Department of

Energy, O�ce of Science, O�ce of High Energy Physics (N. R.), and by National Natural

Science Foundation of China (NSFC) under contracts 11625523. Numerical calculations have

been made possible through a CINECA-INFN agreement, providing access to resources on

MARCONI at CINECA.

[1] G. Shen, L. E. Marcucci, J. Carlson, S. Gandolfi, and R. Schiavilla, Phys. Rev. C86, 035503

(2012), arXiv:1205.4337 [nucl-th].

24

��
��
��

� ��� ��� ��� ��� ��� ���ԓᅼ�ԓဇ
ր஬ԓӺ ր஬

(M
#f

b`
J

2o
)

ᆂ (:2o)

Ӻր4eky J2o- ᅲր4eyXyੋ
2tT

iQi .**
R#
k#ᅺ .**

��
��������

� ��� ��� ��� ��� ��� ���ԓᅼ�ԓဇ
ր஬ԓӺ ր஬

(M
#f

b`
J

2o
)

ᆂ (:2o)

Ӻր4djy J2o- ᅲր4jdXyੋ
2tT

iQi .**
R#
k#ᅺ .**

��
��
���

� ��� ��� ��� ��� ��� ���ԓᅼ�ԓဇ
ր஬ԓӺ ր஬

(M
#f

b`
J

2o
)

ᆂ (:2o)

Ӻր4NeR J2o- ᅲր4jdX8ੋ
2tT

iQi .**
R#
k#ᅺ .**

�������������������

� ���� ��� ���� ��� ���� ��� ���� ��� ���� ���ԓᅼ�ԓဇ
ր஬ԓӺ ր஬

(M
#f

b`
J

2o
)

ᆂ (:2o)

Ӻր4Re8y J2o- ᅲր4RRXN8ੋ
2tT

iQi .**
R#
k#ᅺ .**

FIG. 10. Electron- 12C scattering cross sections for four di↵erent combinations of Ee and ✓e.

The short-dashed (blue) line and dashed (red) line correspond to the one- and two-body current

contributions, respectively. The IA results in the quasi-elastic peak has been corrected to include

FSI following Ref. [18]. The dash-dotted (magenta) lines represnt ⇡ production contributions. The

solid (black) line is the total results obtained summing the three di↵erent terms. Note that all of

them have been obtained using the generalized factorization scheme and the SF of Ref. [11].

The results obtained for the double-di↵erential CC ⌫µ-12C scattering cross sections are

shown in Fig. 11 for E⌫ = 1 GeV, ✓µ = 30� (upper panel), and E⌫ = 1 GeV, ✓µ = 70� (lower

panel). The calculations have been carried out within the same framework employed in the

electromagnetic case. The only additional ingredients are the axial terms in the di↵erent

current operators and in the ⇡-production amplitudes. Consistently with the results of

Fig. 10 and with Ref. [29], the relative strength of the MEC contribution increases with the

scattering angle, reflecting the primarily transverse nature of this term even when axial terms

are present. To the best of our knowledge, precise inclusive neutrino double-di↵erential cross

section data covering the �(1232) region are not available, yet. Comparing our theoretical

calculations with such data requires a convolution with the neutrino energy spectrum of the

experiments.
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SUMMARY AND OUTLOOK
Lepton-nucleus scattering from quantum Monte Carlo 
• Validated our approach on electron-12C scattering (and muon-capture rates)

• Two-body currents enhance electromagnetic and charged-current responses

• Good agreement with MiniBooNE  and T2K inclusive data                    First ab-initio results!

 Extended factorization scheme
• Two-body currents and pion-production are essential to reproduce electron-scattering data

• Need to treat two-pion production and deep-inelastic scattering regions 
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SOME PERSPECTIVES 
The success of the neutrino-oscillation program relies on accurate estimates of neutrino-
nucleus interactions. 

• Need for prompt comparisons between nuclear-theory prediction and experiments
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FIG. 7. The flux-folded GFMC cross sections for selected bins in cos ✓µ, obtained by replacing in the dipole parametrization
the cuto↵ ⇤A ⇡ 1 GeV with the value e⇤A ⇡ 1.15 GeV, more in line with a current LQCD determination [47]. The first two rows
correspond to the MiniBooNE flux-folded ⌫µ and ⌫µ CCQE cross sections, respectively; the last row corresponds to the T2K
⌫µ CCQE data. In the theoretical curves the total one- plus two-body current contribution to the cross section is displayed.

which are of course quite accurate. These calculations
suggest a larger value of ⇤A may be appropriate. We
investigate the implications of this finding by presenting
in Fig. 7 the flux-folded cross sections (for MiniBooNE
and selected bins in cos ✓µ), obtained by replacing in the
dipole parametrization the cuto↵ ⇤A ⇡ 1 GeV with the
value e⇤A ⇡ 1.15 GeV. As expected, this leads generally
to an increase of the GFMC predictions over the whole
kinematical range. Since the dominant terms in the cross
section proportional to the transverse and interference re-
sponse functions tend to cancel for ⌫µ, the magnitude of
the increase turns out to be more pronounced for ⌫µ than
for ⌫µ—as a matter of fact, the ⌫µ cross sections are re-
duced at backward angles (0.1  cos ✓µ  0.2). Overall,
it appears that the harder cuto↵ implied by the LQCD

calculation of GA(Q2) improves the accord of theory with
experiment, marginally for ⌫µ and more substantially for
⌫µ. In view of the large errors and large normalization un-
certainties of the MiniBooNE and T2K data, however, we
caution the reader from drawing too definite conclusions
from the present analysis. Indeed more precise nucleon
form factors can be obtained through further lattice QCD
calculations or experiments on the nucleon and deuteron,
respectively.

Of course, many challenges remain ahead, to mention
just three: the inclusion of relativity and pion-production
mechanisms, and the treatment of heavier nuclei (no-
tably 40Ar). While some of these issues, for example the
implementation of relativistic dynamics via a relativistic
Hamiltonian along the lines of Ref. [81], could conceiv-
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FIG. 7. The flux-folded GFMC cross sections for selected bins in cos ✓µ, obtained by replacing in the dipole parametrization
the cuto↵ ⇤A ⇡ 1 GeV with the value e⇤A ⇡ 1.15 GeV, more in line with a current LQCD determination [47]. The first two rows
correspond to the MiniBooNE flux-folded ⌫µ and ⌫µ CCQE cross sections, respectively; the last row corresponds to the T2K
⌫µ CCQE data. In the theoretical curves the total one- plus two-body current contribution to the cross section is displayed.

which are of course quite accurate. These calculations
suggest a larger value of ⇤A may be appropriate. We
investigate the implications of this finding by presenting
in Fig. 7 the flux-folded cross sections (for MiniBooNE
and selected bins in cos ✓µ), obtained by replacing in the
dipole parametrization the cuto↵ ⇤A ⇡ 1 GeV with the
value e⇤A ⇡ 1.15 GeV. As expected, this leads generally
to an increase of the GFMC predictions over the whole
kinematical range. Since the dominant terms in the cross
section proportional to the transverse and interference re-
sponse functions tend to cancel for ⌫µ, the magnitude of
the increase turns out to be more pronounced for ⌫µ than
for ⌫µ—as a matter of fact, the ⌫µ cross sections are re-
duced at backward angles (0.1  cos ✓µ  0.2). Overall,
it appears that the harder cuto↵ implied by the LQCD

calculation of GA(Q2) improves the accord of theory with
experiment, marginally for ⌫µ and more substantially for
⌫µ. In view of the large errors and large normalization un-
certainties of the MiniBooNE and T2K data, however, we
caution the reader from drawing too definite conclusions
from the present analysis. Indeed more precise nucleon
form factors can be obtained through further lattice QCD
calculations or experiments on the nucleon and deuteron,
respectively.

Of course, many challenges remain ahead, to mention
just three: the inclusion of relativity and pion-production
mechanisms, and the treatment of heavier nuclei (no-
tably 40Ar). While some of these issues, for example the
implementation of relativistic dynamics via a relativistic
Hamiltonian along the lines of Ref. [81], could conceiv-

NME collaboration (preliminary) AL et al., Phys. Rev. X 10, 031068 (2020)
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SOME PERSPECTIVES 
The success of the neutrino-oscillation program relies on accurate estimates of neutrino-
nucleus interactions. 

• Extend nuclear quantum Monte Carlo calculations to 16O and 40Ar nuclei

8

FIG. 6: Comparison between the Phys-NN and MaxEnt reconstructions for the one-peak dataset. The top row
displays the response functions and the bottom row the corresponding Euclidean responses.

FIG. 7: Same as Fig. 6 for the two-peaks dataset.

possible to the original ones, we observe a much smaller
spread of 1�R

2
R

and SR values compared with MaxEnt.
This behavior, which is exhibited across the one-peak,
two-peak, and combined datasets, provides additional
support for Phys-NN’s reconstruction performance.

Because the historic MaxEnt algorithm is based on �
2
E

minimization, the resulting distributions of �
2
E

for both
the one-peak dataset and the two-peak dataset are nar-
row and centered on one. The spread associated with
the Phys-NN results is larger. To investigate correlations
between �

2
E

and SR, in Fig. 5 we show scatter plots for
the one-peak and two-peak datasets. Some correlation is
visible in the Phys-NN results, displayed in the top two
panels, especially for the two-peak dataset. Conversely,

the MaxEnt scatter plots show no correlation between
�

2
E

and SR, since the �
2
E

values are relatively constant
around one, even for widely di↵erent SR. The correla-
tions between �

2
E

and 1�R
2
R

exhibit an almost identical
pattern and are thus not included here.

Direct comparison of Phys-NN and MaxEnt outputs
is presented in Fig. 6, where we display the Phys-NN
best (left panels), average (central panels), and worst
(right panels) reconstructed response functions, accord-
ing to the SR values of the Phys-NN results, and the
corresponding Euclidean responses from the one-peak
dataset. Here, the training is performed on the com-
bined dataset, to better test whether Phys-NN is able
to learn how to simultaneously reconstruct one-peak and

K. Raghavan, AL et al., ArXiv 2010.12703, PRC in press
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SOME PERSPECTIVES 
Achieving a robust description of all reaction mechanisms at play in the broad energy regime 
relevant for DUNE is a formidable challenge

NuStorm, providing extremely well-known fluxes is ideally suited to provide the necessary 
constraint on nuclear models so essential to the success of neutrino oscillation experiments

Oscillation experiments can provide useful insights on nuclear dynamics. 
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Figure 13
Neutrino flux from µ+ decay (a) at the near detector and (b) at the far detector. Abbreviation: POT, protons on target.

fiducial mass) for a null-oscillation assumption and for the case where a 3 + 1 model with the
LSND/MiniBooNE best-fit parameters is assumed.

5.2. nuSTORM’s Sensitivity to Sterile Neutrinos
The nuSTORM facility provides the opportunity to perform searches for sterile neutrinos with
unmatched sensitivity and breadth. In this section, we review the analysis for the νµ appearance and
disappearance channels that was performed using the beams (µ+ stored) normalized to 1021 POT
and using the SuperBIND detector described in the previous section. The performance estimates
are based on a detailed simulation in which neutrino events in SuperBIND were generated using
GENIE (version 2.8.4) (107). The interaction products were propagated through the detector
using GEANT4 (version 10.00) (108), and the resulting energy deposition was smeared with a
simple digitization algorithm and clustered into hits. Finally, a reconstruction optimized for the
identification of muon tracks associated with neutrino CC interactions was applied to the digitized
simulation.

The reconstruction used a simple geometric approach to identify potential tracks, as well as
a Kalman filter algorithm to extend the track to the event vertex and to fit for the curvature

Table 4 Event rates at 50 m from the end of the decay straight section per 100 T for 1021 POTa

µ+ stored channel 103 events µ− stored channel 103 events
νe CC 5,188 ν̄e CC 2,519
ν̄µ CC 3,030 νµ CC 6,060
νe NC 1,817 ν̄e NC 1,002
ν̄µ NC 1,174 νµ NC 2,074
π+ injected channel 103 events π− injected channel 103 events
νµ CC 41,053 ν̄µ CC 19,939
νµ NC 14,384 ν̄µ CC 6,986

aAbbreviations: CC, charged current; NC, neutral current; POT, proton on target.
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fiducial mass) for a null-oscillation assumption and for the case where a 3 + 1 model with the
LSND/MiniBooNE best-fit parameters is assumed.

5.2. nuSTORM’s Sensitivity to Sterile Neutrinos
The nuSTORM facility provides the opportunity to perform searches for sterile neutrinos with
unmatched sensitivity and breadth. In this section, we review the analysis for the νµ appearance and
disappearance channels that was performed using the beams (µ+ stored) normalized to 1021 POT
and using the SuperBIND detector described in the previous section. The performance estimates
are based on a detailed simulation in which neutrino events in SuperBIND were generated using
GENIE (version 2.8.4) (107). The interaction products were propagated through the detector
using GEANT4 (version 10.00) (108), and the resulting energy deposition was smeared with a
simple digitization algorithm and clustered into hits. Finally, a reconstruction optimized for the
identification of muon tracks associated with neutrino CC interactions was applied to the digitized
simulation.

The reconstruction used a simple geometric approach to identify potential tracks, as well as
a Kalman filter algorithm to extend the track to the event vertex and to fit for the curvature

Table 4 Event rates at 50 m from the end of the decay straight section per 100 T for 1021 POTa

µ+ stored channel 103 events µ− stored channel 103 events
νe CC 5,188 ν̄e CC 2,519
ν̄µ CC 3,030 νµ CC 6,060
νe NC 1,817 ν̄e NC 1,002
ν̄µ NC 1,174 νµ NC 2,074
π+ injected channel 103 events π− injected channel 103 events
νµ CC 41,053 ν̄µ CC 19,939
νµ NC 14,384 ν̄µ CC 6,986

aAbbreviations: CC, charged current; NC, neutral current; POT, proton on target.
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